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VOL.  XXII. 


TWENTT-SEVENTH  SESSION,  1890—1891. 

November  18th,  1890. 

Annual  General  Meeting,  held  at  22  Albemarle  Street,  W. 
J.  J.  WALKER,  Esq.,  F.R.S.,  President,  in  the  Chair. 

Mr.  E.  J.  Brooksmith  was  admitted  into  the  Society. 

The  President  informed  the  members  of  the  loss  the  Society  had 
sroBtained  by  the  recent  death  of  Dr.  A.  J.  Ellis,  F.R.S.,  and  gave  a 
short  sketch  of  his  mathematical  and  other  work. 

The  President,  rising  again,  indicated,  in  detail,  the  grounds  upon 
which  the  Council  had  unanimously  awarded  the  De  Morgan  Medal 
to  Lord  Rayleigh,  in  June,  1890.*  He  then  presented  the  Medal  to 
Lord  Rayleigh,  who  expressed  his  thanks  to  the  Society  for  their 
award. 

The  Treasurer  (Mr.  A.  B.  Kempe)  read  his  Report.  Its  reception 
was  moved  by  Mr.  S.  Roberts,  seconded  by  Prof.  M.  J.  M.  Hill, 
and  carried  unanimously. 

At  the  request  of  the  Chairman,  Mr.  G.  Heppel  consented  to  act 
as  Auditor. 

From  the  Report  of  the  Secretaries,  it  appeared  that  the  number 
of  the  members  during  the  Session  had  been  200,  now  reduced  to 


•  This  Address  is  published  in  extenso  in  Nature  (Nov.  27th,  1890),  Vol.  xliii., 
pp.  83-85. 
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197,  by  the  death  of  Dr.  Ellis,  and  the  striking  off  the  names  of 
defaulters.     The  number  of  compounders  was  86. 

The  Society  had  to  regret  the  loss  by  death  of  Dr.  A.  J.  Ellis, 
F.R.S.,  who  was  elected  a  member,  June  19th,  1865,  and  served  on 
the  Council  during  the  Sessions  1866-7,  1867-8. 

The  following  communications  had  been  made  or  received  : — 

Isoscelian  Hexagrams :  Mr.  R.  Tucker. 
On  Euler's  ^-function :  Mr.  H.  F.  Baker. 

On  the  Extension  and  Flexure  of  a  Thin  Elastic  Plane  Plate  :  Mr.  A.  B.  Basset. 
On  the  Radial  Vibrations  of  a  Cylindrical  Elastic  Shell :  Mr.  A.  B.  Basset. 
Note  on  a  Quaternary  Group  of  51840  Linear  Substitutions :  Dr.  Morrice. 
Note  on  a  Plane  Cubic  and  a  Conic  :  Mr.  R.  A.  Roberts. 
On  the  Flexure  of  an  Elastic  Plate :  Prof.  H.  Lamb. 
On  the  Correlation  of  Two  Spaces,  each  of  Three  Dimensions :  Dr.  Hirst. 
On  the  Deformation  of  an  Elastic  Shell :  Prof.  H.  Lamb. 

On  the  Relation  between  the  Logical  Theory  of  Classes   and  the  Geometrical 
Theory  of  Points :  Mr.  A.  B.  Kempo. 

On  the  Square  of  Euler^s  Series :  Dr.  Glaisher. 

Complex  Multiplication  Moduli  of  Elliptic  Functions  for  the  Determinants  —  53 
and  -  61  :  Prof.  Mathews. 

Concerning  Semi- invariants  :  Mr.  S.  Roberts. 

On  Class-Invariants  :  Prof.  Mathews. 

On  the  Satellite  of  a  Line  relatively  to  a  Cubic :  Mr.  Walker. 

On  the  Properties  of  some  Circles  connected  with  a  Triangle  formed  by  Circular 
Arcs :  Mr.  Lachlan. 

On  a  Theorem  relating  to  Bicircular  Quartics  and    Twisted    Quartics:     Mr. 
Lachlan. 

On  the  Arithmetical  Theory  of  the  Form  «*  •»-  «y'  +  w'z*— 3«iry«  :  Prof.  Mathews. 

On  the  Genesis  of  Binodal  Quartic  Curves  from  Conies :  Mr.  H.  M.  Jeffery. 

On  Simplicissima  in  Space  of  n  Dimensions :  Mr.  W.  J.  C.  Sharp. 

On  the  Function  which  denotes  the  Excess  of  the  Divisors  of  a  Number  which 
s  1,  mod.  3,  over  those  of  a  Number  which  =  2,  mod.  3 :  Dr.  Glaisher. 

A  Table  of  Complex  Multiplication  Moduli :  Prof.  Greenhill. 

Note  on  the  Simultaneous  Reduction  of  the  Ternary  Quadric  and  Cubic  to  the 
Forms  Aa^  +  Bi/^  +  Cz^  +  Bw^,  aa^  +  by^  +  ez^  +  dtv* :  Mr.  Walker. 

Ether-Squirts :  Prof.  K.  Pearson. 

Note  on  the  Imaginary  Roots  of  an  Equation :  Prof.  Cayley. 

Perfect  Numbers  :  Major  Macmahon. 

The  Relation  of  Distortion  in  Prismatic  Images  to  Dispersion  :  Dr.  Larmor. 

Rotatory  Polarization  :  Dr.  Larmor. 

Some  Properties  of  Conormal  Points  on  a  Parabola  :  Mr.  Tucker. 

On  the  Expression  of  the  Square  Root  of  a  Quartic  as  a  Continued  Fraction : 
Prof.  Mathews. 

On  Modular  Equations :  Mr.  R.  Russell. 

On  certain  Concomitants  of  a  System  of  Conies  and  Quadrics,  and  on  the  Calcula- 
tion of  the  Covariant  S  of  the  Ternary  Quartic :  Mr.  A.  R.  Johnson. 
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The  same  Journals  had  been  subscribed  for  and  the  same  exchanges 
made  as  in  the  preceding  Session.  Further  volumes  of  the  "  Collected 
Papers  **  of  Prof.  Cayley  had  been  received,  and,  in  addition,  "  The 
Scientific  Papers  "  of  Prof.  J.  Clerk  Maxwell  had  been  presented  bj 
the  Syndics  of  the  Cambridge  University  Press. 

The  meeting  next  proceeded  to  the  election  of  the  new  Council. 

The  Scrutators  (Mr.  B.  A.  Sampson  and  Dr.  G.  G.  Morrice)  having 
examined  the  Balloting  Lists,  declared  the  following  gentlemen  duly 
elected: — 

President,  Prof.  Greenhill,  F.R.S. ;  Vice-Presidents,  Dr.  J.  Larmor, 
Major  Macmahon,  R.A.,  F.R.S.,  Mr.  J.  J.  Walker,  F.R.S. ;  Treasurer, 
Mr.  A.  B.  Kempe,  F.R.S. ;  Secretaries,  Messrs.  M.  Jenkins  and  R. 
Tucker.  Other  Members :  Messrs.  A.  B.  Basset,  F.R.S.,  £.  B.  Elliott, 
Dr.  J.  W.  L.  Glaisher,  F.R.S.,  Mr.  J.  Hammond,  Dr.  T.  A.  Hirst, 
F.R.S.,  Messrs.  R.  Lachlan,  C.  Leudesdorf,  A.  £.  H.  Love,  and  S. 
Roberts,  F.R.S. 

Prof.  Greenhill,  having  thanked  the  Society  for  the  honour  con- 
ferred upon  him,  called  upon  Mr.  Walker  to  read  his  Address 
"Of  the  Influence  of  Applied  on  the  Progress  of  Pure  Mathe- 
matics.'' On  the  motion  of  Mr.  Kempe,  seconded  by  Lord  Rayleigh, 
it  was  carried  by  acclamation  that  the  Address,  with  the  author's 
permission,  be  printed  in  the  Proceedings,  Mr.  Walker  then  thaiiked 
the  members  present,  and  expressed  his  pleasure  in  acceding  to  their 
request. 

The  following  communications  were  made : — 

Spherical  Harmonics  of  Fractional  Order :  Mr.  Sampson. 

Proofs  of  Steiner's  Theorem  relating  to  Circumscribed  and 
Inscribed  Conies :  Prof.  Mathews. 

On  an  Algebraic  Integral  of  Two  DifEerential  Equations :  Mr. 
R.  A.  Roberts. 

Some  Geometrical  Constructions  :  Mr.  Osher  Ber.  (Communi- 
cated by  Prof.  M.  J.  M.  Hill.) 

On  the  Analytical  representation  of  Heptagrams :  Prof.  L.  J. 
Rogers. 

The  following  presents  were  received : — 

Cabinet  likeness  of  Dr.  Story  and  Oarte  de  Yisite  Likeness  of  Mr.  Walker  for 
the  Society's  Album. 

*'  Educational  Times,"  for  Noyember. 

"The  CJoUected  Mathematical  Papers  of  Professor  Cayley,"  Vol.  m.  (two 
copies),  4to ;  Cambridge,  1890. 
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"  Mathematical  Qaestions,  with  their  Solations,  from  the  '  Educational  Times,' " 
Vol.  Lm.,  8vo ;  London,  1890. 

<<  Memoirs  and  Ptoceedings  of  the  Manchester  Literary  and  Philosophical 
Society,"  Fourth  Series,  Vol.  in.,  Syo;  Manchester,  1890. 

"  Annals  of  Mathematics,"  Vol.  v..  No.  3,  4to  ;  Washington,  1890. 

«  Washington  Observations,"  1884,  4to;  Washington,  1889. 

*'  Beibl&tter  zu  den  Annalen  der  Fhysik  und  Chemie,"  Band  xiv.,  Stucke  9 
nnd  10. 

<*  Bulletin  des  Sciences  Math^matiques,"  Tome  xnr.,  Oct.,  1890. 

''  Bollettino  delle  Pubblicazioni  Italiane  ricevute  per  Diritto  di  Stampa,"  No. 
115;  Firenze,  1890. 

'<  Reale  Institute  Lombardo  di  Scienze  e  Lettere — Bendiconti,"  Serie  n..  Vols. 
XXI.  and  xxii. 

'*  Sitzungsberichte  der  Physikalisch-medicinischen  Societat  in  Erlangen,'* 
22  Heft ;  Munchen,  1890. 

<(  Annali  di  Matematica,"  Serie  ii.,  Tomo  xvni.,  Fasc.  3. 

"Prace  Matematyozno-Fizycne,"  Tom.  ii.,  Zeszyt  ii. ;  Warsaw,  1890. 

**  Journal  fiir  die  reine  und  angewandte  Mathematik,"  Band  107,  Heft  u. 

<<Atti  della  Reale  Accademia  dei  Lincei — Bendiconti,"  Vol.  yi.,  Fasc.  5; 
Boma,  1890. 

*'Atti  della  Beale  Institute  Veneto  di  Scienze,  Lettere,  ed  Arti,"  Tomo  38 
(T.  I.,  Ser.  vn.,  Disp.  1-9) ;  Venezia,  1889-90. 

'<  The  Journal  of  the  College  of  Science,  Imperial  Uniyersity,  Japan,"  Vol.  m., 
Part  IV. ;  Tokyo,  1890. 

''American  Journal  of  Mathematics,"  Vol.  xni.,  1. 


Of  the   Influence  of  Applied  on  the  Progress  of  Pure 
Mathematics,     [Presidential  Address.) 

{Read  Novtmber  13M,  1890.] 

The  subject  I  have  chosen,  as  ontgoing  President,  for  a  brief 
address  to  this  Society,  seems  to  me  a  not  inappropriate  seqnel  to  the 
presentation  which  lias  just  occupied  ns.  If  treated  exhaustively  it 
would  require  both  extensive  research  and  much  more  space  than  is 
now  at  my  disposal ;  but,  by  dwelling  at  any  length  on  a  few  epoch- 
forming  ste[>s  in  advancement  only,  I  hope  to  keep  myself  within 
reasonable  bounds,  and  to  find  time  for  some  digressions  suggested 
by  and  arisin<r  out  of  the  matter  proper  of  my  subject.      Much  of 
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what  I  shall  have  to  say  might  have  found  place  in  a  general  history 
of  the  progress  of  mathematics  ;  hat  it  has  not,  as  far  as  1  am  aware, 
entered  into  the  plan  of  any  snch  work  to  interweave  with  its 
narrative  the  kind  of  comments  1  have  in  view  to  make.  These,  I 
hope,  may  be  of  some  interest  in  themselves,  and  will  serve  to  relieve 
what  would,  otherwise,  be  a  bald  enumeration  of  instances  of  impulse 
given  to  one  branch  of  mathematics  by  the  other. 

Whether  or  not  the  conjecture  of  Herodotus  (ii.,  19)  was  well 
founded,  that  the  origin  of  Geometry  was  to  be  looked  for  in  the 
need — ^for  adjustment  of  the  land-tax — of  remeasuring  plots  which 
had  been  diminished  by  the  inundations  of  the  Nile,  it  is  generally 
admitted  that  the  study  and  perfecting  of  Plane  and  Spherical 
Trigonometry  sprang  from  the  necessity  of  their  application  to 
Astronomy.  To  the  same  cause  is  to  be  assigned  the  calculation  and 
publication  of  those  numerous  tables,  first  of  chords,  then  of  sines 
and  tangents  in  parts  (primitively,  sexagesimal)  of  the  radius,  from 
that  of  Ptolemy  in  the  second,  to  the  "  Canons  "  which  appeared  in 
the  sixteenth  century. 

But,  more  especially,  the  need  felt  of  curtailing  the  labour  of 
solving  plane  and  spherical  triangles  in  astronomical  calculations,  by 
means  of  natural  sines  and  tangents,  led  to  the  invention  and  com- 
putation of  logarithmic  sines,  a  table  of  which*  formed  the  "  Canon 
Mirificus"  (1614)  of  Neper,  or  Napierf,  of  Merchistoun  (1555-1617), 
the  use  whereof  was  illustrated  by  application  to  his  **  Rules  **  for 
the  solution  of  right-angled  spherical  triangles ;  as  well  as  to  other 
cases.  These  logarithms,  being  "  tabular,"  are  not,  of  course,  indices 
of  powers  of  a  "  base"  ;  and,  therefore,  the  expression  so  commonly 
met,  "base  of  Napier's  logarithms,"  is  conventional  only  and  inexact. 
In  fact,  for  a  century  or  more  after  Napier's  discovery,  logarithms 
were  defined  without  specific  reference  to  a  '*  base"  ;  his  own  defini- 
tion being  as  follows : — 

Suppose  two  lines  AO  and  aw — the  latter  finite  and  representing 
the  radius  IC,  the  former  of  indefinite  length — to  be  described  by 
points  B,  /J,  starting  simultaneously  from    A,  a  respectively  with 


*  Prefixed  to  the  Tables  are  the  lines : — 


**  In  Logarithmos." 
''  Qufld  tibi  cunque  sinus,  tangentes  atque  secantes, 
Prolixo  prajstant  atque  labore  gravi, 
Absque  labore  gravi  et  subito  tibi  candide  lector, 
Hiec  Logarithmorum  parva  tabella  dabit." 

t  8o  piinted  in  the  <<  Anatomy  of  Melancholy  "  (1621) :  P.  n.,  S.  u.,  M.  4. 
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equal  velocities  (u),  the  velocity  of  B  continuing  tiniform,  but  that 
of  /3  following  the  law 

then  (7,  y  being  the  positions  of  B,  fi  at  any  the  same  instant,  *'  the 
number  representing  the  length  of  AO  will  be  the  logarithm  of  (thai 
representing)  the  sine  y<if...,  whence  the  logarithm  of  the  sine  of  the 
whole  10'  will  be  zero." 


Now,  if 


aia  :=  r,     ytif  =  SB, 


for  the  movement  of  /3  at  the  end  of  the  time  t, 

dx  :=  —  xudt/r, 
which,  being  integrated  between  the  limits  a  and  x,  gives 

ut  or  ilO  =  alog,  (a/aj)  ; 

i,e.,  n  being  the  number  representing  a;, 

Nap.  log  n  =  10'  log.  (lO'/n)  * 

Hence,  to  convert  Napier's  logs,  into  logs,  to  base  e,  subtract  the 
former,  divided  by  10',  from  log,  lO'. 

A  specimen  line  of  Napier's  "  Canon  Mirificus,"  with  heading  and 
tail  of  page,  is 


Gr 

11 

min. 

Sinus 

Logarithmi 

DifferentiflB 

Logarithmi 

Sinus 

^ 

* 

* 

¥: 

^ 

¥: 

15 

1950903 

16342924 

16148908 

194016 

9807853 

^ 

^ 

¥: 

¥: 

^ 

78 

* 

45 


From  this       Nap.  log.  sine  11°  15'/ lO'  =  16343  q.p.. 


and 


log.  10' -1-6343  =  14*4846  =  log.  1951000, 


♦  This  relation  is  pointed  out  by  Dr.  Glaisher,  Art.  "  Logarithms,*'  Ene,  Brit,,, 
9th  ed. ;  but  the  deduction  of  it  from  Napier's  own  definition  may  be  of  interest. 
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wbioh  last  number  is  (q.p.)  sine  1 1°  15'  to  radins  10^.   **  Antilogarithm" 
was  defined  by  Napier  as  **  logarithm  of  the  complement/' 

Briggs  began  his  "  Arith.  Log."  (1624)  with  the  definition  :  "  Log- 
arithmi  snnt  nnmeri  qui,  proportionalibns  adjnncti,  sBqnales  servant 
differentias."  Then,  10  and  1  being  fixed  on  as  the  two  '*  principal 
nnmbers," — viz.,  those  whose  logarithms  are  to  be'  1  and  0  respec- 
tively,— ^he  proceeds  to  show  that  the  logarithms  of  all  numbers  are 
either  eqnal  or  proportional  to  the  indices  of  powers  of  10.  Thns  a 
*'  base  "  is  snbstantially,  thoogh  not  explicitly,  recognised. 

Cotes  (Phil,  Trans.,  Vol.  xxix.)  explained  the  theory  of  the 
"  modnlns  "  of  a  system  of  '*  measures  of  ratios," — so  he  names  those 
quantities  of  which  "  logarithms  are  the  numerical  forms," — and  to 
the  number  2*718...  he  gave  the  name  *' Modular  Ratio,"  viz.,  "that 
determinate  and  constant  number,  the  '  measure '  of  whose  ratio  to 
nmtj  is  the  *  modulus  '  of  the  system  employed." 

But  the  modem  treatment  of  logarithms  as  explicitly  the  "  indices 
of  powers  "  appears  to  have  originated*  with  Euler  (1707-83),  who 
writes  in  the  Preface  (p.  ix.)  to  the  Anal,  Inf,  (Lausanne,  1748)  : 
*'Postquam  autem  a  potestatibus  ad  quantitates  exponentiales 
essem  progressns  quse  nihil  aliud  sunt  nisi  potestates,  quarum 
ezponentes  sunt  variabiles ;  ex  earum  conversione  maxime  naturalem 
et  fecundam  Log^rithmorum  ideam  sum  adeptus." 

And  in  the  same  work.  Vol.  i.,  p.  73,  ..."  Qaod  si  fuerit  a*  =  y, 
erit  z=ly.,,  Supponit  ergo  doctrina  logarithmorum  numerum 
certum  constantem  loco  a  substituendum,  qui  propterea  basis 
Logarithmorum  vocatur." 

To  Euler  also  is  due  the  introduction  of  "  e  "  into  Analysis,  as  an 

important  and  fundamental  constant.     Having  defined  (ib.,  p.  85)  k 

by  the  equation 

a*  =  1  -h  kilty 

•0  being  infinitely  small,  and  proved  (ib.,  p.  88) 

g-l        (a-1)'       (g-l)' 

1  1.2    "^   1.2.3       ••■' 

*  In  a  jpaper  communicated  (after  the  author's  death)  to  the  R.  S.,  which  will 
!»  found  m  the  PA*/.  Trans,,  1771  (Vol.  lxi.,  p.  466),  W.  Jones  introduced  the 
definition  of  logarithms,  viz.,  *'  indices  of  powers  of  the  same  radical  numher,"  as 
novel. 
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he  continues  :  **  Ponamns  antem  brevitatis  gratia  pro  nomero  hoc 
2' 7 18  ...  coDstanter  literam  e,  qnaB  ergo  denotabit  hadnk  Logarith- 
momm  naturalium  sen  hyperbolicomm,  cui  respondet  valor  litem 
X;  =  1 ;  sive  hsec  litera  e  exprimet  qnoqae  snmmam  hajns  seriei 

Euler's  choice  of  this  letter  was  probably  determined  simply  by 
its  being  the  consecutive  vowel  to  a,*  which  he  had  employed  ba  the 
general  base  of  any  system  of  logarithms.  We,  however,  may  re- 
member that  it  is  the  initial  letter  of  the  great  mathematician's  name, 
and  pioasly  adhere  to  its  use  *'  in  memoriam,*'t  avoiding  the  varia- 
tion e  which  has  been  used  by  some  English  writers.  The  great 
importance  of  this  constant  in  the  Integral  Calculus  is  then  noticed 
(i&.,  p.  93),  and  the  expressions  for  sine  v  and  cosine  v  in  terms  of 
exp.  vv^—l  are  immediately  (i6.,  p.  104)  deduced — a  fact  which  I 
notice  because  I  think  that  the  introduction  of  these  exponentials 
into  Analysis  is  incontestably  due  to  Euler,  though  attributed  hj 
many  English  writers  J  to  De  Moivre.  In  the  Misc,  An,  (1734), 
the  latter  gives  as  his  first  '*  Lemma  "  the  formula 

when  z  =  v^-f  v^Zi— 1, 

I  and  X  being  the  cosines  of  two  angles  in  the  ratio  of  n  to  1 ;  and 

the  only  application  made  of  this  formula  is  to  the  resolution  of  the 

trinomial  equation 

l-2Zis"-|-«^  =  0 

into  the  quadratics 


l''2az-\-zz  =  0,     l'-2hz-\'zz  =  0, 


as  many  in  number  as  is  that  of  the  units  contained  in  n.  The 
exponential  expressions  for  sin  v,  cos  v  may,  as  is  often  shown,  be 
derived  from  the  Lemma,  but  the  step  is  by  no  means  so  obvious  as 


*  James  Bernoulli,  I  believe,  first  introduced  the  **  exponential  *'  into  AnalyaiSy 
using  this  form  **  a*." 

t  I  xjuote  these  words  from  a  paper  in  the  Moyal  Sof.  Froe.  (Vol.  xxxi.,  p.  881), 
by  our  lately  deceased  member,  A.  J.  Ellis,  in  a  parallel  case. 

J  E.g.y  De  Morgan,  Art.  **  De  Moivre*'  in  F.  Cyclop,  and  £ng.  Diet,  of  Biography ; 
also  Diff,  and  Int.  Calculua^  pp.  129,  130. 
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it  was  to  the  analyst  who  had  been  led  to  the  series  whose  sum  is 
represented  by  exp.  r,  and  had  before  him  (ib,j  p.  99)  the  series  for 
sinv,  ooBv, 

I  return  from  this  digression  to  my  more  immediate  subject. 
What  is  now  known  as  the  "  Logarithmic  Spiral/'  is  a  curve  to  the 
discovery  of  which  Des  Cartes  (1596-1650)  was  led  by  an  investiga- 
tion of  the  path  of  a  body  falling,  under  the  action  of  a  constant  force 
directed  to  a  fixed  centre,  but  not  towards  that  centre.*  The  charac- 
teristic properties  of  this  curve  Des  Cartes  found  to  be  that  its 
length  between  the  pole  and  any  point  is  propoi*tional  to  the  length 
of  the  straight  line  connecting  them,  and  that  of  cutting  this  con- 
nector at  a  constant  angle. t  Either  property  follows  immediately 
from  the  other,  but  no  proof  is  offered  by  Des  Cartes.  When  subse- 
quently studied  by  other  geometers,  and  more  particularly  by  James 
Bernoulli^  (1654-1705) — as  the  limit  of  the  Loxodromic  curve  on 
the  sphere,  i.e.,  the  curve  which  cuts  all  meridians  at  a  given  angle, 
the  solution  of  a  problem  in  navigation — the  property  from  which  it 
gets  its  modem  name§  was  observed,  viz.,  that  rays  which  intercept 
on  a  circumference,  concentric  with  the  force,  arcs  which,  measured 
from  a  fixed  ray,  are  in  arithmetic  progression,  intercept  on  the 
curve  corresponding  arcs  which  are  in  geometric  progression.  The 
former  series  of  arcs  are  therefore  the  '^  measures  "  (Cotes)  of  the 
latter,  or,  the  two  series  representing  numbers,  those  of  the  former 
will  be  the  "  logarithms  "  (Briggs)  of  those  of  the  latter — in  some 
system,  the  modulus  of  which  will  be  a  function  of  the  angle  of  the 
spiral.  The  recent  employment  of  this  curve  in  "  Graphical  Invo- 
lution "||  is  the  repayment  of  the  debt  which  Pure  owes  to  Applied 
Mathematics  in  respect  of  it. 

The  "  Ovals  "  of  Des  Cartes,  about  which  so  considerable  a  mass  of 
literature  has  gathered,  were  brought  under  that  geometer  s  notice 
by  his  researches  in  Dioptrics,  as  pointed  out  by  Chasles. 

Another  curve  now  usually  defined  by  means  of  an  exponential 
equation, — James  Gregory's  (1638-1675)  "  Logarithmic  Curve," — 
was  represented  by  him^  through  a  relation  between  the  ordinate  y 

*  Lettres  de  Des  Cartes  (73)  an  Rev.  P.  Mersenne,  t.  i.,  p.  414. 

t  ib.  (74),  p.  436. 

{  Acta  Erud.f  1691.  The  epitaph  which  he  <*  would  gladly  have  inscribed  on 
his  tomb,"  is  inexactly  givea  hy  many  English  writers:  it  was  *<£adem  numero 
motata  resorget.'* 

ijohn  Bernoulli  generally  refers  to  it  as  "  Fratris  Spiralis." 
Colmann,  Oraphitehe  Statik, 
Y  Otom.  Part  Univ.  (1668).    The  name  **  Logarithmic"  was  given  by  Huyghens, 
Sur  la  Cause  de  la  Peeanteur  (1690). 


ii0L^  y;  bmtir  %  wmn»JtAe  point,  d',  if},  (z,  y^f  fixed  pomis  on  the 
Kury*f,  Tm  9i}^/r^  eqajition  is  sahstMxnimilj  the  sftiiie.  of  eoane,  as 
ti*^  mffTH  fiiiAttn  fr/ruL,  bm  eontains  no  explicit  reference  to  the 
'^  \0Ui^,  **  'A  %  njnUgfa  of  logarithms.  Aocordinglr,  in  proring  thai 
**  frti^  ffrdlrmUf  hisia^  taken  as  nnitj  and  others  representing  nnmbera, 
tl^  inUrrf!*^  on  the  asjinptote  between  nnitj  and  any  nnmber  wonld 
tm  i\**s  lof(Aintbin  of  that  nnmber/'  he  simplj  shows  that  if  the 
ordUmUm  are  erjoidistant  thej  will  form  a  geometric  progression. 

li  VftAmMiVitutn  maj  be  considered  a  branch  of  Applied  Mathe- 
umiUfH^  we  ow«;  Ut  this  theorj  the  introduction  into  pnre  analysis  of 
th<5  ^*  uum}fem  of  Jan.  Bemonlli,"*  who  first  appears  to  have  nsed 
**  ttMfH/miUiiiiln,**  or  qoantities  with  a  variable  exponent.  By  him  the 
Nnfn\Hrrn  w<;re  defined  as  the  coefficients  of  the  successive  terms, 
after  the  fimt  two,  of  the  expansion  of 


Jn'dc, 


ill   dofM5endin^  powers  of  n,   when    divided  by  the   first,  third ... 
binomial  omsfiicientH 

c  .c—\ .  c—2 
""•   "   1.2:3         •" 

and  mtiliipliiHl  by  the  natural  numbers  1,  2,  ...  respectively ;  viz.,  if 
J  r-fl  2  2 


.<•-! 


C.O— 1  .C  — 2  i>..r-8   .    C.C— 1  ...C  — 4^^e-5  j_ 


*  Kulor  riifoni  to  thin  oxprcBttion  as  bocomo  customary. 

t  ThuM  nrintod  ;  but  porhaps  in  the  MS.  it  might  have  been  written  Itil^  in  the 
muim)  of  **  Iho  oxnnMmion  of  wnich  n^dc  iH  the  differential/*  In  the  P.S.  of  a  letter 
to  John  nornouUi,  datod  **  1690  Mart.,**  Leibnitz  writes  :  *<  Volim  audire  sententiam 

tuam,  an  probt^  adhibori  notam  [  pro  summis,  ...  (i pro  differentii8...ut  idem  sit 
<•  :  A  ((uod       ;   id  oiiim  pra^sortim  in  typis  commodum  est,   ne  linearum  spatium 

amittatur.** 

«1.  Il«,  in  a  rt^ply  dattnl  **Groninf(a>,  7  Aprilis  1696/*  states  that  he  will  use  S 
hort^tlt^r  in  pUiM«  i^f  «*  qut^  nos  antohac  jn^r  Integrale  et  1  denotare  yoluimus,  qua» 
i«xi»r«'Mio  jam  |>aMiin  iuvaluit.** 

Tho  «igu  k4,  tHiualit  y  untnl  is  that  omployed  by  Des  Carttts. 
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then  A^  B,  Oj  D  ...  are  the  numbers  in  qnestion.  In  the  words  of 
the  anthor,  ^^ ...  Ay  B^  C7,  D,  Ac,,  ordine  denotant  coefficientes,  olti- 
moram  terminomm  pro 


nn,     I  n\       <        n\    Ac, 


nempe  ^  x>  1 ,     ^x.-A,     Ox-^.    i^x-^l 

Snnt  antem  hi  coefficientes  ita  comparati  nt  singuli  cum  csBteris  sni 
ordinis   coefficientibns  complere    debeant    nnitatem.      Sic  D  valere 

dizimns  —  — ,  quia  (posito  c  x  8), 

9  "^  2  "^  3       15  "^  9       30 

It  is  superfluous  to  remark  that  different  multiples  of  these  num- 
bers have  been  called  "Bernoulli's  Numbers  "  by  different  writers.  It 
might  be  wished  that  the  original  symbols  A,  B,  G,  D  ...  should  be 
called  by  the  discoverer's  name,  and  B*s,  marked,  used  for  modifica- 
tions of  them ;  but  what  is  to  be  observed  is  that  in  the  original 
definitions  there  is  no  use  of  the  base  e. 

Thus  fruitful  of  results  in  Pure  Mathematics  was  the  invention 
communicated  to  the  scientific  world  through  the  "  Canon  Mirificus," 
aiming  only  though  it  did  at  relieving  the  labour  of  astronomical 
calculations  ;  and  of  which  the  author  could  write  so  modestly — nay, 
apologetically — in  the  "  Admonitio"  which  follows  his  brief  descrip- 
tion of  the  Tables,  as  his  reason  for  deferring  the  explanation  of  their 
construction :  '*  ut  prsBlibatis  prins  usu  et  rei  utilitate  ceetera  aut 
magis  placeant  post  hoc  edenda  aut  minus  saltem  displiceant  silentio 
sepulta." 

In  tracing  the  impulse  given  to  Pure  Mathematics  by  Napier's 
great  invention,  I  have  been  brought  to  the  middle  of  the  eighteenth 
century.  Retumiug  to  the  seventeenth,  the  next  important  case  of 
my  subject  which  presents  itself  is  the  stimulus  given  to  the  study 
and  progress  of  the  Leibnitzian  Calculus,*  by  its  applicability- 


*  I  use  this  term  (without  any  intention  of  pronouncing  on  the  vexed  question  of 
priority  in  the  first  conception  of  the  method)  in  the  sense  in  which  it  is  continually 
employed  by  the  continental  mathematicians,  who  derived  all  their  acquaintance 
wiw  its  fundamental  principles  from  Leibnitz's  short,  but  classical,  essay,  which 
appeared  in  the  year  1 684  in  the  Acta  EmdUomm  (founded  by  himself  and  Otto  Mencke 
m  1683).    This  little  tract  of  some  seven  (467-73)  pages  of  the  small  4to  of  the  Acta 
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rather  indispensableaess — to  the  solution  of  the  physical  problems, 
by  the  proposal  of  which  the  leading  mathematicians  of  the  period 
challenged  one  another  to  trials  of  skill  and  efficiency  of  methods. 

James  Bernoulli  (1654-1706),  recently  returned  from  a  visit  to 
Geneva  and  France  (1675-80),  and  now  settled  in  Basel,  and 
occupied  with  the  Cartesian  Philosophy,  took  up  the  study  of  the 
new  Calculus  with  great  ardour,  and  is  justly  credited  with  the 
establishment  of  the  foundations  of  the  Integral  Calculus  (his  essays 
on  which  appeared  in  1691),  to  which  he  was  mainly  led  by  consider- 
ations arising  out  of  the  solution  of  physical  problems.  In  the 
Nouvelles  de  la  Republique  des  Lettres,  September,  1687,  Leibnitz  pro- 
posed* as  a  challenge  the  problem :  "  Trouver  une  ligne  de  descente 
dans  laquelle  le  corps  pesant  descende  uniform6ment  et  approche 
^g^lement  do  I'horizon  en  temps  egaux" — adding:  ^'L'Analyse  de  ces 
messieurs  les  Cart^siens  le  donnera  peut-etre  ais^ment  '* — for  vertical 
spaces,  the  geometrical  solution  of  which  by  Huyghens  appeared 
in  the  same  Journal  for  the  following  month,  and  Leibnitz's 
synthetical  solution  by  the  method  of  his  Calculus  in  the  Acta  Erud. 
for  1689 ;  but  in  the  Acta  of  the  following  year,  James  Bernoullif 
(who  had  been  appointed  Professor  of  Mathematics  at  Basel  in  1687) 
gave  the  first  analytical  solution  of  such  a  problem  involving  the 
solution  of  the  differential  equation 

dy  y/hhy—Q,^  =  dx  y/sf, 

and  proposed  as  a  return  challenge :  **  Invenire  quam  curvam  referat 
funis  laxus  et  inter  duo  puncta  libere  suspensus."  This  problem 
was  solved  analytically  by  his  younger  brother,  John{  (1667-1748), 
who  for  the  uniform  catenary  wrote  : — "  Igitur 

dy  =  adx  :  v^xx-f  2ax 

eaquatio  est  ad  funic alarem  vulgarem,  quae  quoniam  nequit  integrari 
indicio  est  curvam  inter  Mechanicas  referendam  esse."  On  which 
solution  the  editor  of  his  works  wrote  :  *'  Problema  istius  (sc,  James 

containB  merely  proofiB  of  the  methods  of  differentiating  the  product  and  quotient  of 
two  functions  of  a  single  variable,  and  of  obtaining  the  maximum  and  minimum 
values  of  a  function  of  a  single  variable.  It  is  difficult  to  view  this  germ  of  so  great 
developments  without  emotion:  '<  Nascitur  oxiguus,  vires  acquirit  eundo.*'  To 
trace  uie  influence  of  the  study  of  physical  problems  on  this  acquisition  of  strength 
is  the  object  of  the  present  section  of  my  essay. 

*  At  tne  conclusion  of  a  letter  on  the  Cartesian  measure  of  force. 

t  The  problem  of  the  curve  of  tmiform  recession  from,  or  approach  to,  a  fixed 
point  under  the  action  of  gravity,  led  to  the  introduction  of  the  **  Lemniscate" 
mto  Geometry,  by  James  Bernoulli  (6>/>.,  p.  609). 

%  Acta  Erud,  1691,  with  the  results  of  solutions  by  James  Bernoulli  himaelf, 
Leibnitz  and  Huyghens. 


1890.]  on  the  Progress  of  Pure  Mathematics,  13 

Bernoulli)  quod  primnm  fere  dnbitantes  GFeometras  nsnm  Calouli 
Leibnitziani  docnit."  Hnjghens,  than  whom  no  mathematician  of 
the  time  was  held  in  higher  esteem  by  Leibnitz,  as  a  staunch 
Cartesian,  had  not  as  yet  abandoned  geometrical  methods.  On  his 
death  in  1695,  Leibnitz  wrote  to  John  Bernoulli :  '*  Incomparabilem 
Hugenium  obiisse  hand  dubie  intellexisti.  Quanta  hsec  sit  jaotura 
dici  satis  non  potest,  ob  summum  yiri  judioinm  cum  maxima 
profundissimaque  rerum  notitia  conjunotum.*'  (P.  S.  to  Ep.  xy., 
dated  "  Hanovera,  29  Jul.,  1695.'*) 

Hujghens'  books  were  sold  by  auction,  and  under  date  "  Qroningee 
(to  the  Professorship  of  Mathematics  at  which  place  John  Bernoulli 
had  been  appointed  recently),  7  Aprilis,  1696,"  the  latter  wrote  to 
Leibnitz  that  Huyghens'  copies  of  the  Acta  Erud.  for  1690,  3,  4,  had 
been  sent  to  him,  with  marginalia  on  what  Leibnitz,  Tschirnhaus, 
James  Bernoulli  and  himself  had  published  therein.  In  reply 
(Ep.  XXYI.),  Leibnitz,  after  thanking  his  correspondent,  adds:  ''Initio 
pamm  favebat  methodis  nostris  quod  f ructam  earum  sua  amicorumve 
ezperientia  nondum  didicisset,  sed  postea  rectius  doceri  coepit,  et 
oum  in  Uteris  privatis  (*votre  merveilleux  calcul*)  tum  in  schedias- 
mate  quodam  inter  Acta  Lipsiensia  publicato,  candide  pronuntiavit 
quod  res  est."  And  again,  in  Ep.  xxviii. :  *'  In  Actis  Eruditorum, 
1693,  p.  Ai7^y  diserte  commendat  Calculi  DifEerentialis  (quo  tunc 
feliciter  usus  erat)  inventionem ;  absque  quo,  inquit,  vix  est  ut  ad  has 
subtilitcUes  admitteremur"  This  is  an  eminent,  and,  no  doubt,  typical 
instance  of  the  way  in  which  the  solution  of  dynamical  problems 
led  to  the  recognition  of,  and  won  converts  to,  the  "wonderful 
calculus,"  which,  whether  from  the  prevalence  of  Cartesianism,  or 
the  inertia  of  habit,  otherwise  made  very  slow  way.  In  one  letter, 
John  Bernoulli  remarks  that  in  the  History  of  the  Paris  Academy  of 
Sciences,  1700,  no  mention  is  made  of  the  Calculus  ;  nor  is  any  other 
cultivator  of  it,  bat  de  V  Hdpital,  known  among  the  contemporary 
French  mathematicians ;  while,  as  late  as  1705,  Octr.  Leibnitz,  writ- 
ing to  condole  with  John  Bernoulli  on  the  death  of  his  elder  brother 
(whom  he  immediately  succeeded  in  the  chair  of  Mathematics  at 
Basel),  declares  that  no  German  is  proficient  in  the  principles  of  the 
Calculus,  Wolff*  alone  having  some  acquaintance  therewith.     Of  our 


*  This  was  J.  Ch.  von  Wolff  (1679-1 7o4),  more  eminent  as  a  moralist,  theologian, 
and  psychologist,  than  as  a  mathematician  ;  Professor  of  Pure  and  Mixed  Mathe- 
matics at  Halle,  then  of  Mathematics  and  Philosophy  at  Marburg.  His  <'  Elementa 
Matheseos  Universsd  "  was  long  the  principal  text-book  of  pure  and  appAed  science 
in  G^CTmany  ;  but  he  contributed  little  to  its  progress  otherwise  than  as  a  teacher. 
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conn  iiy men  John  Bernoulli  had  written  in  1696  (Ep.  xxn.),  on 
occasion  of  the  appearance  of  a  new  edition  of  Wallis's  (1613-1703) 
works :  "  Calcnlam  DiSerentialem  non  ita  landat  nt  decet.  Snos 
Anglos,  pro  more  sno  solito,  mimm  quantum  extollat.  Prae  illis  nil 
fere  est  quod  alii  fecerunt."  It  will  be  remembered  that  nothing 
had  been  printed  of  the  rival  method  of  fluxions  in  England  before 
the  appearance  of  the  celebrated  Scholium  to  Lemma  2,  P.  vii., 
Lib.  ii.,  of  the  first  edition  of  the  Principia  (1686). 

I  have  quoted  largely  from  the  Commercium  Epistolicwm  of 
Leibnitz  and  John  Bernoulli.  It  is  full  of  interest,  and  perhaps 
opens  out  the  mathematical  side  of  the  great  German  philosopher 
more  completely  than  any  other  remains.  Not  but  that  physical, 
metaphysical,  and  moral  topics  occasionally  enter ;  yet  the  subjects 
are  mainly  mathematical.  The  con*espondence  arose  out  of  an 
application  of  the  younger  man  to  Leibnitz  to  recommend  him  to  the 
Elector  of  Brunswick,  Leibnitz  in  his  reply  saying  how  mnoh 
pleasure  it  would  give  him  to  correspond  on  mathematical  subjects 
with  the  applicant.  As  long  as  it  lasted,  it  formed  a  sort  of  journal 
of  the  scientific  lives  of  both  the  writers. 

Lagrange's  (1736-1813)  Series  has  often  been  considered  as  an 
acquisition  to  Pure  Mathematics  due  to  Applied,  so  exactly  does  it 
seem  suited  to  the  solution  of  Kepler's  Problem — ^the  determination 
of  the  eccentric  in  terms  of  the  mean  anomaly ; — an  application,  in 
fact,  which  followed  almost  immediately  on  its  discovery.  Those 
who  have  looked  into  the  matter,  however,  know  that  it  arose  out  of 
the  logarithmic  method  of  solving  algebraic  equations,  having  been 
given  by  Lagrange  in  a  memoir — '*  Nouvelle  m^thode  pour  resoudre 
les  Equations  litterales  par  le  moyen  des  s6ries  "  {M4m,  de  VAc.  de 
Berlin,  t.  xxiv. ;  lu  a  VAc.  18  Jan.  et  5  Av.  1770), — as  a  formula  for 
any  rational  function  of  a  root  of  an  equation  obtained  by  induction. 
In  another  memoir,  read  Nov.  1  of  the  same  year,  "  Sur  le  probldme 
de  Kepler,"  the  application  referred  to  is  made,  the  relation 

t  =  x-\-nBvax 

having  been  proved.  Nor  was  Laplace's  (1749-1827)  extension  of 
Lagrange's  theorem  due  to  any  application  in  Physics,  having,  in 
fact,  been  discovered  before  Laplace  had  entered  upon  those  great 
physical  studies  on  which  his  reputation  is  mainly  founded.  The 
extension  was  published  in  the  M6m.  de  VAc,  des  Sciences  for  1777, 
when  the  author  was  only  28  years  old,  the  title  being  *'  Sur  I'nsage 
du  Galcul  aux  Differences  Partielles  dans  la  Thterie  dee  Saites." 
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In  ignorance,  apparently,   of  the  Memoir  of  Lagrange — thongh 

having  made  the  fnllest  searches  which  oocnrred   to   him  for  any 

anticipation  of  his  method — sixty  years  later,  R.  Murphy,  of  Caias,  in 

the  Transactions  of  the  Camb.  Phil,  Soc.  for  1831,  reproduced  as  new 

the  matter  of  Section  II.  of  that  Memoir — even  to  pointing  out  how 

Lagrange's  Series  might  be  derived  by  induction.     This  unconscious 

plagiarism  escaped  even  the  critical  De  Morgan,  who  could  write  of 

the   logarithmic  method  of  solving  equations   (Diff,  and  Int.  Oal., 

§  213,  p.  328) :  "  This  theorem,  given  by  Mr.  Murphy,  ...  is  one  ot 

the  most  general  and  interesting  contributions  which  Analysis  has 

received  for  many  years."     The  real  novelty  in  Murphy's  memoir 

was  the  expression  given — in  the  form  of  a  definite  integral — for  the 

"error"  involved  in  stopping  at  any  given  term  of  Lagrange's  Series. 

This  is  quite  different  in  form  from  Popoff's  expression  (G.  i?.,  1861, 

pp.  795-8),  which  appears  to  be  considered  as  the  first  attempt  to 

sum  up  the  "remainder."      Yet,  in   some  remarks  on  Lagfrange's 

Series  (JW^.  and  Int,  Oalc.y  p.  171),  our  first  President  came  **  burn- 

ingly  "  near  the  truth,  though  it  does  not  seem  to  me  that  Lambert 

(J.  H.,  1728-77)  in  any  way  contributed  to  its  discovery  by  his 

paper  "  Obss.  Var.  in  Mathesin  Puram,"  Acta  Helvetica,  III.,  pp.  128- 

168,   which   contains   methods   of  approximating    to   the  roots   of 

equations,  but  nothing  that  could  be  considered  as  an  anticipation 

of  Lagrange's  method. 

The  Series  continued  to  be  regarded  and  used  as  the  best  method 
of  solving  Kepler's  Problem,  until  Bessel  (1784-1846)  introduced 
his  treatment  {Ahh.  d,  BerL  Ak.,  1816-7)  into  an  essay  on  the 
same  problem.  But  his  "  Functions,"  in  the  form  with  which  we 
are  familiar,  appear  in  a  later  memoir,  "  Planetarische  Storungen 
ans  der  Bewegung  der  Sonne"  (Ahh,  d,  BerL  Ak.,  1824).  These, 
the  theory  of  which  is  an  undoubted  acquisition  by  Pure,  due  to 
Applied  Mathematics,  wrote  Bessel  (§  8) — and  it  is  perhaps  to  be 
regretted  that  the  discoverer's  notation  has  not  been  preserved  "  in 
memoriam  " — "  werde  ich  durch 

I  cos  (he  —  k  sin  c)  de  =  2ir  I* 

besseichnen,"  the  limits  being  0  and  2v ;  while  he  uses  J  in  the  sense 

f'-cosCfec-^sinc)^^  =  2irJ». 
Jo         1— ecose 
It  is  of  interest  to  remark  that,  for  the  development  in  a  series  of 
ascending  powers  of  k,  reference  is  made  to  the  earlier  memoir,  and 
•  that  he  devoted  §  11  to  the  consideration  of  his  Functions  as  belong- 
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ing  to  pure  analysis,  '*  examining  them  more  closely  "  and  dednoing 
the  well-known   equation  of  the  2nd  order   '*  which  defines  J^," 

together  with  the  linear  relation  among  three  coDsecntiTe  It  By  viz. : 

In  a  paper  which  will  he  found  in  the  Land.  Math.  8oc.  Proc^  Vol. 
IX.,  p.  CI,  Lord  Rajleigh  showed  how  these  functions  are  related  to 
Laplace's ;  hut  they  will  prohahly  continue  to  be  studied,  as  hereto- 
fore, from  the  point  of  view  of  a  distinct  system  of  transcendants, 
the  theory  of  which  Applied  have  contributed  to  Pure  Mathematics. 
Their  numerous  applications  to  other  parts  of  Physics  than  Astro- 
nomy are  well-knowD.  In  the  first  volume  of  Tisserand's  great  work, 
Mecaniqtte  Celeste,  of  which  the  second  volume  has  just  appeared, 
they  are  early  introduced. 

That  Laplace's  Functions,  about  which  so  extensive  a  Pure-Mathe- 
matical literature  has  now  gathered,  were  introduced  in  connexion 
with  his  researches  on  the  attractions  of  spheroids*  is  too  well 
known  to  be  dwelt  on. 

Fourier's  (1768-1830)  Theorem,  the  applications  of  which  have 
become  so  numerous,  owing  to  its  great  generality,  is  one  of  the 
valuable  additions  which  the  Theory  of  Heat  (1822)  has  contributed 
to  the  stock  of  Pure  Mathematics,  together  with  solutions  of  Partial 
Differential  Equations.  Of  the  many  definite  integrals  which  all 
branches  of  Natural  Philosophy  have  brought  under  the  notice  of 
Pure  Mathematicians,  it  would  take  much  room  to  enumerate  even  a 
part  ;f  while  of  DifEerential  Equations  De  Morgan  has  well  remarked^ 
that  the  extension  of  their  theory  is  to  be  looked  for  in  special  works 
on  gravitation,  heat,  &c. 

In  Sir  R.  Ball's  "  Cylindroid  "  {Theory  of  Screws,  Ch.  2)  is  an  instance 
of  a  geometrical  surface  brought  into  notice  by  dynamical  researches, 
and  which  will  fo^tlie  future  take  its  place  in  geometry  as  one  of  the 
cubical  Kur faces  to  bo  specially  studied.  So  the  "  Cissoid  "  of  Diocles(?) 
was  the  first  plane  cubic  curve,  and  the  **  Conchoid  "  of  Nicomedes 
(ir)0  H.c.)  the  earliest  plane  quartic  curve,  studied  in  the  search 
after  a  mechanical  solution  of  the  problems  of  the  trisection  of  an 
angle  and  the  determination  of  two  mean  proportionals. 

The  multi partition  of  an  aujLjle  had  in  the  fourth  century  B.C.  led 
Dinostratun,  jmpil  of  P]udoxua,  to  the  conception  of  the  "  Quadratrix." 

•  Mt'e.  rrhstf\  Tom.  ii.,  Ch.  2. 

t  As  loiw  known,  Frosnora  Integmls  may  bo  particularly  noticed. 

X  Diff.  and  I.it.  Cdfc.y  p.  xiii.,  note. 
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Among  the  more  recent  forms  of  aid  which  Applied  have  offered 
to  Pare  Mathematics,  is  a  method  of  proving  theorems  in  the  latter, 
of  importance  and  great  difficnltj,  from  the  consideration  that  the 
plijBical  quantity  represented  by  an  analytical  expression  (as  a 
definite  integral)  has  an  obvions  concrete  value,  and  thus  the 
expression  is  at  once  evaluated.  Among  the  instances  of  this 
method  known  to  me  are  the  late  Professor  Clerk-Maxwell's  use  of 
properties  of  the  Potential  to  establish  a  theorem  in  Harmonic 
Analysis  (Elect,  and  Mag..,  Vol.  i.,  §  135) — though  this  might  hardly 
be  considered  a  case  in  point — and  Professor  Crofton's  remarkable 
evaluations  of  certain  definite  integrals  through  considerations  of 
Local  Probability  {Phil,  Trans, ^  1868-9).  Similarly,  the  consideration 
of  a  charged  conductor  has  been  used  by  Mr.  Basset  (Garnb.  Phil. 
8oe,  Proc.j  Vol.  v.,  p.  426,  and  "  Treatise  on  Hydrodynamics "  n., 
p.  15),  to  prove  that  a  function  finite  between  given  values  of  the 
▼ariable  can  be  expressed  by  means  of  a  definite  integral  involving 
BesseFs  Functions,  taken  between  those  values.  This  method  of 
proof,  to  which,  however,  some  mathematicians*  have  taken  exception 
on  abstract  grounds,  appears  likely  to  be  more  frequently  employed 
as  writers  on  Pure  Mathematics  become  more  familiar  with  certain 
branches  of  physical  research. 

It  may  be  proper,  in  conclusion,  to  give  some  account  of  those 
serial  publications,  quoted  in  the  course  of  this  essay,  which  beg^n  to 
appear  in  the  second  half  of  the  sixteenth  century  as  organs  of  com- 
munication among  scientific,  as  well  as  literary  men ;  and  which  may 
be  regarded  as  the  forerunners  of  the  journals  of  the  present  time. 

In  1665,  the  year  preceding  the  foundation  of  the  Academic  Royale 
des  Sciences,  the  Journal  des  Sqavans^  written  in  Paris,  but  printed 
at  Amsterdam,  was  commenced  as  a  weekly  issue  to  give  accounts  of 
new  books,  and  to  afEord  a  medium  for  the  discussion  of  all  such 
topics  as  might  interest  the  educated,  whether  in  theology,  meta- 
physics, law,  medicine,  chemistry,  physics,  mathematics  or  history* 
When  greater  freedom  for  the  press  obtained  in  France,  the  issue 
was  transferred  to  Paris  also,  and,  with  short  breaks,  continued  until 
18th  June,  1816.  Recommenced  in  the  following  September  as  a 
monthly  serial,  it  has  been  maintained  without  further  interruption. 
The  brothers  Bernoulli  were  at  first  contributors  to  this  Journal, 
which  is  referred  to  as  Ephemerides  Oallicas  and  Parisiense  Diariwn 
Eruditorum  in  their  Latin  correspondence. 

♦  Ab  Prof.  Sylvester,  through  who§e  criticiflm  (Phil.  Mag.,  1876,  n.,  p.  306) 
attention  was  directed  to  the  first-cited  instance. 

VOL.  XXII. — XO.  400,  C 


18  Prof.  G.  B.  Mathews  on  Proofs  ofSteiner^s  Theorems  [Nov.  13, 

In  avowed  imitation  of  the  plan  of  the  Journal^  and  in  a  similar 
form  (called  12mo  in  the  catalognes,  bnt  more  of  the  size  of  a  24!mo  of 
the  present  time),  the  Nouvelles  de  la  Bepuhlique  des  Lettres  was 
commenced  as  a  monthly  publication,  ''to  be  written  as  well  as 
printed''  at  Amsterdam,  in  March,  1684i;  and  maintained,  with 
breaks,  until  1718.  During  one  of  these  interruptions,  a  similar 
publication,  with  the  title  Histdre  des  Ouvrages  des  Sgavans,  was 
started  at  Rotterdam,  in  September,  1687,  and  continued  until  Jane, 
1709.  The  last  two  Journals  are  quoted  sometimes  as  Nova  and 
HistoTia  BatavisBf  or  Nouvelles  d^Amsterdam  and  de  Botterdam, 
respectively. 

The  Acta  Eruditorum  (Note,  p.  11),  which  was  aided  by  a  sub- 
vention from  the  Elector  of  Saxony,  continued  to  appear  in  yearly 
volumes  until  1777.  The  Acta  Helvetica,  quoted  p.  15,  was  founded 
in  1751,  and  maintained  until  1787.  But,  before  the  middle  of  the 
eighteenth  century,  the  Memoires  of  the  Academies  of  Paris  (1666) 
and  Berlin  (1702)  had  become  the  medium  for  the  more  elaborate 
essays  of  the  analysts  of  the  time. 


Proofs  of  Steiner^s   Theorems  relating  to  Circumscribed  and 
Inscribed  Conies.     By  Professor  G.  B.  Mathews. 

ISead  Nov,  13M,  1890.] 

The  theorems  here  discussed  are  enunciated  without  proof  in 
Steiner*s  memoir,  entitled  *'  Teoremi  relativi  alle  coniche  insoritte 
e  circonscritte "  (Werhe  n.,  p.  329,  or  Grelle  xxx.,  p.  97).  The 
most  important  are  those  relating  to  the  maximum  conies  inscribed 
in  a  given  quadrilateral,  and  the  minimum  conies  circumscribed  to  a 
given  quadrangle ;  the  others,  in  fact,  are  preliminary  to  these,  but, 
for  the  sake  of  completeness,  proofs  of  them  all  have  been  given.  It 
will  be  observed  that  the  second  principal  problem  admits  of  three 
proper  solutions,  besides  nine  improper  ones,  so  that  a  purely  geo- 
metrical method  would  necessarily  involve  the  employment  of  curves 
other  than  conies  and  straight  lines. 
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1,  Adopting  ordinary  trilinear  coordinates  referred  to  a  triangle 

ABO,  let 

^  («,  y,  z)  =  (t»,  t?,  Wy  u\  v\  w*  $«,  y,  «)'  =  0 

be  the  equation  of  any  conic,  and  let 

*({,  n,  0  =  (17,  F,  TT,  IT,  F',  Trj£,i|,  0«  =  0 

be  the  equation  of  the  same  conic  in  line-coordinates,  so  that 

[7=  tni?— u'',  Ac. 

Further,  let  A  denote  the  discriminant 


A  = 


U,       117 


tr,   t?,     u 


Vy        Uy        w 


Then,  if  F  be  written  for  $  (a,  &,  c),  where  a,  &,  c  are  the  sides  of 
ABOy  the  square  of  the  area  of  the  conic  is  equal  to  M^jT*,  where 
If  is  a  constant. 

In  order  to  determine  if,  let  the  conic  be  the  circumcircle  of  ABO ; 
then  we  may  put 

u  =  t?  =  w  =  0,    t*'  =  a,    t?'  =  6,    w'  =  c, 
giving  A  =  2ahCy 

r  =  26V+2cV+2aV-a*-6*-c* 
=  16/8*, 
where  8  is  the  area  of  ABO. 


Hence 


ir^B'  =  M 


or,  since 


4(16)'iS« 

J2  =  a6c/4iS, 

If  =  4ir*a«6ViS«, 

and  the  square  of  the  area  of  the  conic 

==:  47r«a'6Vfif»A7r» (1). 

2.  Now,  let 

Pa^+my+nV— 2mny2— 2nZ2;a;— 2ZTnajy  =  0 

be  any  proper  conic   inscribed  in  ABCy  and  having  its  centre  at 

(a,  A  y). 

c2 
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Then 

I  :  m  :n  =  a(6/3+C7— oa)  :  6  (oy+aa— 6/3):  (aa+6/3— oy). 

Suppose  the  sides  of  ABC  are  hisecied  in  the  points  A\  R^  G ; 
then,  if  a',  /3',  y  are  the  perpendiculars  from  (o,  j8,  y),  or  P,  npon  the 
sides  of  AlXa, 

a  =  8/a^a  =  (6/3+cy— aa)/2a,  Ac., 

so  that  2 :  m  :  n  =  aV  :  6'/3' :  c^y   (2). 

For  the  conic  now  considered, 

A  =  —  4PmV, 

r  =  ^mftn  (hcl-^cani'^-CLbn)  ; 

therefore,  if  JB?  is  the  area  of  the  conic, 

Imn 


E^  =  M 


4  {bcl + cam + dbn)* 
=  3f 


afi^y' 


4a6c(aa'+fe)3'-|-cy')*' 
whence,  sabstitating  for  M  its  value,  and  observing  that 

aa'+6iS'+cy'=Sf, 

we  find  ^  =  4ir*i?aj3y (3). 

8.  In  a  similar  way,  if  the  circumscribed  conic 

2uyz-{-2vzX'\-2w'xy  =  0 

has  its  centre  at  (a,  /3,  y), 

u  :v  :  iD  =  aaa  :  6j3/3':  cyy'  (4), 

and  replacing  these  proportions  by  equalities,  it  will  be  found,  after 
a  few  reductions,  that 

A  =  2a6ca/3ya /3'y', 
r  =  SSabcaffy. 

Hence,  if  ^  be  the  area  of  the  conic, 

^  _  -T^abc  g'/^y^ 
4S     afiy 


=  w-JSa*/3*y*/a'/3'y'   («">). 
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4.  Now,  let  conies  with  centre  at  P  be  inscribed  and  circumscribed 
to  the  triangle  A'B'ff,  and  let  A"R'C^  be  derived  from  A'BC  in  the 
same  way  as  AlVC  from  ABG,  Then,  if  B^^  JP^  are  the  areas  of  the 
two  new  conies 

jPj  =  ^EjaJ^  yj/alft'yj, 

where  JK^  =  |J2, 

«i>  /3i>  Vi  =  a',  /5',  y', 

al,  i3I,  yj  =  I  {s.^J\  J  (/3-/30,  \  (y-yO ; 

BO  that  JBj  =  \i?n  (a-aOC/S-ia-Xy-y-), 

JF?  =  4^«Ea''|3^y'«/(a-a')(<3-/30(y-y'). 
Hence,  by  multiplication, 

and  therefore,  taking  the  absolate  yalnes  of  B^^  ^i,  that  is,   dis- 
regarding sign, 

JEP  =  4E?iP\  (6). 

The  process  of  derivation  may  of  course  be  repeated  indefinitely. 

But  it  is  to  be  further  observed  that  the  conies  ^,  B  are  such  that 
an  infinity  of  triangles  can  be  drawn  circumscribed  to  JB?,  and  in- 
scribed in  B,  Let  XYZ  be  any  one  of  these,  and  let  X^^Z^  be 
cfelated  to  it  as  ABO  is  to  A'jffC ;  then,  if  E^^  be  the  area  of  a  conio 
with  centre  P  inscribed  in  X^Y^Z^  we  have 

so  that  the  area  of  all  such  conies  E^  is  constant. 

5.  Suppose  the  inscribed  conic  E  is  constrained  to  touch  the  fixed 
line 

then  Z/nv+wivX+nA/i  =  0     „ ,(7), 

and  thereforei  by  (2),  the  locus  of  P  is  the  line 

a*fAya'\-b^y\fi''\-c^Xfiy  =  0  (8). 
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Conversely,  if  the  centre  of  E  describes  the  line 

fa^g/y+hy'^O, 
E  will  always  tonch  the  fixed  line 

-T  «+  —  y-f-— «  =  0. 
f  g  h 

m 

The  triangle  of  reference  and  the  line 

Xaj+fiy  +  v«  =  0 

form  a  quadrilateral  in  which  an  infinity  of  conies,  as  above,  can  be 

inscribed.    In  order  to  find  the  conies  of  maximnm  area,  we  have  to 

make 

apy 


a  maximnm,  snbject  to  the  conditions 

a^fjLva'+Vy}^-^<^Xfiy  =0 (9), 

aa'+6j8'+c/=flf  (10). 

The  ordinary  process  leads  to  the  equation 

i^y,     7'a»       a'/5' 
a^fjiv,     6'vX,     c'X/ii 

a,         hj         c 


=  0 (11), 


and  the  centres  of  the  maximnm  conies  are  determined  as  the  inter- 
sections of  the  line  (9)  with  the  conic  (11).  The  latter  conic  goes 
throngh  A\  J5',  0\  through  the  centroid,  O,  of  ABO  (or  A'B'CT),  and 
through  the  point  for  which 

that  is,  by  (2),  through  the  centre  of 

W+fxY+y^s^—2fJivyz—2y\zx—2kfixy  =  0. 

This  point  can  be  easily  found  gcometHcally.     Namely,  if 

Xx-^-fjLy-^yz  =  0 

meet  the  sides  of  ABC  in  D,  E,  F,  and  the  points  I/,  E'^  F'  he  taken 
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80  that 

(BOBiy)  =  iOAElT)  =  {ABFF)  =  - 1, 

then  the  lines  joining  Ay  B^  0  to  the  middle  points   of  E^W^   F'TX^ 
jyjEfy  respectively,  will  meet  together  at  the  required  point  0. 

Since  five  points  upon  it  are  known,  the  conic  can  be  constructed 
geometrically ;  the  line  represented  by  (9)  is,  as  is  well  known,  the 
line  through  the  middle  points  of  the  diagonals  of  the  quadrilateral 
BOEF,  This  being  drawn,  its  intersections  with  the  conic  OA'B^CO 
ttre  the  centres  of  the  maximum  conies. 

6.  From  a  geometrical  point  of  view,  the  construction  above  indi- 
cated is  about  as  simple  and  satisfactory  as  could  be  expected :  it  is 
interesting,  however,  to  verify  a  remarkable  metrical  theorem  of 
Steiner's  with  reference  to  the  centres,  JT,  JT  suppose,  of  the  maxi- 
mum conies.  The  theorem  is  that,  if  the  line  of  centres  meet  the 
sides  of  A'B^G  in  P^,  P„  P„  and  if  M  bisect  KK,  then  M  is  the  mean 
centre  of  P^,  P„  P„  and 

JfK*  =  JfZ^  =  ^  (If  Z^+lfii+MPl)  ; 

also,  M  is  the  centroid  of  the  six  vertices  of  the  given  circumscribing 
quadrilateral. 

In  order  to  verify  these  statements,  we  may  solve  the  equations 
(9),  (10),  (11).  It  will  simplify  the  result  if  we  write  j^,  q,  r  for  the 
determinants  of  the  matrix 

a,     6,     c 

80  that  p  ^hy—cfjij     g' =  cX— a^,     r=afi— 6X...- (12). 

Further,  let  us  put 

Z  =  6VX' + cWfi^ + a'6 V -  abc  {afiv  +  6 vX + cX/i) 

=  H«y +  Z>V  +  c«r^)  (13), 

an  essentially  positive  quantity. 

Then  the  coordinates  of  K,  K\  referred  to  the  triangle  A'B>ff, 
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are  explicit! j  given  bj 


a  =: 


Saqr 


Ccr-hg±yZ) 


The  coordinates  of  If,  referred  to  the  same  triangle,  are  therefore 

while  those  of  P^  P,,  P,  are  respectively 

«!»  A»  ri  =  0.     —cfiS/hp,     hy8/cp\ 

oj,  A»  ?.  =  cXS/o^,     0,     -avSjcq  \     (16). 

«8>  •  /3sf  7a  =  —  ^^'S  /  ar,     afiS/hr,     0 

Hence  we  find  without  difficulty 

°o  =  i  (tti+oi  +  as)*  Ac., 
that  is,  If  is  the  mean  centre  of  P„  P„  P,. 

Also,     (cto— Oi)'+(ao— a,)»+(oo-a^)' 


3ayr» 


(c'r»+6y+6cjr) 
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From  this,  the  two  similar  equations,  and  (14),  it  follows  that 

7.  It  is  possible  that  the  foregoing  method,  or  something  like 
it,  is  that  by  which  Steiner  obtained  his  results,  and  that  he  re- 
frained from  publishing  a  proof  of  this  kind,  because  he  hoped  to 
obtain  one  of  a  more  purely  geometrical  character.  If,  however,  we 
try  to  solve  in  a  similar  manner  the  analogous  problem  of  finding 
conies  of  minimum  area  which  pass  through  four  given  points,  we 
are  led  to  results  of  great  complexity.  It  will  be  found  that  the 
centres  of  the  conies  of  stationary  area  are  determined  as  the  inter- 
seotions  of  a  conic  and  a  sextic,  so  that  apparently  there  are  twelve 
solutions;  it  will  appear,  however,  from  a  less  symmetrical,  but 
more  manageable  method,  to  be  presently  explained,  that  there  are 
only  three  proper  solutions,  excluding  the  line-pairs,  and  the  para- 
.  bolas  of  the  system ;  whence  we  infer  that  the  set  of  twelve  solutions 

is  made  up  by  the  three  proper  solutions,  the  three  line-pairs,  and 
the  two  parabolas  each  reckoned  three  times,  the  conic  which  is  the 
locus  of  centres  in  fact  osculating  the  sextic  where  it  meets  it  at 
infinity. 

8.  Even  the*  problem  already   discussed   may    be  more  simply 
treated  by  the  unsymmetrical  method. 

Taking  line  coordinates  £,  i|,  ^,  the  conic 

(l+0Aiyf~/i«-ev£,7=0  (17), 

where  ^  is  a  variable  parameter,  touches  the  three  sides  of  the  tri- 
angle of  reference,  and  the  fixed  line  (X,  fji,^  v). 

As  in  Art.  1,  it  can  be  shown  that  the  square  of  the  area  of  the 
conic  is  proportional  to 

t(l'\-t)/(bqt'-cry. 

For  a  stationary  value,  we  have,  by  logarithmic  differentiation, 

1,1            Shq         ^ 
—  -I — ^^—  =  0  or  00 . 

t       t-\-l      oqt—cr 
It  is  easily  seen  that 

^  =  0,       —1,       QO 
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give  improper  solutions,  namely,  the  point-pairs  of  the  system  ;  while 

hqt—cr  =  0, 
corresponds  to  the  single  parabola  of  the  system. 
The  remaining  (proper)  solutions  are  given  by 

hqe+2  (bq+cr)  t-^or  =  0  (18), 

or  hqfi'-2apt-\-cr  =  0. 

Eliminating  t  between  (17)  and  (18),  the  equation  of  the  maximum 
conies  is  obtained  in  the  form 

opXV4:'+&gM'C'?+crv*?i?'  +  2£i?f  (op/iv{-|-6gvXj7-|-crVO  =  0...(19). 

9.  Actually  solving  (18),  we  get,  in  our  previous  notation, 

^  =  ?£#^  (20), 

hq 

and  equation  (17)  becomes 

(cr^  y/Z)  kriC-^hqfJilX-^'  iap±  y/Z)  £f|  =  0. 

Now,  with  the  help  of  the  identity 

ap+bq-i-cr  =  0, 
it  can  be  verified  that 

(cr+  ^Z)(ap-cr+  -v/Z)  =  ap  (cr-hq-^  ^Z)-) 


(ap-  ^Z)(ap'-cr+  ^Z)  =  cr  (6g-ap+  \/Z)  ) 


(21), 


so  that  the  equations  of  the  maximum  conies  are  separately  obtained 
in  the  symmetrical  form 

op  {cr—bq-^  -v/Z)  Xr/f+^g  {ap^cflr-^  »/Z)  /nfj 

+cr  {l[>q'-ap:^  y/Z)  vjiy  =  0 (22). 

It  is  now  easy  to  obtain  the  coordinates  of  their  centres,  &c.,  and 
thus  to  verify  the  results  of  Art.  6. 

10.  Proceeding  now  to  the  other  problem,    we  have,  in  point- 
coordinates, 

(l-\-t)fyZ'-gzx-thxy  =  0  (23), 
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representing  a  conic  through  the  yertices  of  the  triangle  of  reference, 
and  through  the  fixed  point  (/,  g^  h).  In  order  that  its  area  may  be 
a  maximuTn  or  minimum,  the  value  of 

eq-hty 

{(a/+c^)«?+2  ia'f-'bcgh-^-cahf+abfg)  *+(a/+6(7)*}« 
most  be  stationary. 

Bepresenting  the  denominator  by  u,  for  the  moment,  we  haye 

2,2         S    du      ri 
.  —-  =  0  or  00 . 

t       ^  +  1       u    dt 

As  before,  <  =  0,  —  1,  oo  give  the  three  line-pairs  of  the  system, 
while  «  =  0  corresponds  to  the  two  parabolas  of  the  system.  Reject- 
ing these  solutions  as  irrelevant,  we  obtain  a  cubic  equation  in  #, 
which,  written  out  in  full,  is 

(af+chy  ^-h  (aY+2(^V'^bcgh+Scahf--abfg)  ? 

-(ay*-|-26y  H-6(^A-cafe/-|-3a6/^)  t-iaf+bgy  =  0...(24). 

Eliminating  t  between  (28)  and  (24),  we  obtain  the  equation  of 
the  three  critical  conies  in  the  following  form,  where,  for  simplicity, 
X^Tj  Z  are  written  for  fyz^  gzx^  "hay  respectively  : — 

{bg-\'Chy:K}^{ch-\-afy  Y»-|-(a/-h6^)«^ 
-(26y +cW-|-36c^^-caA/+a&/^)  ZT 
-(6yH-2c»A'H-36cflf^+caA/-a6/gf)  J}Z 
-(2<^V+a^f'\'Scahf-abfg'j'bcgh)  T^Z 
'-(<?h^+2a^f+Scahf+abfg-'bcgh)  Y^X 
—  (2aY + 6y + Sabfg  -  begh  -|-  caJif)  Z*X 

-(ay*+26y  +  3a6/flf  +  6cflfA-caV)  Z^Y 
-^^a^f-^bY+cfh^  +  bcgh+cahf+abfg)  XYZ=0  ...  (25). 

The  separate  equations  of  the  conies  are  to  be  obtained,  either  by 
solving  (24)  and  substituting  in  (23),  or  by  applying  the  theory  of 
ternary  cubics  to  resolve  the  left-hand  side  of  (25)  into  three  factors, 
each  linear  in  X,  Y,  Z, 
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On  an  Algebraic  Integral  of  Two  Differential  Eqtuitions* 

By  B.  A.  BoBEBTS. 

[JReadNov.  13M,  1890.] 

1.  If  u,  t;  denote  two  quadratic  expressions  in  a  variable  x,  I  pro- 
pose to  show  that  the  differential  equations 


dx^ 


V(u,v\)      V(u,v\)      Viu,v\) 
dxi       j^      dx^ 


+ 


^— =  0, 


V(«!»,)     V(«Jt.,)     V(«>,) 

where  flH,  ^  sb,  are  three  valnes  of  x^  and  Uj,  Vj ;  i»„  «,;  «,,  v,  the 
corresponding  valnes  of  Uj  v,  necessarily  involve  an  algebraic  relation 
between  the  variables  Xi,  x^,  x^  containing  two  arbitrary  constants. 


2.  Let 
then,  if 


n  =  ZiB'+moj+n,     v  =^  taf  +  rnx+n  ; 

fix)  =  (a+)ac)»t*-(7  +  &B)»t; (1), 

there  are  evidently  two  relations,  independent  of  a,  j3,  y,  d,  connecting 
ihe  roots  of  the  quintic 

/  («) = 0. 

These  may  be  easily  found  in  the  form  of  systems  of  determinantB 
involving  the  cube  roots  of  u,  v ;  for,  if  x^,  o^,  a^,  04  are  four  roots  of 


we  have 


(a+iSa^)  yu,-(y  +  &)  Vt'i  =0, 


and  three  other  similar  equations,  from  which  we  get,  eliminating 
«>  A  y,  ^> 


v^'v  «8y«ft  yt;„  «,yt?. 


=  0. 


(2); 


and,  in  the  same  way,  we  have  four  other  determinants  involving 
^>  ^1  ^1  ^  <^^  the  fifth  root  a%. 
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3.  We  may  also  find  these  relations  in  other  forms,  for,  sabsfcitnting 
a,  &,  the  roots  of  u  =  0,  and  c,  d,  the  roots  of  v  =  0,  in  the  identity  (1) 
sncoeesiyely,  we  get 

?//(c)oc  a+/3c,     y/Way+MJ 

from  which  and  the  relations 

&c«,  we  can  eliminate  a,  /3,  y,  h  linearly,  and  so  obtain  a  number 
of  other  determinants.  A  particnlar  form  of  the  two  relations  in  this 
case,  when  two  of  the  roots  of 

/(x)=0 

are  supposed  to  be  given,  is  worth  noticing.    From 

(o+/3a;4)yt*i-(y+&,)yu4  =  0, 

(a+/3i^)  ytt5-(y+^5)  Vt*5  =  0, 

where  x^^  x^  are  the  given  roots,  we  have  two  linear  relations  connect- 
ing a,  /3,  y,  8,  so  that  from  (3)  we  obtain 

X?//(a)+^  y/(6)+v  y/(c)  =  0) 

> (*). 

X'  vf  (a) +/  y/(6) + /y/(d)  =  0  J 

where  X,  fi,  v,  X',  /i',  /  are  known  quantities,  and /(a),/ (6),  /(c)^ 
/  (d)  are  respectively  proportional  to 

(a-«i)(a— a;,)(a-«,),     (6— aji)(^— ««)(^-«»)> 

(c-«,)(c-aj,)(c-a?j),       (d— «i)(^-«s)(<^-«8)- 

•  ■  • 

4.  I  now  proceed  to  show  that  the  relations  between  the  five  roots 
of  /(«)=0 

can  be  written  in  a  form  involving  differentials. 

Suppose  a,  /3^  y,  ^  to  be  functions  of  a  variable  t ;  then,  if 

/(»)=o 

is    a    relation    connecting  the   variables  x    and    ^,  we  obtain,  by 
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differentiation, 

f(x)^+S(a+pxy(a'-\-fi^x)u--3(y  +  ^xyiy'+yx)v  =  0 (5), 

at 

wliere  o',  /y,  y\  ^  are  the  differential  ooefficients  of  a,  /3,  y,  i  with 
respect  to  t    Dividing  out  now  by  ^(uv*)/'  (x),  we  get 

1        dx      3(a+/3a?)«(a-f/yg)    sl(!^\ 

V(uv')dt^         f(x)  ywl 

which,  since 

(o-h/3aj)»tt  =  (y +  &)•«, 
becomes 

_1 dx      3(y+fa)«(a^-fiya?)-3(y4-fo)(a4-/3g)(y-fya?)_n 

»/(ttt;»)  d*  "*■  /'  («) 

(6). 

Now,  let  X  take  successively  the  valnes  of  the  five  roots  of  the 

equation  /  (a?)  =  0 ; 

then,  snmming  with  regard  to  these  five  quantities,  we  obtain 


K       1       dx     ^i^(x)  _Q 
^  Viuv")  dt  ^    f  (x)         ' 


where  ^  (a;)   is  an  expression  of  the  third  degree  in  x ;  but  the 
expression  on  the  right-hand  side,  namely 

vanishes,  in  accordance  with  a  well-known  theorem.    Hence  we  have 

^y&)  =  « <^)' 

omitting  the  variable  t 

In  precisely  the  same  way,  by  dividing  (5)  by  ?/(tt'i;)  f  (x)  and 
summing,  we  get 

5.  If  we  suppose  now  that  two  of  the  roots  x^^  a^  of  /  (x)  are  con- 
stADts,  these  quantities  will  be  eliminated  in  the  differential  equations^ 
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as  there  resxilt 

V(u,v])      V(u,v\)       y{iHv\)         ' 


dtej        ,       dx^       ,        (tog      _ 


=  0, 


y(«!»o    ycs",)    yc*!".) 

whicli  are  the  equations  that  we  proposed  to  show  were  eqaivalent  to 
two  algebraic  conditions  connecting  sB|,  x^.  These  latter  may  be  most 
simply  written  in  the  forms  (4),  namely, 

vy/(«)+/y(6)+v»//(d)  =  0. 

6.  The  foregoing  results  are  a  special  application  of  the  general 
theorem  of  Abel  concerning  the  comparison  of  transcendents;  but 
seem  worth  noticing  on  account  of  their  simplicity.  The  algebraical 
relations  are  thus  consistent  with  the  transcendental  equations,  in 
consequence  of  the  integrals  belonging  to  the  class  called  Abelian. 
It  seems,  however,  worth  giving  some  special  attention  to  the 
integrals  involved. 

Let  /  denote  the  Jacobian  quadratic  of  u,  t; ;  then  we  have 

udv—vdu  =  Jdx; 

but  by  a  known  relation,  we  have 

where  a,  /3,  y  are  functions  of  the  coefficients  of  u,  v,  and,  in  fact,  a,  /3 
are  proportional  to  the  discriminants  of  t;,  u,  respectively. 

Hence 

(dx       _  f udv^vdu 

which  becomes 

dz 


J   v/(a 


by  putting  v  =  112*. 

In  the  same  way 


(9). 


J    »/(«'«)  ~^1   7(a+/3/+y2») ^^^^- 
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Now,  these  integrals  in  z  are  apparently  of  the  first  class  of  hyper- 
elliptic  integrals,  but  can  be  reduced  to  elliptic  integrals,  which  are, 
however,  not  necessarily  real,  as  I  proceed  to  prove. 

7.  First,  suppose  that  a  and  j3  have  the  same  sign,  that  is,  that  the 
discriminants  of  u,  v  have  the  same  sign,  in  wbich  case  u,  t;  have  their 
factors  both  real  or  both  imaginary ;  then,  writinfif 

the  foregoing  integrals  become 

zdz 


[    ^ [ 


V 
Putting  now  z-\-  —  =y, 

z 

we  have  «•+  --j  =  y*— S/f'y, 

and  2  ^/z  =  -/(y-h2fc)  ±  y(y-2A;), 

^=y(y+2fc)=Fy(y-2^), 

2dz  _         dy         ,         dy 
y/z  "  ,/(y-2k)  *  ,/(y+2ky 

2k  dz dy  dy 

y/^^  s/(y+2k)^  y/(y^2ky 

Hence 


so  that 


and 


f dz =  f  ^i I 

=  if   \        dy  dy         ^  1 

2k  J    I  ^(y-2k)      ^(y+2k)  j  y (/3  (y«-3ik«y)  +  y}' 

f zdz f  d0 

=i.f  5_  <^y  _±_i2_] 1 
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We  see  thus  that  (9)   and  (10)   are  made  to  depend  npon  the 
elliptic  integrals 

j  _  J, 


I 


dff^ 

y{(y-2fc)(i%»-3A»/3y  +  y)}' 


which  are  real  if,  as  we  have  supposed,  a,  /3  have  the  same  signs  ;  bnt 
if  the  latter  have  not,  that  is,  if  u,  saj,  has  real  factors,  and  v 
imaginary  ones,  then  k  is  imaginary,  and  the  elliptic  integrals  are  also, 
and  cannot  be  resolved  into  their  real  and  imaginary  parts,  except  by 
means  of  the  more  general  hyper-elliptic  integrals  from  which  they 
were  derived. 

8.  Some  integrals  which  come  nnder  the  preceding  forms  may  be 

noticed.    If 

u  =  a?,    V  =  aaf-^-hx+c, 

and  we  then  pat  x  =  s^,we  have 

fdx       —  Q  f c?g 
»/(t*»v)  "J  {as^^hs^'\-cY 


fdx       —of  g(^g 


Thus,  from  what  we  have  proved,  the  integrals  on  the  right-hand 
side  can  be  expressed  by  means  of  elliptic  integrals. 

9.  An  application  of  the  preceding  results  may  be  made,  so  as  to 
obtain  the  differential  equations  of  a  certain  system  of  lines  in  space 
satisfying  two  conditions. 

Let  a),  ^,  2;,  n  be  quadriplanar  coordinates  of  a  point ;  then,  if  we 
have  the  system  of  cubics 

a — \      6  — \      c — X      d — X 

the  coordinates  of  any  point  in  space  can  be  expressed  in  terms  of 
the  parameters  X,,  X,,  X,  of  the  three  cubics  of  the  system  which  pass 
tlirough  the  point,  as  follows  : 

^^(a-M(fl~A,)(«-X,)        .^(&~X0(Z>.X,)(6-X,) 
{a-h){a'"c){a'-d)  '     ^         (5-a)(6-c)(6-(i)  ' 

(c-a)(c-h)(c-d)  '  (d-a)((i-6)(d-c)    ' 
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d\, 


+ 


y(u,rO    y(t*,i;;)    y(t*,t;;) 


yK^)       V(<v,)       -^(ulvO 


^=0, 


where  t*  =  (a— X)(6— X),     r  =  (c  — X)(d— X), 

the  integrals  (4)  will  give 

Ix-^-my-^nz  =  0,     tx-^rny-^-nu  =  0, 

where  Z,  m,  n,  t,  m\  n  are  quantities  involving  the  two  constants 
introdnced  by  integration ;  that  is,  the  differential  equations  represent 
a  system  of  lines  in  space. 


Some  Theorems  in  Elementary  Oeometry.    By  Mr.  Oscheb  Ber. 

[Head  Nov,  \Zth,  1890.] 

I.  To  describe  a  square  which  is  equal  to  three  given  equal  squares* 
Place  the  squares  side  by  side  as  in  the  figure. 

A  B  L  K 


^ 


Take  E  on  OL  so  that  GE  =  CB, 
„      F  „    GL      „        LF=GB, 

Then  cut  out  the  figures 

AEGD,  EKLF,  AEB,  HFO,  BEL,  GFO. 
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The  angles  have  all  been  numbered. 

The  angles  1,  1'  are  equal ;  2,  2^  are  equal,  and  so  on. 

The  parts  can  now  be  arranged  thus : — 
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The  angles  3,  10'  make  up  two  right  angles,  and  so  do  3',  10. 
The  angles  4,  7,  9,— i.e.,  ADC,  ABE,  BEL,— together  equal 

ABO^ABO+OBE+CBE+EGB. 
Now        .  CB=OE; 

therefore  CBE  =  CEB  ; 

therefore  4,  7,  9  together  =  ADG'j-ABC-^CBE'j-OEB-\-EOB 

=  4  right  angles. 

The  side  5  7  =  side  1  4. 
The  side  6  7  =  side  8  9. 

The  angles  6,  8,  2'  together  =  BEA-^EBL-j-LFH 

=z  BEA-j-EBL-^AEG 
^BEG-j-EBL 

=  GBE+EBL 

=  GBL  =  a  right  angle. 

The  angles  1,  5  together  =  1',  5'  together  =  a  right  angle. 
The  sides  1  2  and  5  6  are  equal. 

Hence  the  figure  MNOP  is  a  square  equal  to  three  given  equal 

squares. 

d2 
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2.  On  an  area  equal  to  a  given  semicircle. 


Inscribe  a  regular  hexagon  ABCDEF  in  the  circle  ABODEF. 
With  A  as  centre,  and  ^0  as  radius,  describe  a  circular  arc  OE. 
Then  the  figure  bounded  hj  the  straight  lines  AC,  AE^  and  the 
arc  GOE  is  equal  to  half  the  whole  circle. 

For  the  triangle  AEO  =  half  the  hexagon. 

It  remains,  therefore,  to  show  that  the  segment  OOEO  is  half  the 
sum  of  the  six  segments  of  the  circle  outside  the  hexagon. 

Consider  the  segments  COEO  and  the  segment  of  the  circle  cut  off 
hj  DE. 

The  are  of  the  segment  COEO  subtends  at  the  centre  A  of  its 
circle  an  angle  equal  to  the  angle  of  an  equilateral  triangle. 

The  arc  of  the  segment  DE  subtends  at  centre  0  of  its  circle  the 
same  angle. 

Hence  the  segments  are  similar. 

Hence  area  of  segment  OEGO :  area  of  segment  cut  off  by  DE 

::  OE* :  DE*  ::  3  :  1; 

therefore  area  of  segment  GEOC 

=  3  (area  of  segment  cut  off  by  DE) 

=  \  sum  of  6  segments  outside  hexagon ; 

but  triangle  AEC  =  ^  of  hexagon  ; 
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therefore  figure  bounded  by  straight  lines  AE,  AO,  and  arc  GOE 

=  f  of  whole  circle. 

3.  If  with  E  as  centre  and  EO  as  radins  the  arc  OFF  be  drawn, 
if  with  5        „        „       BO        r,.         !„  OQA 

and  if  an  equal  arc  be  described  on  il^ : 

Then  these  three  circnlar  arcs  toach  where  [they  meet,  and  form  a 
triangular  figure  OQABFFO. 

Now,  each  of  the  segments  OQAO^  ABFAy  OFFO  is  equal  to  each 
of  the  segments  outside  the  hexagon. 

Therefore  their  sum  is  equal  to  the  segment  GOEO, 

Also  triangle  AOF=  triangle  OED, 

Hence  the  figure  OQABFFO  (bounded  by  three  arcs  and  triangular) 
=  figure  CDEOO  (bounded  by  two  straight  lines  and  one  arc). 


On  the  Analytical  Representation  of  Heptagrams. 

By  L.  J.  BoGEBS. 

[Sead  November  13M,    1890.] 

Contents. 

1.  Hermite's  Conditions    that   0iB    should    represent    a 

Substitution. 

2.  New  Forms  of  Beducts. 

3.  Vertex-shifting. 

4.  Reciprocal  Polygrams. 

5.  Skew-symmetry  and  Self -reflexion. 

6.  Line-and-dot  Polygrams. 

7.  Isoscelism  and  Parallelism. 

8.  Character. 

I.  In  the  standard  works  on  the  Theory  of  Substitutions — I  allude 
to  Jordan's  Traite  des  Substitutions ^  Ketto's  Suhstitutionentheorie,  and  to 
those  sections  in  Serret's  Algebra  referring  to  the  same^ — ^there  is  an 
extract  made  from  a  paper  of  M.  Hermite's,  which  appeared  in  th^ 
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Oomptes  Bendus,  Vol.  lvii.,  on  the  method  of  analytically  expressing 
a  substitution  of  a  prime  number  of  letters  by  means  of  a  congraence- 
qnantic  of  order  two  unities  less  than  the  prime  in  question.  Since 
the  subject  is  dealt  with  in  greatest  detail  by  Serret,  it  will  be  bdst 
to  make  all  references  to  his  work  in  preference  to  the  other  works 
mentioned  above. 

To  explain  this  more  fully,  let  us  take  p  symbols,  which  we  may 
adequately  represent  by  the  numbers  0,  1,  2,  3  ...  (p— 1),  and 
suppose  th&ip  is  prime.  Now,  suppose  these  symbols  subjected  to 
a  substitution  so  that  the  arrangement  becomes  shifted  into 
a,  /3,  y  ...,  which  are  the  same  symbols  in  a  different  order.  Then 
it  is  proved  in  Serret's  Algebra,  §  474,  that  an  algebraic  function  ^ 
can  always  be  found,  such  that 

ipO  =  a,  mod.  />,     0l  =  /3,     ^2  ^  y,  &c., 

for  the  whole  set  of  symbols,  and  this  fanction  can  by  Format's 
theorem  always  be  reduced  to  degree  (|9— 2),  at  the  highest. 

For  instance.  Up  =  7,  and  the  substitution  be  that  of  rearranging 
0, 1,  2,  3,  4,  5,  6  into  2,  4,  1,  5,  6,  3,  0,  we  shall  find  that 

far=3aj*-|-4a;"-|-2aj-|-2. 

However,  the  converse  is  not  always  true,  that  every  quantic  of  order 
not  greater  than  (p— 2)  should  represent  a  substitution.  For,  since 
we  must  have  the  final  set  of  symbols  identical  with  the  first,  though 
not  in  the  same  order,  it  is  obvious  that  the  only  conditions  we 
must  and  need  but  have,  are  that  ^0,  9I,  ^2,  &c.  should  be  con- 
gruent non-respectively  with  0,  1,  2,  3  ...  &c.,  or,  in  other  words,  all 
different.  Thus,  for  modulus  7,  the  function  oj'-f-aj'  does  not  repre- 
sent a  substitution,  for  its  values  got  by  giving  x  the  values  0,  1,  2... 
are  0,  2,  5,  1,  3,  3,  0,  which  are  not  all  different. 

Now,  in  general,  it  is  obvious  from  this  consideration,  that  if  0« 
represents  a  substitution,  so  also  will  0a; + A;,  where  k  is  independent 
of  X.     Hence,  in  testing  these  forms,  it  is  sufficient  to  test  those  in 

which  00  =  0. 

The  necessary  and  sufficient  conditions  have  been  discovered  by  M. 
Hermite,  and  put  into  the  simple  and  elegant  form,  that  the  (jJ— 3) 
coefficients  of  a;'""\  obtained  in  calculating  the  values  of  the  powers  of 
0a;,  viz.  : 

(0aJ)^  (i>xy ...  (<i>xy-\ 
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and  redacing  bj  Fermat's  theorem  all  powers  greater  than  the 
(p— l)***,  should  be  severally  congraent  with  zero  (see  §  476). 

As  I  intend  to  deal  in  detail  with  qnantics  representing  substi- 
tntione  of  seven  letters,  I  shall  now  leave  the  general  case,  and  take 
all  oongmences  according  to  the  modalns  7. 

It  is  also  my  object  to  refer  especially  to  the  geometrical  signifi- 
cance of  these  qnantics,  and  to  show  how  a  substitution  of  seven 
letters  may  be  adequately  represented  by  a  seven -point  polygon  or 
heptagram,  understood  in  its  most  general  form ;  either  as  a  complete 
heptagon,  or  as  a  triangle  and  a  quadrangle,  or  as  a  pentagon  and  a 
line,  ftc.  This  may  be  done  by  arranging  seven  dots,  exactly  or 
approximately  at  the  vertices  of  a  perfectly  regular  heptagon,  and 
numbering  them  0,  1,  2, 3, 4, 5,  6,  in  order.  We  will  agree,  moreover, 
to  place  the  zero-vertex  vertically  highest,  so  to  speak,  and  arrange 
the  others  symmetrically  aboat  the  vertical  line  through  the  zero- 
vertex,  ascending  in  value  in  the  direction  of  the  hands  of  a  clock. 

If  then  0a  =  /3 

for  any  particular  values  a,  /3,  we  shall  join  the  vertex  a  to  the 
vertex  j3,  and  when  all  vertices  are  thns  joined,  we  shall  get  a  com- 
plete seven-point  figure.  With  this  convention,  it  will  not  always  be 
necessary  to  number  the  vertices. 

For  instance,  if 

0»  =  3a^4-4a5»-|-2aj  +  2, 

we  shall  easily  trace  the  figure  from  the 
values  of  ^0,  ^1,  <fec.,  given  above,  namely, 
2,  4,  1,  5,  6,  3,  0,  to  be  that  given  in  Fig.  1, 
while  the  arrow-head  marks  the  direction  in 
which  we  draw  the  lines.  This  is  obviously 
necessary  for  each  sub-polygon,  except  in  the 
case  of  a  single  line  or  dot.  Here  we  need 
only  place  an  arrow-head  on  one  side  of  the  pentagon. 

M.  Hermite  has  found  that  all  substitutions  of  7  letters  may  be 
represented  by  the  functions 

az-^ft,    or    ad(z-\-fi)-\-y, 

where  0z  =  2^±Ss    (1), 

or  z''±22^  (2), 
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or  2;°-|-(Mf'  +  3a%  where  a'— a  =  0    (3), 

or  s^-^az*±s?'\-^a^z,  where  a*=  — 1    (4); 

giving  in  all  5040  forms,  as  is  shown  in  Serret's  Algebra.     These 
simplified  forms  he  refers  to  as  formes  rSduites,  or  redacts. 

2.  I  propose,  however,  to  rearrange  these  in  seven  classes,  on  the 
principle  that,  if  Oz  he  any  form,  then  everj  redact  of  the  same  form 
may  he  congruent  with  XOfiz,  where  X,  /i  are  constant.  This  will 
necessitate  dividing  s^+as^-j-Sah  into  three  new  classes,  according  as 

a  ^  0,      a*  ^  1,     or     a*  =  —  1. 
If  we  give  6z  the  following  values — 

s^  +  3mV  +  wV + 6m% 

we  shall  ohtain,  hy  generalizing,  the  same  5040  forms  as  obtained  by 
M.  Hermite. 

Now,  these  redacts  may  be  replaced  by  others,  equally  general,  and 
of  such  forms  that  M.  Hermite*s  conditions  may  be  immediately 
verified. 

Thus,  it  can  be  easily  shown  that 

2!^+mV+dm*z  =  5m*z  («'  +  w')», 
and  that  sf— m*z^ + 3m*z  ^4af(^z*+ X*)", 

where  X*  ^  4m'. 

Similarly,  z*  -h  Smh  =  m*z  {^ + 4m»)', 

and  i5*  +  2m»z«  =  5/  (;s*-  4m»)«. 

M.  Hermite's  last  reduct  can  be  bi'oaght  to  a  simpler  form.     For 
/+3mV4-mV  +  Gm*z  =  6m*  {(z+2m)*-|-4m*]'^+m^ 
which,  without  loss  of  generalization,  can  be  replaced  by  the  reduct 

(2«-|-m»)». 
I  shall  therefore  substitute  the  following  seven  reduots  in  place  of 
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those  given  by  M.  Hermite : — 

^  <1), 

^ (2), 

a;(aj»  +  m«)» (8), 

mV(x*+my (4), 

x(a^+4my    (5), 

»'^(aj»+4m»)»    (6), 

(aj*-|-m»)*  (7). 

If  these  be  generalized  in  the  manner  indicated  by  M.  Hermite,  we 
shall  obtain  the  same  5040  snbstitntion-functions  as  can  be  derived 
from  his  redacts. 

It  is  interesting  to  notice  that  all  the  redacts  except  (7)  can  be 
written  in  the  form 

^  (/«')cp-i)/', 

where  r  is  prime  to  and  less  than  p—1  (t.e.,  1  or  5),  and  /as*  is  a 
rational  integral  fanction  of  o^  which  can  never  become  zero,  and  is 
not  a  perfect  power  of  any  fanction  of  o^,  and  where  «  is  a  factor 
of  jp— 1. 

It  is,  moreover,  easy  to  see  that  snch  an  expression  always  satisfies 
the  required  conditions  for  a  snbstitation-qaantic.  For,  if  the  redact 
be  raised  to  a  power  other  than  the  «^,  we  shall  have  a  set  of  terms 
whose  indices  are  of  the  form  na+r  ;  and,  since  r  is  prime  to  8  and 
p^l,  this  can  never  be  equal  to  a  maltiple  of  j?— 1.  Again,  if  it  be 
raised  to  the  «***  power,  we  get,  by  Format's  theorem,  oj'*,  which  can- 
not ^  aj**"*,  since  r  is  prime  to  j?— 1. 

The  seventh  redact  is  obviously  a  substitution-function,  for  it  is 
the  result  of  the  operation  of  $  on  Oz-j-m^,  where 

ez  =  s^. 

3.  Isomorphism  and  Vert ex^shif  ting. 

It  is  proved  in  all  works  on  Substitutions  that  <px  and  any  function 
of  the  form,  f'^ipfx  represent  similar  or  isomorphous  substitutions,  if 
fx  also  represents  a  substitution.  For  instance,  if  <liX  represent 
Fig.  ly  §  1,  then/~^0/a;  will  represent  some  heptagram  consisting  of 
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a  pentagon  and  a  line,  and  moreover  /  (x)  can  be  chosen  to  make  it 
represent  any  sncli  heptagram. 

The  geometrical  meaning  of  f'^ipfx  can  be  very  simply  demon- 
strated. 

Let  <l>x  be  represented  by  Fig.  1.     Then  the  congrnence 

y  =  025, 
shows  to  what  point  any  vertex  x  mnst  be  drawn. 


Fig.  1. 

Now,  snppose  /O,  /I,  /2 ...  have  the  valnes  3,  5,  0,  2,  1,  4,  6,  and 
let  ns  re-nnmber  the  vertices  according  to  this  snbstitntion,  so  that 
any  vertex  formerly  marked  a  is  now  called  fa.  Now,  draw  the 
polygram  of  Fig.  1  exactly  as  before,  as  in  Fig.  2.  The  method  of 
tracing  it  is  now  given  by  the  congrnence 

fy  =  9M 

for  the  same  relation  now  holds  between  fy  and  fx  as  before  held 
between  y  and  x. 

Now  rearrange  the  vertices  in  their 
proper  order,  and  we  get  Fig.  3,  which  is 
represented  by 

fy  =  i^M 

i.e.,  y=f-^il>fx. 


The  geometric  method  of  deriving  f'^<f>fx 
from  0aj  shows  that  the  two  figures  are  iso- 
morphoas  or  like-membered. 

With  this  section,  cf.  Serret,  §  413. 


4  J 

Fig.  3. 


If 


fx  ^  x  +  n, 


we  have  to  shift  each   vertex  back  n  places  without  moving  the 
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figare,  which,  on  restoring  0  to  its  proper  place,  means  that  we  shift 
on  the  fignre  n  places. 

Thns  ^  (iB+n)  — n  denotes  the  same  fignre  as  ^o;,  rotated  back  n 
places. 

4.  Reciprocal  Polygrams, 

^he  modt  important  inyestigation  in  the  theoiy  of  polygrams  is 
that  of  finding  the  reciprocal  of  anj  qnantic,  by  which  is  meant  that 
qnaatib  whose  fignre  is  the  same  as  that  of  the  given  qnantic,  with 
the  arrow-head  turned  in  the  opposite  direction.  Or,  analytically 
^peaking,  if 

where  ^  is  known  in  form,  the  problem  is  to  find  the  form  of  0'*  a;. 

Let  y  =  ^aj»-|-i?a;*+aaj»  +  Daj*+ig?aj, 

so  that  ^0  =  0, 

and  suppose  x  =  ay*-h/3y*-|-yy*  + V+'yy- 

Then  xy  =  A+Bx^+... 

Npw,  by  Hermite's  conditions  for  a  valid  qnantic,  we  know  that,  if 
X  =  0,  then  y,  y*,  y*,  y\  y*  all  =  0,  so  that  we  get 

^  =  ^ (1). 

Again,  ajy' =  ay+i3  +  yt/*+... 

=  «  ( Ja^ -h  5as* -h . . . )'. 

Putting  «  =  0  after  reducing  the  last  expression  by  Fermat,  we  see 

that 

j3  ^  coefficient  of  a^  in  (^aj)* ; 

similarly,  y=        „         „         „    (0a;)» 

^=  n  „  „     (0«)* 

V  =     „     ,,      „  (<t>xy 

Thus,  if  00  =  0, 

the  reciprocal  of  <l>x  may  be  directly  calculated,  though  in  the  general 
ease  the  process  is  laborious. 
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If  y  =  0aj-|-6, 

it  is  obyions  that  aj  =  ^"*(y— fc)   (3), 

so  that  the  reoiprooal  of  every  sabstitntion-qnantio  may  be  deter- 
mined. This,  by  rotation  through  h  points,  can  be  brought  into  the 
form  ^'^y  —  h, 

I  shall  now  proceed  to  the  calculation  of  the  reciprocals  of  the 
several  standard  forms  g^ven  in  §  2,  but  it  will  be  advisable  for  the 
sake  of  greater  generality  to  multiply  each  of  these  reducts  by  a 
constant,  say  a. 

In  the  first  place,  the  forms  (1),  (2),  (7)  present  no  difficulty, 

since,  if  ^  =  cub, 

then  X  "=.  ofy  ; 

if  y  =  aiB*, 

then  z  =  a^ ; 

and  if  y=  a  (aj^-fw*)*, 

then  y*  =  a'(aj*+wi*), 

so  that  x  =  a^  (y^— a*m*)*. 

The  reciprocal  forms  corresponding  to  the  other  reducts  have,  how- 
ever, to  be  obtained  according  to  the  method  indicated  above. 


Thus, 

if 

y  =  CUB  (as* +*»')•, 

then 

y"  =  aV, 

so  that 

i3  =  a  =  0; 

• 

y»  =  ay  («•+♦»')•, 

BO  that 

y  =  o*.3m'; 

SO  that  iy  =  a*  (l-hm*); 

while  the  coefficient  of  2'  in  o^  is  a  .  3m^ 

These  results  give        x  =  cfy  (y*-|-aW)', 
as  may  be  easily  verified. 
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Similarly,  if  y  =  amV  (aj*-|-m*)', 

then  X  =  amy  (y*  -h  a*m*)'. 

In  form  (5),  we  have   y  =  oa?  (aj'-|-4m')', 
BO  that  y»  =  aV  (3 + »»m»)'  =  aV  (aj»-4rm»)', 

and  y*  =  aV  ; 

and  finally,  applying  the  method  explained  above, 

aj  =  a»y(y»-4a»m»)'. 

Similarly,  from  form  (6),  where 

we  get  x  =  a%^  (y'+4ja'm')*, 

as  may  be  obtained  from  the  last  by  changing  x  into  ^, 

Collecting  the  above  resnlts,  we  get  the  following  seven  pairs  of 
reciprocal  equations : — 

y  =  aaj, 

y  =  cu;  («*-!- m')*, 
y  =  amV  (»*+m*)', 
y  ^  ax  (»•-}- 4m')', 
y  =  a«»(a^+4m% 
y  =  a(a5*+m*)^ 

One  remarkable  fact  is  to  be  noticed  concerning  these  reciprocal 
qnantics.     If 

where  <fx  is  a  rednct,  then  in  every  case  0~'a;  can  be  reduced  to  the 
form  fi^PfJix,  where  ft  is  a  coDstant.     In  other  words,  if 

y  =  <lfx, 

then  X  =  /i^A^y ; 

that  is,  if  z  =  0fiy, 


X  =  a'y, 

/*'  =  «*, 

X  =  ay*, 

/»•  =  !, 

«  =  a«y(y'+oW)«, 

/i'  =  -*, 

x  =  amy(y*+a*m*y. 

/«•  =  «', 

X  =  a'y  (»»-4a»m»)', 

/*=--•, 

«  _  aj/'  (y«+4a»m»)', 

/  -  a', 

a!  =  a»  (i/'-a»7»»)», 

fi  =  —  a*. 
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then  x^  fjLZf 

80  that  y  =  i>fiz ; 

which  shows  that  ipfix  is  a  self-reciprocal  qaantic,  a  species  which 
will  he  treated  of  further  on.  The  congmences  giving  the  valnes  of 
fjL  for  each  form  are  to  he  found  in  the  third  column  ahove,  each 
placed  on  the  same  line  as  the  form  to  which  it  refers. 

More  generally,  if     y  =  >^  =  0  (aj— a)  +  6, 
where  ^a;  is  a  reduct,  then  evidently 

Now  ifi'^x^  fiipfix; 

therefore  ^"*  («  —  6)  =  fi^fjt  (a—  fc). 

But  fx+h  ^  yp  (x+a),  by  hypothesis ; 

therefore  ^  (fix — [ih)  -j-h  =  \p  (fix— fib + a). 

Hence  <//""*«  Sfi^  (fiaj— ^6-|-a)— fifc-l-a, 

a  congruence  giving  a  general  connexion  between  a  quantic  and  its 
reciprocal. 

If  fih—a  =  fic, 

then  ip"^  X  ^  fi\l//i  (x — c)  — ^c. 

Let  if/fJL  (x—c)  =  jp, 

so  that  the  above  congruence  gives  us 

ij/'^x  ^  /I  (z—c). 

Then  x^^fi  (z—c), 

so  that  a;,  z  are  connected  by  a  self-reciprocal  relation. 

Hence,  if  tpx  represent  any  heptagram,  two  constants  /i,  c  can 
always  be  found,  such  that  \lfp.(x—c)  is  a  self -reciprocal  quantic. 

6.  Skew-symmetry  and  Self-reflexion. 

A  polygon  is  called  skew-symmetric  when  its  geometric  form  is  its 
own  reflexion  in  some  line,  but  the  direction- arrows  are  reversed.  If 
the  number  of  vertices  is  odd,  the  axis  of  symmetry  must  pass  through 
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one  of  the  vertices.  The  polygon  is  then  said  to  be  symmetric  abont 
that  vertex. 

A  polygon  is  called  self-reflective  when  both  its  geometric  form  and 
the  direction-arrows  are  reflected  in  some  line. 

The  condition  for  self -reflexion  abont  the  zero- vertex  is  obvionsly 

that 

^aj= -♦(-«?) (1), 

that  is,  that  tpx  should  only  contain  odd  powers  of  x,  as  is  the  case  in 
the  first  fonr  redncts  found  in  §  2. 

The  test  for  skew-symmetry  depends  upon  the  form  of  the 
reciprocal  quantic,  the  general  law  being  that  the  reciprocal  figpure 
should  be  the  exact  reflexion  of  the  original  figure  in  some  line 
through  a  vertex.     If  the  axis  pass  through  the  zero-vertex,  we  get 

^"*aj=  — ^(— aj) (2). 

The  reciprocating  constant,  therefore  (§4),  is  congruent  with  —1. 
We  can,  moreover,  deduce  the  very  important  fact  that,  if  the  reduct 
fx  gives  a  skew-symmetric  figure,  so  also  will  0aj-|-fe.  For  the 
reciprocal  of  the  latter  is  ^~*(;c  — &),  which,  rotated  back  through  h 
vertices,  becomes  9~*«— 6.  But  this  is  —  0  (— »)  — 6,  which  is  the 
reflexion  of  0a5-f  &,  the  original  figure. 

Now  the  vertex  of  symmetry  for  the  reduct  fx  is  zero,  while,  for 
^-\-b,  we  must  shift  back  the  reciprocal  h  places  before  we  get  the 
reflexion  of  the  original.  A  little  consideration  will  show  that  the 
vertex  of  symmetry  is  that  whose  number  is  congruent  with  J6, 
i.e.,  46. 

The  skew-symmetric  reducts  are  the  following  : — 

±25,     aaj",     ±aj(aj'-|-m*)»,     ±mV  (»*-{- m*)», 
+» (aj*-|-4wi')*,     aa^(jxf+4my    where     a*=— 1, 

and  (a!*-|-m*)^ 

Except  for  — aj,  we  get  seven  different  figures  from  each  of  these 
forms  by  adding  a  constant  b,  so  that  the  totality  of  skew-symmetric 
heptagrams*  is 

1  +  7  +  42  +  42+42-1-14-1-42-1-42  =  232. 

•  It  is  intereBtlDg  to  note  that  all  pentagramB  can  be  represented  by  the  two 
oongruences 

ffsaz  +  b,    y  =  (ufi  +  b,  mod.  5 
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6.  Self-reciprocal  or  Line-and-Dot  Poly gr amis. 

If  a  polygon  is  its  own  reciprocal,  it  is  evidently  made  np  of  lines 
and  dots. 

Now,  if  0"^iB  =  ^aj, 

the  reciprocating  constant  fi  is  =  1,  and  the  self-reciprocal  forms  are 
as  follows : — 

±aj,     oaf,     =fcar(aj'+m')*,     ±m»aj  (a?*-|-m%     -«(aj»+4m*)', 
aaj*(aj»-|-4m')'  where  a*  =  l,  and  —  (aj'+m*)*. 

Their  totality  is 

2  +  6-I-6-I-6+2-I-6+6  =  34. 

It  may  be  noticed,  as  is  geometrically  obvious,  that,  ii  ^he  skew- 
symmetrical  about  the  zero-axis,  then  —0a;  is  self-reciprocal.  More- 
over, if  ^x  be  both  self -reflective  and  skew-symmetric,  it  most  be  also 
self -reciprocal . 

7.  Metrical  Properties,     Sets, 

The  seven  figures  corresponding  to  the  quanidc  fx+b^  where  ^  is 
a  reduct,  and  h  has  the  seven  values  0,  1,  2  .  .  . ,  I  shall  call  a  set  of 
figures,  or  the  figures  belonging  to  the  same  set.  It  will  be  found  in 
general  that  figures  of  the  same  set  apparently  difEer  very  much  in 
their  geometric  properties.  There  are,  however,  properties  possessed 
by  each  member  of  a  set,  which  it  is  my  object  now  to  point  out,  and 
which  will  give  us  a  method  of  detecting,  by  mere  inspection  of  the 
geometric  figure,  the  reduct  to  which  the  figure  belongs.  It  is^  of 
course,  always  possible  to  find  the  quantic  of  the  given  figure,  and 
reduce  it  by  so  rotating  that  its  second  term  vanishes ;  but  this 
method  is  tedious,  and  furnishes  no  clue  as  to  the  connexion  between 
geometric  and  analytic  similarity. 

(aee  Serbbt's  Algebra,  §  486).    Moreover,  if  a  be  not  s  1, 

ffmax+b 
may  be  rotated  into  y^ax, 

which  ifl  self-reflective  ;  also  ysx-¥b 

is  regular,  while  the  reciprocal  of 

y^aa^-^b    is    a?sa(y  — 4)', 
which  can  be  rotated  into  x  s  ay^ — b, 

which  shows  that  all  figures  belonging  to  this  congnxence  are  skew-symmetrical. 
Combining  these  results,  we  see  that — All pent€igrafiM  formed  by  joining  the  angular 
points  of  a  regular  pentagon  are  symmetrical. 
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The  most  important  property  possessed  by  all  members  (or  none)  of 
a  set  is  skew- symmetry,  as  we  saw  in  §  5. 

However,  since  each  kind  of  reduct  was  found  to  include  skew- 
symmetric  forms,  this  property  will  not  serve  to  distinguish, 
different  kinds,  though,  it  will  differentiate  sub-species,  such  as  are 
marked  by  the  coefficient  of  the  leading  term  being  a  residue  or  a 
non-residue. 

We  may,  in  fact,  subdivide  the  species  already  found  into  twenty- 
four  in  all,  and  we  may  geometrically  distinguish  these  (1)  by  observing 
the  number  of  equal  sides,  and  (2)  by  the  number  of  parallel  sides  in 
any  figure.  Now,  the  analytical  condition  for  equality  of  two  or  more 
sides  is  that  tpx—x  should  have  the  same  value,  for  two  or  more  values 
of  X,  while  the  condition  for  parallelism  is  that  <^x-\-x  should  have  the 
same  value  for  two  or  more  values  of  x.  The  first  fact  is  easy  to  see, 
and  the  second  is  obvions  when  we  consider  that  \  (<^x-\-x)  is  the 
number  of  the  vertex  halfway  between  x  and  i^x ;  for  these  two  sides 
have  the  same  midway  vertex,  that  is,  arc  parallel. 

We  have  to  notice  one  or  two  special  cases  : — 

(1)  Isolated  dots  must  be  looked  upon  as  sides  of  equal  length. 

(2)  An  isolated  line  must  be  treated  as  a  pair  of  parallel  lines. 

(3)  An  isolated  dot  midway  between  the  extremities  of  a  side 
must  be  considered  as  a  side  parallel  to  that  side. 

It  is  very  easy  to  see  that  every  member  of  a  set  has  the  same 
equality  of  sides  and  parallelism  of  sides.  For,  if  f^x^ikx^  and 
^x^zh x^hdbVQ  equal  values,  so  also  have  ^a;i  +  <^=ba;i  and  ^a^  +  Ci^a^. 
This  may  be  expressed  by  saying  that  the  isoscelism  or  parallelism 
of  a  set  is  g,  r,  s  ...  if  we  wish  to  state  that  the  figures  have  each  a 
group  of  q  equal  or  parallel  sides,  and  another  group  of  r  equal  or 
parallel  sides,  not  equal  or  parallel  to  the  last,  &c. 

It  may  be  worth  noticing  that  there  is  a  kind  of  reciprocal  relation 
connecting  equality  of  sides  and  parallelism  in  the  figures  represented 
by  t^x  and  —  0aj,  or,  as  we  may  say,  in  any  figure  and  its  negative. 
For  groups  of  parallel  sides  depend  upon  the  groups  of  congruent 
values  in  0aj-|-aj,  that  is,  upon  groups  of  congruent  values  in  —ipx—x, 
which  shows  that  they  are  equivalent  to  the  groups  of  equal  sides  in 
—0a;.  For  instance,  a^ +205* +  5* +  6  has  five  equal  sides  for  all  values 
of  6,  and,  consequently,  6  (a^+2aj'+5aj-f  &)  has  five  sides  parallel. 

8.  Descriptive  Properties  of  sets  of  Polygrams, 
Besides  symmetry,  we  have  hitherto  only  considered  the  metrical 
properties  possessed  by  every  meuiber  of  a  set,  i.e.,  those  properties, 
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sncli  as  isoBcelism  and  parallelism,  which  depend  on  geometric 
lengths  and  directions.  We  have  now  to  consider  a  property  which 
refers  simply  to  the  number  of  lesser  polygons  into  which  a  polygon 
may  split  np,  and  which  we  may  call  a  descriptive  property. 

The  fundamental  theorem  is  as  follows  : — 

If  <l>x  consist  of  m  members,  and  fz  consist  of  n  members,  then  fyx 
or  9/05  will  consist  of  r  members,  where 

r  =  m-|-n— 1,  mod.  2. 

As  this  is  a  theorem  known  to  those  who  have  studied  the  proper- 
ties of  substitutions,  I  need  only  refer  to  Mr.  Asquith's  paper  in  the 
Quarterly  Journal  for  October,  1889,  p.  114,  in  which  the  proposition 
stands  in  the  form :  A  cycle  is  always  added  to  or  subtracted  from 
substitution  by  a  transformation.  Now,  every  substitution  can  be 
made  up  of  a  certain  number  of  transformations,  which  are  repre- 
sented by  figures  consisting  of  one  line  and  p— 2  dots,  where  j?  is  the 
number  of  sides  (prime)  of  the  polygram.  It  therefore  consists  of 
an  even  number  of  sub-figures  or  members,  so  that  we  shall  call  it  an 
even  polygram. 

Now,  it  is  easy  to  infer  that  an  odd  polygram  will  be  made  up  of 
an  even  number  of  transpositions,  and  vice  versd. 

Hence  the  theorem,  as  re- worded  above,  follows  easily. 

For  instance,  if 

then  fx  is  a  complete  or  one-membered  polygram,  so  that  <^x  and 
/faj — i.e.,  <l>x-{-\ — are  both  even  or  both  odd,  or,  as  we  may  say,  of  like 
character.     Hence  all  members  of  a  set  are  of  like  character. 

This  may  be  readily  verified,  e.gr.,  in  the  case  of,  say,  3a;*,  which 
has  four  members,  and  is  therefore  even.  It  will  be  found  that 
Sar^  +  l  has  two,  3a!*H-2  has  four,  3a^-f  3  has  six,  <fec. 

We  may  further  notice  that  ifix  and  —  ^a?  have  unlike  characters,  if 

p=7, 
since,  in  this  case,  fi^)  ^—x, 

which  consists  of  a  dot  and  three  lines,  and  is  therefore  even. 

It  is  in  many  cases  easy  from  analytical  considerations  to  discover 
the  form  and  character  of  the  reducts  given  in  §  2. 

Let  ns  first  draw  heptagrams  corresponding  to  a:-hX,  — a;-|-A, 
ax-{-X  (where  a  is  a  primitive  root),  and  —ax-^-X. 
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It  will  bo  found  that  x-\-\  gives  a  complete  heptagon;  — x-\-\ 
gives  three  lines  and  a  dot ;  ax-^X  gives  a  hexagon  and  a  dot ; 
— oaj-j-X  gives  two  triangles  and  a  dot. 

Now,  let  us  consider  the  seventh  form 

or,  as  we  may  write  it, 

If  fx  =  a^, 

we  may  write  this 

/-HaVaj  +  a»m*), 

wliich,  by  §  3,  is  isomorphous  with 

a^ix-\-m^). 

It  is  easy  to  see  then  that 

will  represent  a  complete  heptagon,  three  lines  and  a  dot,  a  dot  and  a 
hexagon,  or  two  triangles  and  a  dot,  according  as  a  =  l,  ^  — 1} 
=:  a  primitive  root,  or  ^  2  or  4. 

Again,  let  i/as^ax  (a?*  +  m*)' ; 

then  ^*a;  =  a*a;(aj*-fm*)«(aV-|-m*)«=a?,  if  o«  =  l, 

so  that  ±  a;  (ic*  -f  m')', 

gives  self -reciprocal  heptagrams.     Moreover 

^^x  =  a^x  (7?  f  m«)»  (aV  +  m')«(aV-hm«)» 
=  -a;,  if  a'=  -1. 

Now^  <^^x  consists  of  three  lines  and  a  dot,  so  that  it  is  easy  to  see 
that  (^x  must  either  consist  of  a  dot  and  a  hexagon,  or  must  be  self- 
reciprocal.  The  latter  cannot  be  true  unless  a*  ^  1 ;  therefore,  if  a  be 
a  primitive  root,  «px  must  consist  of  a  dot  and  a  hexagon,  and  is 
therefore  even  in  character. 

In  similar  ways  we  may  establish  the  fact  that  if  a'^  — 1  in  any 
rednct,  then  the  character  of  the  corresponding  heptagram  is  even  ; 
but  it  is  scarcely  necessary  to  prove  the  statement  in  the  case  of 
every  reduct.     It  is  interesting  to  notice  that  if 

f  aj  =  amV  (**  +  m*/, 

then  tpl^x  in  all  cases  ^  a^,  so  that  (^x  must,  if  not  self-reciprocal,  con- 
sist partly  of  a  quadrilateral  figure. 

E  2 
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The  following  Table  represents  twenty- four  subdivisions  in  the 
different  species  of  heptagrams,  arranged  according  to  their  analytical 
forms,  and  with  the  geometric  properties  appended  which  are  common 
to  every  member  of  the  con*esponding  sets.  The  descriptive  properties 
of  symmetry  and  character  have  been,  or  can  be,  found  directly  by 
analysis.  The  metrical  properties  of  isoscelism  and  parallelism  have 
been  found  by  inspection. 

It  has  been  found  convenient  to  use  the  symbol  ^l  for  a  quad- 
ratic residue,  and  —  l/l  for  a  non-residue  ;  a  for  a  pnmitive  root. 


Form 
1 


X.. 
•X 

•ax 
ax 


Form 
2 


Form 
3 


{- 


-x{xi^m^)^ 
—  oa;  (;r-  +  »w-)' 
ax  (sfl  +  m'Y 


Form 
4 


Form 


0 


Form 
6 


Form 
7 


-in2x*(i:< +  !»<)«    . 
—  am^r*  (x*  +  m^)^ 
am-j^  {x^  +  fw*)" 

x{jr^-k-im^)^ .... 
-r(r''»  +  4wS)2.... 

ax  {jf^  ■\- Am^f    . 


f      yi.r'^(j-^  +  4w»)-. 


Metrical  Pboperties. 


Isoscelism. 


7 
0 
0 
0 

3.2.2 
2.2 

3 

5 
2.2 
2.2 

.2.2 
3.3 
2.2 
3 

2.2.  2 

0 

4 
o    o    »> 

3 
3.2 

4.2 
2.2 
2.2 
3.2 


Parallelism. 


0 
7 
0 
0 

2.2 
3.2.2 

6 

3 
2.2 
2.2 

3.3 

3.2.2 

3 

2.2 

0 
2.2.2 
2.2.2 

4 

3.2 
3 

2.2 
4.2 
3.2 
2.2 


Descriptivb  Properties. 


Character. 


odd 

even 

odd 

even 

odd 
even 

odd 
even 

odd 
even 

odd 
even 

odd 
even 

odd 
even 

odd 
even 

odd 
even 

odd 
even 

odd 
even 


Symmetry. 

symmetrical 

sym. 

(self-reflective) 

(self-reflective) 

sym. 
sym. 

sym. 

sym. 
unsym. 
nnsym. 

sym. 

sym. 
unsym. 
unsym. 

sym. 
unsym. 
unsym. 
unsym. 

nnsym. 
sym. 

sym. 
unsym. 
unsym. 
unsym. 
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December  llth,  1890. 
Prof.  GREENHILL,  F.R.S.,  President,  in  the  Chair. 

The  following  gentlemen  were  elected  members  : — P.  S.  Carey, 
M.A.,  late  Fellow  of  Trinity  College,  Cambridge,  Professor  of  Mathe- 
matics, University  College,  Liverpool ;  M.  W.  J.  Fry,  M.A.,  Fellow 
of  Trinity  College,  Dublin ;  H.  S.  Romer,  M.A.,  late  Scholar  of 
Trinity  Hall,  Cambridge  ;  and  Hari  D&s  Sastri,  M.A.,  Director  of 
Public  Instruction,  Jaypnr  State,  Rajpntana. 

The  Auditor  made  his  Report.  Upon  the  motion  of  Sir  J.  Cockle, 
seconded  by  Mr.  S.  Roberts,  the  Treasurer's  Report  was  then 
adopted.  A  vote  of  thanks  was  unanimously  accorded  to  Mr.  Heppel 
for  the  trouble  he  had  taken  in  auditing  the  accounts. 

The  following  communications  were  made  : — 

On  the  Stability  of  a  Plane  Plate  under  Thrusts  in  its  own 

Plane,  with  applications  to  the  "  Buckling"  of  the  Sides  of  a 

Ship :  Mr.  G.  H.  Bryan  (communicated  by  Mr.  Love). 
On  the  Extension  to  Matrices  of  any  Order  of  the  Quaternion 

Symbols  8  and  V :  Dr.  Taber. 
On  the  Reversion  of  Partial  Differential  Expressions  with  two 

Independent  and  two  Dependent  Variables ;  Mr.  E.  B.  Elliott* 
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On  the  Stability  of  a  Plane  Vlate  undar  Thrusts  in  its  own  Plane, 
with  Applications  to  the  "Buckling  **  of  the  Sides  of  a  Ship, 

By  G.  H.  Bryan. 

{Read  Dec.  Uth,  1890.] 

Introduction, 

1.  The  problems  discnssed  in  this  paper  are  the  analogues  for  a 
plane  rectangular  or  circalar  plate  of  the  well-known  investigations 
of  the  stability  of  a  thin  wire  or  shaft,  due  in  the  first  place  to 
Enler,  and  since  developed  by  Greenhill.  I  have  employed  the 
energy  criterion  of  stability,  the  use  of  which  I  have  already  illus- 
trated in  this  connexion  in  two  papers  published  in  the  Proceedings 
of  the  Cambridge  Philosophical  Society,* 

The  case  of  a  plate  supported  on  equidistant  parallel  ribs  will  be 
considered  more  fully,  on  acconnt  of  the  practical  use  of  such  struc- 
tures in  the  construction  of  ships. 

Suppose  a  plane  elastic  plate  is  submitted  to  edge  tractions  in  its 
own  plane  which  produce  compression  of  its  middle  surface,  and  let 
every  point  of  that  surface  receive  a  displacement  normal  to  the 
plane,  such  displacements  being  chosen  in  accordance  with  the  pre- 
8crib»'d  boundary  conditions.  If  this  displacement  be  everywhere  of 
the  first  order  of  small  quantities,  the  surface  of  the  plate  will 
thereby  become   extended  by  small  quantities  of  the  second  order, 


*  Camb.  Phil.  Proc,  Vol.  vi.,  pp.  199,  286. 
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and  the  strains  prodnced  in  the  surface  will  also  be  thereby 
diminished  by  quantities  of  the  second  order.  Multiplying  these 
strain  variations  by  the  corresponding  stresses,  and  integrating  over 
the  surface,  we  find  the  work  done  by  the  stresses.  This  work  is  the 
loss  of  potential  energy  consequent  on  stretching,  or,  more  strictly, 
on  diminution  of  the  compression  originally  produced  in  the  middle 
surface  by  the  given  edge  tractions.  If  this  loss  is  greater  than  the 
corresponding  gain  of  potential  energy  dependent  on  the  bending  of 
the  surface,  the  total  energy  will  be  greater  in  the  plane  form,  which 
will  therefore  be  a  form  of  unstable  equilibrium.  The  plate  will 
then  be  liable  to  ''  buckle  up,"  and  corrugations  will  appear  on  its 
surface. 

If  equilibrium  is  "  critical,"  the  displaced  form  is  also  in  equili- 
brium, and  may  be  investigated  by  the  method  of  variation. 

General  Theory  of  the  Stability  of  a  Plane  Plate. 

2.  Take  any  rectangular  axes  of  x  and  y  in  the  plane  of  the  plate, 
and  let  the  stresses  due  to  the  edge  tractions  at  a  point  {x,  y)  of  the 
surface  consist  of  a  thrust  Ti  (per  unit  length)  parallel  to  a;,  a  thrust 
T,  parallel  to  y,  and  a  shearing  stress  of  magnitude  M.  Let  the  plate 
be  displaced  in  such  a  manner  that  the  point  (x,  y)  receives  a  dis- 
placement fv  perpendicular  to  the  plane  of  the  plate.  Let  (Tj,  (t,  be 
the  resulting  extensions  parallel  to  the  axes  of  x,  y  at  the  point,  nr 
the  shear  of  the  angle  between  them.  If  ds  is  an  element  of  length, 
measured  between  any  contiguous  points  on  the  deformed  surface, 

then  evidently 

dg^T=dx^  +  dy^-\-dw^. 

But,  since  ti;  is  a  function  of  x  and  y, 

J         dw  J    .  dw  J 
dw  =  ^dx-\-  —dy, 

Ox         dy 
whence,  substituting, 

Also,  d8^=  (l'\-<rjy dx*-k'2vdxdy-\-(l  -^-a^y  dy* ; 

therefore,  neglecting  powers  of  w  after  the  second, 

^■=(1)"  -=^l|'  ^.=(,tv- 


\ 
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The  loss  of  potential  energy  dae  to  extension,  or  the  work  done  by 
the  stresses,  is  equal  to  W,  where 

=  iff{^.(|V»^a7^''-(|)>*  ■••<"• 

Let  2h  he  the  thickness  of  the  piate,  E  Young's  modulus,  a 
Poisson's  ratio,  and  let  /3  be  given  by 

/S=|A't^.   (2). 

Then,  if  V  be  the  potential  energy  due  to  bending,  we  have 

(3). 

The  condition  of  stability  is  that  V  must  be  greater  than  W  for 
every  possible  type  of  displacement.  If  for  any  displacement  V<  W, 
the  plane  form  will  be  unstable,  and  the  plate  will  buckle  up.  The 
number  of  corrugations  produced  when  this  happens  will  be  deter- 
mined by  the  form  of  wa,s  b,  function  of  x  and  y. 


Supported  Rectangular  PlcUe. 

3.  Consider  the  case  of  a  rectangular  plate  bounded  by  the  lines 
a;  =  0,  a;  =  a,  t/  =  0,  ^  =  &,  and  supported  at  these  edges  so  as  to 
prevent  lateral  motion.  Suppose  also  that  the  given  edge  tractions 
are  uniform  and  perpendicular  to  the  edges,  being  T,  per  unit  length 
on  the  edges  a;  =  0,  a;  =  a,  acting  parallel  to  the  axis  of  a;,  and  T,  on 
the  edges  y  =  0,  y  =  &,  parallel  to  the  axis  of  y.  Then,  in  the  ex- 
pression for  >F,  Jf  =  0,  and  Tj,  T,  are  constant  over  the  plate,  having 
the  values  given  at  the  edges. 

Since  the  edges  are  supported  so  that  the  normal  displacement  w 
is  zero  round  the  boundary,  it  follows  that  w  can  be  expanded  by 
Fourier's  theorem  in  the  form 

tr  =  >>  y1^,.  sin-  -.ism—  y (4). 

^^  (I  0 
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Therefore 

IT  =  ir,  f  *  n  S^  ^«.  ^  cos  ^  a  sin  ^y  ]  *  tte  dy 

=  i.«6.'^S(T.^;+T.|)^i. (5), 

In  like  manner,  we  find  on  integration 

F=  iab.<ii%%(f+^)*Al (6). 

The  plane  form  will  therefore  be  stable,  provided  that,  for  all  values 
of  the  constants  A^^^^ 


MM) 


Suppose  that  the  thmsts  Tj,  T,  are  given,  then  inequality  (7) 
determines  the  limit  to  the  value  of  /3,  and  hence,  the  limiting  thick- 
ness of  the  plate  in  order  that  it  may  just  not  buckle.  To  find  this 
limit,  we  must  choose  the  constants  A^^^  so  that  the  right-hand  side 
of  (7)  is  a  maximum.  This  will  be  the  case  when  all  but  one  of  the 
constants  are  zero,  and,  if  A^n  be  this  constant,  the  limiting  value  of 
/3  will  be  given  by 

^^  =  -A T^  (8), 

fmr    ,    fry 

the  numbers  m,  n  being  so  chosen  as  to  make  this  expression  for  /3 
the  greatest  possible. 

The  corresponding  form  of  the  displaced  surface  is  given  by 

w  ^  A^^mn Bin  -  *'-  {V). 

a  0 
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w  vanishes  along  the  lines 

X  =s  a/rrij    x  =  2a/m,     x  =  3a/m,  <fec., 
and  also  along  the  lines 

y  =:  b/n,      y  =  26/n,      y  =s  36/n,    &o. 

Hence  it  readily  follows  that,  if  the  thickness  of  the  plate  be  less 
than  that  given  by  (8),  the  surface  will  backle  up,  and  the  corruga- 
tions will  divide  it  into  mn  rectangles,  over  which  the  displacement 
is  alternately  to  one  side  and  to  the  other. 

We  shall  see  hereafter  that  one  of  the  numbers  m,  n  must  be  unity, 
so  that  the  corrugations  can  only  divide  the  plate  into  a  single  row 
of  rectangles.  The  methods  of  determining  the  number  of  corruga- 
tions are,  however,  better  shown  by  first  considering  the  following 
special  cases. 

4  Let  T^  =  T,.    Put  each  of  these  ==  T. 
Equation  (8)  becomes 

''^  =  ^  ; (^^J- 

ft  is  greatest  when  m  and  n  are  least,  that  is,  when  m  =  1,  n  =  I. 
Therefore  the  limit  for  ft  is  given  by 


a«  ^  6* 


If  the  plate  be  too  thin,  its  initial  form  on  buckling  will  be  found  by 
putting  wi  =  1,  w  =  1  in  (8).  We  see  that  there  will  be  a  single 
corrugation,  all  points  being  displaced  towards  the  same  side. 

5.  Let  Tj,  =  0. 
Equation  (8)  becomes 

rp  w* 

'^ft  =  ,    t     \    ^    (11). 

\  a'  ■*'  h*) 

The  right-hand  side  is  greatest  when  n  =  1,  but  the  same  is  not 
noec8BATi\j  true  as   regards  m.     The  number  (m)  of  corrugations 
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parallel  to  the  side  a  will  depend  on  the  length  a.  The  greatest 
length  a  of  a  plate  which  will  bnckle  into  m  cormgations  will  be 
that  for  which  the  limiting  values  of  /3,  corresponding  to  m  and 
m-f-1  corrugations,  respectively,  are  equal.  Therefore,  putting 
n  =  1  in  (11),  we  must  have  for  this  greatest  length 

:i — m* 


a^  a* 


(?-i)'  C^^i) 


Put  ajb  =  h,  so  that  a  =  kh.     The  last  equation  gives 

whence         m{{m^\y^l^}  =  db  (m  +  1)  {m*  +  A;'}. 

Since  A;^  is  positive,  we  must  take  the  upper  sign  to  the  radical. 

This  gives  /c'  =  m  (m  +  l), 

whence  a  =  h^{m  (wi-|-l)] (12). 

Similarly,  the  least  length  a  for  which  the  plate,  if  unstable,  will 
buckle  into  m  corragations  parallel  to  the  side  a,  will  be  g^ven  by 

a  =  6y{m(m-l)} (13). 

Hence  there  will  be  m  corragations  parallel  to  the  side  a,  provided 
that 

a  lies  between  the  values  h  V {m  (w— 1)]   and  h -v/ [m  (tn  + 1) ] . 

Condition  (12)  may  also  be  written 

(Z  1  7  d 


m 


m-^V 


which  shows  that,  whether  the  corrugations  divide  the  plate  into  m 
or  m -1-1  rectangles,  the  ratio  of  their  length  to  their  breadth  will 
be  the  same  in  both  cases,  but  the  directions  of  the  longer  and 
shorter  sides  of  the  rectangles  will  be  interchanged. 

Hence  it  readily  follows  that  the  number  of  corrugations  most 
always  be  such  that  the  ratio  of  the  longer  to  the  shorter  side  of  the 
rectangles  differs  as  little  as  possible  from  unity,  that  is,  their  shape 
must  be  as  nearly  square  as  possible. 
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Hence  it  is  evident  that  if  the  length  of  the  plate  become  infinite, 
the  corragatioDS  will  divide  it  exactly  into  sqnares. 

This  may  also  be  shown  as  follows  : — 

Supposing  the  strip  infinitely  long,  or  a  =  oo ,  let  X  =  a/m,  so  that 
X  is  the  length  of  a  corrugation.     Then  (11)  gives 


\  X«  ^  6  V 

in  which  the  right-hand  side  must  be  made  a  maximum  by  the 
variation  of  X.  By  the  ordinary  methods  we  find  that  this  is  the 
case  when  X  =  &. 

6.  As  the  collapse  is  of  a  different  nature  in  the  two  cases  above 
considered,  we  will  now  investigate  the  limits  to  the  ratio  of  T,  to  T^, 
in  order  that  any  form  of  the  plate  may  buckle  up  in  a  series  of 
corrugations.  Let  the  length  a  be  infinite,  and  let  X  be  the  length 
of  a  corrugation.  Putting  n  =  1,  a/m  =  X  in  (8),  the  critical  value 
of  fi  is  found  from  the  relation 

1,^/3  =  _4 *r    (14), 


WHY 


by  making  fi  a  maximum  by  the  variation  of  X. 

Write  6/X  =  /n,  TJT^  =  r ;  then  we  must  make  the  expression 


(h'  +  iy 


a  maximum  by  the  variation  of  fi.     Differentiating  with  respect  to 
/li',  the  condition  is 


_1 2(/i'-t-r)^Q 

.'  +  1)'        («'  +  !)•  ' 


whence  /I'+l  =  2  (/t'+r), 

or  M'  =  l-2r, 

thatis,  iy\'=l-2TJT,    (15). 
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In  order  that  this  may  give  a  real  value  of  X,  we  mnst  have 

Tt<\T, (16), 

and  if  this  is  not  the  case,  the  value  of  /3  will  be  greatest  when 
X=  00  .  If  the  inequality  (16)  is  satisfied,  equation  (15)  determines 
the  length  of  the  corrngations  produced  in  the  case  of  collapse.  We 
notice  that  X  diminishes  as  the  ratio  of  T,  to  T^  diminishes.  If  Tj 
becomes  negative,  so  that  the  strip  is  acted  on  by  lateral  tension 
combined  with  the  longitudinal  thrust,  the  length  X  of  the  wrinkles 
is  less  than  6,  and  it  diminishes  as  the  lateral  tension  increases. 

The  last-mentioned  property  may  be  easily  illustrated  by  wetting 
a  sheet  of  paper  in  the  middle,  and  then  stretching  it  over  two 
parallel  rulers.  The  moisture  causes  the  surface  of  the  paper  to 
expand  and  wrinkle,  and  if  the  rulers  be  pulled  apart  with  in- 
creasing force,  the  wrinkles  will  become  finer  and  closer. 

We  also  see  (as  previously  stated)  that  a  rectangular  plate  cannot 
buckle  up  into  a  network  of  rectangles — i.e.,  that  m,  n  cannot  both  be 
different  from  unity.  For  this  would  require  T^<\Ti  and  Ti<\T^^ 
which  are  incompatible. 

7.  If  r,<i'ri,  and  we  substitute  for  X  from  (15)  in  (14),  we  find 

''''=T^. (1^)' 

which  determines  the  least  thickness  of  an  infinite  strip  of  breadth 
6,  supported  at  its  edges  in  order  that  it  may  resist  an  end-thrust 
T„  and  a  lateral  thrust  T,. 

In  particular,  if  T,  =  0,  we  must  have 

-VJ  =  -^r. (18). 

If  r,>^r„  we  must  put  X  =  oo  in  (14),  and  we  obtain 

ir^/3^  6'r, (19), 

which  is  independent  of  2\,  as  it  evidently  should  be,  for  the  corre- 
spooding  displaced  surface  is  given  by 

w  ^=  A  sin    .^. 

0 
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Here  w  is  independent  of  x ;  hence  no  work  is  done  by  the  thrust 
r,  daring  the  displacement. 

If  the  length  of  the  strip  be  finite,  the  case  will  be  different.  The 
limit  for  /3  will  always  depend  on  the  values  both  of  2\  and  T,. 

We  notice  that,  when  T,  =  ^Tj,  the  values  of  fi  given  by  (17)  and 
(19)  are  equal,  as  they  should  be. 

Comparing  (19)  with  (18),  we  see  that  the  strip  is  capable  of 
resisting  four  times  as  much  simple  longitudinal  thrust  as  of  lateral 
thrust. 

We  also  see  that,  even  when  the  lateral  thrust  is  the  greatest 
which  the  strip  can  resist,  it  is  still  possible  to  subject  it,  in  addition, 
to  any  amount  of  longitudinal  thrust  on  its  ends,  not  greater  than 
double  the  lateral  thrust,  without  diminishing  the  strength. 

Applications  to  the  Sides  of  a  Ship. 

8.  The  preceding  results  are  applicable,  without  any  modification 
whatever,  to  the  case  of  an  infinite  plate  supported  on  parallel  ribs 
at  distances  h  apart.  This  kind  of  structure  is  met  with  in  the  sides 
of  ships,  a  fact  which  adds  considerably  to  the  practical  interest  of 
problems  of  this  class. 

We  see  that,  in  order  to  obtain  the  greatest  strength,  the  ribs 
must  be  placed  parallel  with  the  direction  of  the  greatest  thrust,  and 
that,  to  obtain  the  same  strength,  they  may  then  be  placed  twice  as 
far  apart  as  if  they  were  perpendicular  to  the  thrust. 

The  strength  of  the  plate  will  not  then  be  increased  or  altered  in 
any  way  by  the  addition  also  of  a  second  set  of  ribs,  perpendicular 
to  the  first,  and  at  distances  apart  equal  to  the  natural  length  of  the 
corrugations.  Thus,  if  there  is  no  lateral  thrust,  a  plate  supported 
on  parallel  longitudinal  ribs  will  not  be  strengthened  by  the  addition 
of  transverse  ribs  which  divide  it  into  squares.  If  the  transverse 
ribs  are  at  any  other  distance  apart,  however,  the  system  will  be 
strengthened.  In  this  particular  case,  the  most  effective  distance 
between  the  transverse  ribs  will  be  by/2j  because  [putting  m  =  1  in 
(12)]  each  rectangle  formed  by  the  framework  will  buckle  with 
equal  facility  into  one  or  two  corrugations,  and  the  length  of  these 
corrugations  will  then  differ  as  much  as  possible  from  their  natural 
length. 

Putting  T,  =  0,  m  =  n  =  I,  a  =  6-^/2  in  (8),  we  find 
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and  the  same  increase  in  strength  could  be  obtained  much  more 
economically  by  diminishing  the  distance  between  the  ribs  from  h  to 
6-v/^,  i.e.,  i^/2 .  h. 

When,  however,  the  structure  is  subject  to  thrasts  of  about  equal 
intensity  in  all  directions,  the  advantage  of  a  network  of  ribs  will  be 
much  greater.  Moreover,  the  framework  itself  will  be  strengthened 
— a  consideration  not  brought  out  in  our  present  theoi*etical  treat- 
ment, in  which  the  framework  is  supposed  perfectly  rigid. 

9.  The  general  problem,  to  determine  the  number  of  corrugations 
produced  in  the  buckling  of  a  finite  rectangular  plate  (sides  a,  b) 
under  the  influence  of  both  thrusts  (Ti,  T„  where  Tj  >2!Fj),  may  now 
be  considered.  In  the  critical  case  when  the  plate  will  buckle  with 
equal  facility  into  m  ov  m  +  1  rectangles  in  the  direction  of  its  length, 
we  have 

rn  m^      ^    1        m  (rn±lY     rp    1 
'a'  ^    '  h'  '~~^'       ^    'V 


itnr  c^^i) 


Whence,  on  reduction,  we  find 

Tjm*(m  +  iy+-^i2m(m+l)  +  l]-^i=^=:0 (20). 

a  a  0  ''  o 

Solving  as  a  quadratic  in  a'/^S  ^®  ^°^ 

(21). 

In  accordance  with  previous  results,  this  will  give  a  real  value  for 
the  ratio  of  a  to  &,  provided  that  Ti>2!r„  and  that  the  riJical  is 
taken  with  the  positive  sign. 

10.  A  few  words  on  the  mode  of  supporting  the  boundaries  may 
not  be  out  of  place.  In  his  Theory  of  Sounds  Vol.  i.,  §  225,  Lord 
Rayleigh  gives  the  following  suggestion  as  a  means  of  realizing  this 
kind  of  support : — "  We  may  consider  the  plate  to  be  held  in  its 
place  by  friction  against  the  walls  of  a  cylinder  circumscribed  closely 
round  it." 

This  method  is  strictly  applicable  to  the  problems  of  the  present 


64 


Mr.  G.  H.  Bryan  on  the  SfahiWy  of  a  [Dec.  11, 


paper,  where  the  normal  reaction  of  the  cylinder  is  supposed  to  pro- 
duce thrusts  in  the  plane  of  the  plate.  Bat  it  is  not  applicable  to 
the  problem  considered  by  Lord  Rayleigh,  viz.,  the  determination  of 
the  frequencies  of  vibration.  Obviously,  the  effect  of  the  thrusts 
will  be  generally  to  lower  the  pitch  of  all  the  vibrations,  and  if  the 
thrasts  be  increased  till  the  plane  form  is  in  critical  equilibrium, 
one  of  the  frequencies  will  then  vanish. 

The  annexed  diHgi-am  shows  a  better  means  of  support.  The 
boundaries,  being  brought  to  sharp  edges,  are  made  to  fit  in  grooves 
of  a  rather  wider  angle. 


^.^miii'msdH:itA^mmmmMhiUBmsm^ 


The  sides  of  a  ship  are  rivetted  to  the  ribs,  and  this  implies  more 
constraint  than  that  afforded  by  mere  support.  This  constraint 
more  closely  resembles  "  clamping." 


Application  of  Variational  Method. — Clamped  Circular  Plate. 

11.  In  applying  the  energy  method  to  the  rectangular  plate,  we 
supposed  w  expanded  by  Fourier *s  series,  and  the  success  of  our 
method  depended  on  the  fact  that  the  expression  for  the  total  energy 
contained  no  products  of  the  coefficients.  In  other  problems  it  may 
not  be  easy  to  discover  the  form  of  the  functions  in  which  we  must 
expand ;  we  therefore  use  another  method,  more  analogous  to  that 
adopted  by  Greenhill  in  his  paper  on  the  "  Stability  of  Shafting."* 
If  equilibrium  in  the  plane  form  is  critical^  there  must  be  another 
form  of  equilibrium  indefinitely  near  to  it.  To  find  this,  we  apply 
the  method  of  variation  of  energy,  and  the  boundary  conditions  then 
lead  to  a  relation  which  mast  be  satisfied  in  the  critical  case. 
This  equation  determines  the  criteria  of  stability. 

12.  The  method  of  variation  may  be  illustrated  by  its  application 
to  the  critical  equilibrium  of  a  circular  plate  acted  on  by  a  normal 


*  Iroc.  Inst.  Mech.  Ettff.y  1883. 
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thTxist  T  (per  unit  length)  ronnd  the  circumference.  The  slightly 
displaced  form  being  also  in  equilibrium,  the  displacement  is  found 
by  making 

5F-.aTr=o 

for  all  variations  of  w. 

We  take  as  our  example  the  simplest  case,  in  whiob  the  boundary 
of  the  plate  is  clamped  so  as  to  allow  of  no  variation  of  position  or 
direction*    Let  the  radius  of  the  plate  be  a. 

Putting 

Ti=T,  =  !r    and    M=0 

in  (1),  we  have 
therefore 

=  Thw^^ds-T{{  hvV^wdxdy. 
Also, 

hV  =  /J  II  hjDV^wdxdy-\'  (line  integrals  taken  round  the  boundary). 

Since  the  plate  is  clamped,  we  have,  round  the  boundary, 

«=0,     ^  =  0 (22); 

Or 

thus,  the  line  integrals  all  vanish,  and  the  differential  equation  for  w 

is  /3V*«;H-!ZVtt7  =  0. 

Writing  ic*  =  T//3,  this  becomes 

V«(V«+c')w  =  0 (23). 

If  this  be  transferred  to  polar  coordinates,  a  solution  which  is  not 
infinite  at  the  centre  is 

ii7  =  co8n0  {Ar"-{-BJn{!^r)}  C24V 

VOL.   XXII. — ^NO.   403.  F 
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The  boundary  conditions  (22)  give,  when  r=i  a, 

^    ^  I (25). 

nila-»  +  ici?J';(ifo)  =  0  J 

Eliminating  the  ratio  A  I  B,we  have 

0  =  nJj,  (ko)  —  ifo  JJi  (ko) 

by  the  well-known  relations  between  Bessel's  Functions.  Therefore, 
for  critical  equilibrium  corresponding  to  the  displacement  of  the  form 
(24),  we  must  have 

/,^i(ica)  =  0 (26), 

and  we  must  choose  n  so  that  the  value  of  k  given  by  this  equation  is 
the  least  possible. 

If  the  plate  be  free  at  the  centre,  we  may  take 

n  =  0, 

and  the  least  solution  of  the  equation 

Jj  (ica)  =  0 
is  known  to  be 

«:a  =  3-832.... 

Therefore  T  =  14-684  . . .  x  fi/a\ 

If  the  plate  be  supported  at  the  centre,  the  solution  (24)  corre- 
sponding to  n  =  0 

cannot  make  w  vanish,  both  when 

r  =  0, 

and  when  r  =  a. 

We  must  therefore  take  n  =  1, 

and  we  have  /,  (xa)  =  0, 

whence  ta  =  5*135  ... , 

and  T=  26-368  ...X)3/a'. 

If  the  boundary  be  supported  or  free,  the  solution  of  the  differential 
ation  for  w  is  still  of  the  form  given  by  (24),  but  the  boundary 
ditions  will  lead  to  a  far  more  complicated  equation  for  ir. 
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A  very  good  illastration  of  the  bnckling  of  a  circular  plate  is 
&*equently  afforded  by  the  lid  of  a  circular  canister,  is  which  the 
thrust  is  due  to  the  tension  of  the  rim.  The  '^  dint "  in  such  a  lid 
can  be  readily  pushed  firom  one  side  to  the  other,  but  it  is  impossible 
to  keep  the  surface  flat,  as  that  position  is  unstable. 

The  same  principle  is  also  illustrated  in  the  '*  castanets,"  in  which 
a  "  clicking  "  sound  is  produced  by  pushing  a  disc  of  metal  from  one 
side  to  the  other  of  the  unstable  plane  form. 

13.  In  all  the  cases  discussed  in  this  paper,  the  stresses  in  the  sur- 
face are  proportional  to  /3 ;  and,  therefore,  to  the  cube  of  the  thickness 
of  the  plate.  Since  these  stresses  are  distributed  over  the  thickness 
of  the  plate,  the  strains  they  produce  are  proportional  to  the  square 
of  the  thickness.  If,  therefore,  the  plate  be  thin,  these  strains  will 
be  small,  and  there  will  be  no  rupture  of  the  material  accompanying 
the  buckling.  This  accords  with  the  general  results  obtained  in  my 
paper  "  On  the  Stability  of  Elastic  Systems."* 

In  a  future  paper,  I  hope  to  deal  with  further  applications  of  the 
variational  method,  with  special  reference  to  the  stability  of  a  rect- 
angular plate  or  strip  in  certain  cases  when  the  shear  if  does  not 
vanish,  and  when  the  boundary  conditions  are  different  to  those 
assumed  in  the  present  communication. 


On  the  Application  to  Matrices  of  any  Order  of  the  Quaternion 
Symbols  8  and  F.  By  Henet  Tabbe,  Docent  in  Clark 
University,  Worcester,  Mass.  U.S.A. 

[Head  Dee.  IIM,  1890.] 

1.  Properties  of  the  Symbols  S  and  V. 

The  conception  of  scalar  and  vector  parts  of  a  quaternion,  or  matrix 
of  the  second  order,  may  be  extended  to  matrices  of  any  order.t 
Regarded  as  a  matrix,  the  scalar  of  any  quaternion  is  one  half  the 
sum  of  its  latent  roots ;  following  this  analogy,  I  shall  define  the 
scalar  of  any  matrix  m  of  order  ai  as  the  ai^  part  of  the  sum  of 

♦  Comb.  Fkil.  iVw.,  Vol.  vi.,  p.  204. 

t  See  paper  hy  author  on  the  **  Theory  of  Matrices/'  Amer,  Journ,  Math,,  Vol.  xiz. 
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its  latent  roots  ;  and  I  shall  denote  this  function  of  m,  as  in  quater- 
nions, by  Sm,  Bat  then,  since  the  sum  of  the  latent  roots  of  a 
matrix  is  the  sum  of  the  elements  along  its  principal  diagonal,  it 
follows,  if  n  is  any  other  matrix  of  order  ta,  that 

The  vector  part  of  m  (denoted  by  Vm)  is  most  simply  defined  as 
the  matrix,  less  the  oi-th  part  of  the  sum  of  its  latent  roots  ;  and  so 
defined  V  is  also  a  distributive  symbol  of  operation ;  t.e., 

V(m-\-n)  =  (m-hn)  — /S(m-h«)  =  (m'-8m)-\-(n^8n) 
=  Vm+Vn, 

Following  immediately  from  the  distributive  character  of  8  and  F, 
we  have,  as  in  quaternions, 

d8m  =  8dm,     dVm  =  Vdm. 

Obviously,  as  in  quaternions, 

8.mn  =  8  (/Sm-h  Vm)(8n-\-Vn) 

=i8m.8n+8,  VmVn* 


Therefore 


V.mn=:  V{8in'{-Vm)(8n  +  Vn) 

=  8m  .  Vn+8n .  Vm-^  F.  VmVn. 


If 


m  =  (  fl4|,     a,j,    <fcc.  ),         ♦»  =  (  ^11,     ftij,    <feo.  ), 


Oji,     Oa,    Ac. 
&c. 


Ac. 


'«» 


&Q, 


then 


8,mn  =  Xair^rlH-SrOar^rt  +  Ac. 

=  8 .  tim . 


Consequently,  the  scalar  of  the  product  of  any  number  of  given  matrices 
is  unaltered  by  a  cyclic  interchange  of  these  matrices. 


\cd\\cd^\  \e'd!'\ 


} 


=  {aa'(^'  +  dd'd")  +  (aAV  +  a'V'c  +  a"W)  +  {jMf'df  +  h'cd^'  +  h"eS). 


»  For  SYm  =  Si^m-Sm)  =  Sm^Sm  -  0. 
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2.  The  catena  of  identical  eqttations. 

The  term  ''catena  of  identical  equations  "was  employed  by  Sylvester 
(^Jokns  Hopkins  Univ,  Gircs,,  Vol.  in.)  to  denote  the  la-f-l  identical 
relations  (including  the  ''identical  equation"  of  either  matrix) 
existing  between  two  matrices  of  order  a>  which  he  obtained,  with  the 
aid  of  the  latent  function  of  the  corpus  of  two  matrices,  by  successive 
differentiations  of  the  identical  equation  of  either  matrix.  Thus,  if  m 
and  n  are  two  matrices  of  the  second  order,  and  the  latent  function  of 
the  corpus  m,  n,  namely, 

Det.  (x-^-ym-^-zn)  =x*-\-2bxy+2cQus-{-dy*-{-2eyz-{'f^^ 

the  catena  of  m,  n  consists  of  the  three  identities 

m^—2bm+d  =  0, 

mn+nw— 25n— 2c»-f  2e  =  0, 

n*— 2cn+/=0. 

The  introduction  into  the  general .  theory  of  matrices  of  the 
quaternion  symbol  8  may  be  utilized  to  find  the  coefficients  in  the 
catena  of  equations  without  the  aid  of  Sylvester's  latent  function  of 
the  corpus  of  the  matrices  which  appear  in  the  chain.  In  a  paper  to 
appear  in  No.  2,  Vol.  xni.,  of  the  Amer,  Joum.  Math.,  I  have  given,  for 
matrices  of  the  second  and  third  orders,  by  employing  the  symbol  8^ 
the  coefficients  in  the  catena  in  terms  of  the  scalars  (or  sums  of  the 
latent  roots)  of  the  products  of  powers  of  the  matrices  involved ;  and 
the  method  employed  there  may  be  extended  to  matrices  of  any 
order,  though  the  extension  of  this  method  to  matrices  of  the  fifth  or 
of  higher  orders  is  not  very  easy.  In  a  somewhat  different  and 
simpler  manner,  I  show  here  how  to  obtain  the  coefficients  in  the 
catena  for  matrices  of  the  fourth  order.  Thus,  if  the  identical 
equation  in  m  is 

^ 

we  may  replace  the  jp's  by  their  values  in  terms  of  the  sums  of  the 
powers  of  the  latent  routs  of  m.  But  since,  by  the  law  of  latency, 
the  latent  roots  of  m*"  are  the  r^^  powers  of  the  latent  roots  of  m, 
hence  4i8m'  =  sum    of  the   r^    powers    of    the  latent  roots  of  m« 
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Consequently 


jpi  =  4/Sm, 


1.2.p,= 


l.2.3.|>s  = 


l.2.3.4.J?4=: 


4/Sfm,     1 
4/Sm*,    4iSm 

4/Sfm,      1,  0 

4iSm«,     4Sfm,      2 
4S7Ji',     4fifm»,     4Sfm 

4fifm,      1,  0, 

4,8m\    4i8m,     2, 
4iSm»,     4Sfm»,     4,8m, 


=  4  (4iS'm-Sm'), 


=  8  (8S»m-6fifm' .  8m+8m*), 


0 
0 
3 


4/gm*,     4Sm»,     4/Sfm*,     4/Sm 
=  8  (32S*m-48i8'm.  iSm«H-6S'm'+16i8m.iSm»-3Sm*), 

where  8*m  or  S*  (m),  means  (/Sm)'  as  sin' a?  means  (sin  a;)'. 

It  follows  from  a  property  of  the  symbol  8^  namely 

dSm  =  8dm, 

that  we  may  immediately  differentiate  the  identity  in  m  to  obtain  the 
first  derived  identical  equation  (the  second  of  the  chain).  Thus,  if 
dm  =  «,  we  have 

Sm'n—  (dpi .  m^-\'Pi%n^n)  -f  (dp,m'+jp,Sm») 

—  (dp, .  m+jp,m)  +  dp^  =  0, 

where  'Sm^'n  denotes  the  sum  of  all  possible  products  of  n  with  r  m's, 
t.e.,  2w'n  means  nm*+mnm^-\-m^nm'{-m*n,  and  so  in  other  cases ;  and 

dpi  =  4/Sn, 

dpj  =  4  (4S^7w  .  fifn—  fi^ .  mn), 

dp^  =  4i  (SS*m .  8n—48 .  mn .  Sm^2Sm*  ,Sn-\'8.  m^n), 
dPi  =  i  (32iS»m .  iSfn-24/Sf.  mn  .  /S'm-24.Sm« .  8m .  8n-\'68m\  8,  mn 

+  12fif .  m^n .  8n-\'48m* .  Sn-SS .  m»n). 

In  the  next  difpercntiation,  regarding  n  as  constant,  we  may  either 

put   the   new    dm  =  n,    and    thus   obtain   the   second   equation   of 

'  Sylvester's  catena  ;  or  we  may  put  the  new  dm  =  p,  and  proceeding 
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in  this  way  iiltiinatelj  obtain  an  identical  relation  between  any  four 
matrices. 

This  method  of  deriving  the  coefficients  of  the  catena  is,  1  think, 
somewhat  simpler  than  to  deriye  them  from  the  latent  function  of 
the  corpus  of  the  matrices  which  appear  in  the  catena ;  and  has  this 
advantage  over  that  method,  that  these  coefficients  are  expressed 
immediately  as  simple  functions  of  the  sums  of  the  latent  roots  of  the 
products  of  the  powers  of  the  matrices  involved  in  the  catena. 

Obviously  this  process  may  be  extended  to  matrices  of  any  order. 


3.  Applicaiion  of  the  symbol  8  to  a  problem  of  Sylvester's. 

In  the  Johns  Hopkins  Univ.  Gircs.y  Vol.  i.,  p.  241,  and  Vol.  iii., 
p.  7,  Sylvester  has  considered  the  problem  to  determine  the  conditions 
necessary  and  sufficient  that  for  two  nonions  m  and  n, 

m*  =  »*•  =  1,     nm  =  \mn^ 

where  X  is  an  imaginary  cube  root  of  unity«  Sylvester  finds  the 
necessary  and  sufficient  conditions  to  be 

Det.  {x-\-ym-{-zn)  =  aj'+y'+z* 

(involving  nine  conditions),  and  that  the  coefficients  of  mn  in  the 
identical  equation  of  mn  shall  vanish.  Sylvester  has  also  given  a 
special  solution.*  These  ten  conditions  leave  18—10=8  arbitrary 
constants  in  the  general  solution.  But  if  m,  n  are  expressions 
linear  in  terms  of  (1,  t,  *''][l»i, /)  {i  B,ndj  being  special  solutions), 
so  that 

w=  (fl4,  a,,  ...  Ogjl,  i,  i'Jl.i,/), 

n  =  (6„  5„  ...  6g][l,  I,  i^^ljyf), 
Sylvester  states  that  he  is  unable  to  express  the  conditions  in  terms 

*  If  i  andy  are  the  two  special  solutions,  so  that 

f=(l     0    0    ,       y=  (0  0  1), 

0X0                       X  0  0 

0     0     X2                      0  A«  0 

the  general  Bolation  is  given  by  m  =«  tritr-',  w  =  tr/tr-^   whore   \  w  \  ^  0  (see 
Amiriean  Journal  of  Mathematictj.  Vol.  xu.,  p.  390). 
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of  these  coefficients*.  In  what  follows  I  shall  show  how  this  may  be 
accomplished. 

If  m'  =  l,  n' =  1,  hence  Sm*  =  I,  Sn*  =  1,  If,  in  addition, 
nm  =  \mn,  hence  m  =  \n^fnn,  and  m*  =  Xn^mnm  =  Wm'n  ;  and, 
consequently, 

8m  =  \S .  n^mn     ^  \S  .  n*m  =  \Sm, 

8m*  =  A«iS .  w'm«n  =  \*8 .  n»m'  =  \*8m* ; 

i.e.,  Sw  =  0,  8m*  =  0.  Similarly,  8n  =  0,  Sn*  =  0.  Since  m  =  Fm, 
n  =  Fn,  it  seems  preferable  to  denote  m  and  n,  as  in  quaternions,  by 
Greek  letters,  so  I  shall  put  m  =  a,  n  =  /3 ;  i.e.,  the  problem  is :  find 
a,  fi  cubic  matrices,  such  that  a*  =1,  0>*  :=  1,  /3a  =  Xa^,  X  being  an 
imaginary  cube  root  of  unity.  From  /3a  =  Xafl,  whence  follows 
S .  a/3  =  iS^ .  /3a  =  0,  we  also  get 

pa./8a=X*a/3«/3>     /3a' =  XV/3,     /3*a  =  X'a/7; 
.-.     iSf  (/3a)«  =  iSf  (a/3)' =  0,     S.a*(3  =  0,     ^  .  a/i«  =  0. 

I  shall  presently  show  that  the  ten  conditions 
6fa  =  0,       '   iSa«=0,  iSa»  =  l, 

i8f/3  =  0,  iS/3*  =  0,  ;^/3»  =  1, 

S.afi=0,     /S.a'/3  =  0,      iS.«/3'  =  0,     S{afiy  =  0, 
are  sufficient  as  well  as  necessary.     From 

8a  =  0,     8a*  =  0,     iSa»  =  1,     we  get     a»  =  If  ; 
and  from 

iS/3=0,    i8/3«=0,     5)3'=  1,    we  get    /3»=1. 
Similarly, 

;Sf.a/3  =  0,     iS(ai3)«  =  0,     give     (a/3)»-fif  (a/3)»  =  0  ; 


*  Sylvester  remarks  that  **  the  solution  of  this  problem  would  seem  to  involTe 
some  unknown  expansion  of  the  idea  of  orthogonalism.*'  Evidently  the  intro- 
duction into  the  theory  of  nonions,  and  into  the  theory  of  matrices  in  general,  of 
the  symbol  iS  furnishes  such  an  expansion  of  the  idea  of  orthogonalism.  Thus,  just 
as  in  quaternions,  two  quaternion  square  roots  of  unity  {i.e.,  unit  Tectors)  a  and  0 
are  normal  if  Safi  —  0,  when  wo  have  )8a  =  —  o/S ;  so  in  nonions,  two  nonion  cube 
roots  of  unity  a,  /S  may  be  regarded  as  completely  normal,  if  Safi  =  0,  S{<i0)^  =  0, 
Sa^fi  —  0,  Sa0^  =  0,  when  wo  have  jSa  =»  Ao)3,  \  being  an  imaginary  cube  root  of 
unity.  It  should  be  observed  that  the  nonions  a,  jS  are  not  the  most  general  fomiB 
of  nonion  unit  vectors ;  the  most  general  form  is  xt  +  ^i^,  where  t  is  a  nonion  cube 
root  of  unity,  and  a;*  +  y'  =  1 . 

t  This  is  at  once  evident  from  the  form  of  the  identical  equation  of  any  nonion  m, 
w3-  35m .  m-  +  4  (352  m  -  Sm^)  .  m  +  (f  ^'w— {5m  .  Sm^  +  Sm^)  «  0. 
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but  8  (afi)*  is  here  the  explicit  scalar  term  in  the  identical  equation 
of  a/3,  and  so  is 

Det.  (a/3)  =  Det.  (a)  X  Det.  (/3)  =  iSa» .  iS/3»  =  1 ; 

hence  (a/3)'  =  1.  We  may  now  derive  the  equation  8  ,  o'jS"  =  0,* 
involyed  in  the  ten  conditions,  and  necessary  to  the  proof.  For,  since 
(a/3)'  =  1,  hence  /3a  .  /3a  =  a*  (a/3)*/8^  =  a'/8^ ;  and  consequently 

8 .  a«/3«  =  8  (Pay  =  8  (a/3)«  =  0. 

The  proof  that  the  ten  conditions  are  sufficient  depends  upon  the 
lemma  that  the  involutant  of  a,  /3  does  not  Yanish.f  This  may  be 
shown  very  simply  as  follows.     If 

[a, /3]  =  (ao+a,a-fa,a')-|-(6o+6ia  +  V*)/3  +  (Co+<aa-|-6,a«)/3«=  0, 

then,  since  the  scalar  of  all  these  products  of  powers  of  a  and  /3  is 
zero,  Oq  =  ^  [a>  /^]  =  0  ;  and  multiplying  successively  [a,  /3]  =  0  by 
a'  and  a,  we  get 

Oi  =  iS.a»[a, /3]  =  0,     and     a,  =  S  .a  [a,  i3]  =  0; 

similarly,  multiplying  [a,  j9]  successively  by  1,  a\  a,  and  into  /3*, 
we  get 

5o=i8.[a,i8]/3«  =  0,    6,  =  iSf.a'[a,/3]/3«  =  0,     6,=  S.a[a,/3]/3'  =  0. 

In  the  same  way  we  may  show  that  the  c's  are  zero. 
Hence  we  may  put 

^a=  (»o+«io+«ja')+(yo+yi«+yjo'))34-(2^o+^ia+^j«*)i^; 


*  The  equation  8 .  a^0^ »  0  may  be  substituted  for  the  condition  S  (a0)^  —  0, 
which  may  be  derived  from  it  and  seven  of  the  other  nine  conditions.    Thus 

ifa>«i9>-land^.a3»0.    Hence,  if  Sc?0'  »  0, 

8 {afi^  «  fi  {fill)*  =- \8  («0)»+  8  («/8)» .  8,  a^0^  -  ^8  (a/B)« ; 
t.*.,  8  (aiB)'  =  0. 

t  The  invohttant  of  m,  h,  two  matrices  of  order  e»,  is  the  resultant  of  the  «* 
scalar  equations  obtained  by  equating  to  zero  a  Unear  function  with  scalar 
coeffidentB  of  the  ^  matrices  which  result  from  multiplying  1,  m,  m',  ...  m**'^  into 
1,  M,  f»',  ...  fi"-^ .  Obviously,  if  the  involutant  of  (m,  n)  does  not  vanish,  these  «* 
products  are  linearly  independent,  and  any  matrix  of  order  «  may  be  expressed 
linearly  in  terms  of  them.  In  general,  the  m,  n  involutant  {i.e,,  the  involutant  of 
m,  n)  axSen  from  the  n,  m  involutant  (i.tf.,  the  involutant  of  n,  m). 


[Dee. 


i]i6refore 
ili6!refore 


mnd,  mce  80a  =  0,  faenee  j^  s  0.    Mmeorci, 

z,  =  5 .  1^  Oa )  =  5 .  «*aJ  =  5^  =  0, 
«i  =  S,«  03.)  =S.*»^  =  0, 

0  =  S^»  =yiS/3»+y,+*,S.a^«  =  y,. 

0=Sa*    =y,flr,a'-|-y,S.o'/3+r,  =  if,; 

/3a  =  y^aP. 

Since  (a/3)*  =  (/3a)*  =  1,  y^  is  a  cube  root  of  onitj ;  and  since 

(l  +  y,+yj)  a«/3  =  a«/3+a/3a+/3a«  =  0,* 
hence  y,  is  an  imaginary  cube  root  of  unity. 

If  now  %,j  are  Sylvester's  special  Rolntions  (since  the  i,j  involntant 

does  not  vanish),  we  may  pnt  for  a,  fi  (the  matrices  of  the  general 
solution), 

a  =  (ao+ait>a,t')  +  (6o+^i*  +  ^*');  +  (Go+Ci*+c,t') /, 

/3  =  (ai+a^>aJi»)  +  (6i+6;t4-6iOi-h(ci4-c;t>c;»')i»; 

and  if  we  write 


uiersfore 


a'  = 


«/?  = 


(A,  +A,  i+A,  O  +  CB.  +B,  t+B,  t')i+((7,  +0,  »+0,  t')i», 
(^J  +Ai  i+A',  i')  +  (Bi  +Bri+BJ  t')i  +  (Oo  +G{  i+Oi  f)f. 
(Ai'+An  +  A^'P)  +  {B'o'+B['i+B;'i^)j+(G'o'+G;'i+Oi\^)j', 


*  This  follows  immediately  from  the  form  of  the  second  equation  in  the  catena 
Of  fi,  namely, 

0  »  (a«/B  +  a3a  +  i3o')-3iS3.o«-3-Sa.(a3  +  /Ba) 

+  3  (35a .  iS3- «^.  oi3) .  a  +  l  (3S>a-5o«) .  i3 

-  W^'^o  .  Sfi  -  ^S0  .  Sa^-9Sa  .S.a0  +  ZS.  a«3) 
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then   the  necessary  and  sufficient  conditions  expressed  in  terms  of 
these  coefficients  that  a  and  j3  shall  also  be  solutions,  are 

a^  =  /So  =  0,     A^  =  Sfa'  =  0, 

aoaJ+(aiaJ+aJa,)  +  (6ocJ+5Jco)+X'(6ic5+5lc,) 
-hX  (6,cI+6J(h)  =  S  .  a/3  =  0, 

-hX  (B,c[  +  KO0  =  S.a*(i  =  0,. 

a.iU+(M;+^l«.)+(toOi+5;cb)+x'(6,o;-hi?;c) 

-hx  (6,a;+Bj(H)  =  /8.o/?  =  o, 

+X(5,(7,H-i?,(H)  =  i8.a»  =1^ 

aiAi^(ciAi^a;A{)  +  (bJOi-hBicJ)  +X«  (feTOJ+PIcJ) 

+X  (6;Of-h^,cO  =^./3'  =  l, 

iU'^'+a4r^2'+25J'0i'+2X«K'Cfr+XB;'0r  =  S(a/3)»=  0. 

If  the  latent  function  of  the  corpus  m,  n  is 

Det.  (x'^ym'{-zn) 

=  ix^-\~SBafy+S0x'z-\-SDxy^'\-eExyz-\'SFx2^-\-0i^'^Snyh 

-k'^Kyz'^'Lsf, 

then  B=:  Sm,  0  =  Sn, 

D  =  i  (36'»m-.igm«),     JS?  =  ^  (3/Sfm  .  Sn-^S .  mn), 
^  =  ^  (SS'm-iSw*),      (?  =  fiSf'm-  ?fifm  .  Sm*  +  iSm», 

As  given  by  Sylvester,  the  first  9  conditions  are 

5  =  0,     0  =  0,    D  =  0,     ^  =  0,     F  =  0,    H=0,     £:=Q, 
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ftfid 
This  gires 


6r=sl,    i  =  l. 


It  is  erideni,  from  the  above  values  of  the  coefficients  of  the  hitent 
function,  that  these  conditions  are  equivalent  to  9  of  the  conditions 
as  given  hy  me.  Sjlvester's  10th  condition  is  that  the  coefficient  of 
ffm  in  the  identical  equation  of  mn  shall  vanish.  This  coefficient  is, 
however,  |  [3£f .  mn-^S  (mn)*]  ;  and,  as  8 .  mn  =  0  (which  follows 
from  J?  s  0,  (7  ss  0,  JBf  =  0),  Sylvester's  10th  condition  reduces  to  mj 
10th  condition,  namelj, 

S .  (mny  =  0. 


4.  Eaopreision  for  the  vnvohitanU^  of  two  matrices  in  terms  of  the  sums 
of  the  latent  roots  cf  products  of  powers  of  the  matrices. 

For  simplicity,  I  consider  the  involutants  of  the  two  quaternions 
q  and  r ;  but  the  form  of  the  involutants  for  matrices  of  higher  order 
is  at  once  evident,  and  the  same  demonstration  applies  in  any  case. 
If  the  q,  r  involntant  vanishes,  then 

Q=(a'{-bq)^ic+dq)r=^0, 

for  some  value  of  the  scalars  a,  &,  c,  d.    Therefore 


SQ  =  0,      8,qQ  —  0 
/y.rG  =  0,     S.qrQ 


=  0, 
=  0) 


(A). 


The  resultant  of  equations  (A)  is 


1,  8q,  8r,  8.qr 

%  8q\  8.qr,  8 .  q  (qr) 

8r,  8.rq,  8f*,  8.r(qr) 

S.qr,  8.(qr)q,   8,(qr)r,  8.(qry 

I  is,  of  course,  a  multiple  of  the  9,  r  involutant. 

It  is  readily  seen  that  the  equations  (A)  do  not  all  coexist,  unleoi 
Q  =  0.     For,  otherwise,  from  equations  (A),  we  obtain 

•  See  note  t»  p.  73. 
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for  any  values  of  theecalars  x,y,z,to  ;  and,  if  (3:5^0,  a;+yg+«r-hw(gr) 
may  be  any  quaternion ;  hence 

8  (BQ)  =  0 
for  any  qnatemion  E,  wliicli  is  impossible  unless 

0  =  0. 

For  let  the  two  quaternions  i,  j  be  such  that 

then  the  involutant  of  t,  j  does  not  vanish.*   Let  the  expression  for  Q 
in  terms  of  (1,  tjl,  j)  be 

Q=(il-hBt)-h(0+Dt)i; 

then      A  =  8Q  =  0,  B  =  8,tQ  =  0y 

C=S.Qj=z8,jQ  =  0,    D=  S.iQj  =  8(ji)Q  =  0. 

Hence  I  vanishes,  if  and  only  if  Q  =  0 ;  and  consequently  I  is  some 
power  of  the  involutant  of  g,  r. 

The  involutant  of  r,  q  is  similarly  the  resultant  of  the  equations 

flfO'=0,     8.rQ  =  0,     ^.gQ'  =  0,     8.rqQ'=iO, 

where  Q'  =  (a'  4-  h'r)  4-  (c  +  (Tr)  q, 

a',  h',  c\  cT  being  scalars.     If  /  denotes  this  resultant,  then 


/  = 


1,  Sr,  8q,  8,qr 

8r,  8r^,  S.rq,         8.r(qr) 

Sq,  S.qr,         8q\  S.q(qr) 

S.rg,  8,(rq)r,  8  .  (rq)  q,  ^  .  (^)' 


•  The  same  method  employed  in  §  3  to  show  that  the  involatant  of  t ,  J  does  not 
vanish  for  the  two  nonions  •  andy,  for  which 


may  be  applied  to  show  that  the  «,  /  inyolutant  of  two  matrices  i^j  of  order  m  does 

not  vaniah,  if  8 .  •**>*  =  0, 

for  all  values  of  ^  and  q  from  0  to  ««—  1,  except    p  ^  q  —  0, 
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And,  since     8  ,qr  =i  8  .rq,     8  ,r  (qr)  =  8  .r  (rgf),  Ac., 
hence  I  =  J. 

It  18  of  interest  to  obserre  that  the  inyolatant  of  the  two  qnater- 
nions  vectors  a,  /3  is 

It  is,  of  course,  otherwise  evident  that  the  involutant  must  be  some 
multiple  of  a  power  of  TJVafi. 

The  m,  n  involutant  of  the  two  nonions  m  and  n  is  the  resultant 
of  the  equations 

flfjf=0,         iS.mlf=0,         iS.m'JfssO, 

8.nM=0,      8.mnM=0,       S.m^nM=0, 

S.n*Jf  =  0,     iS.mn'M=0,      S.mVJf=0, 

where  M=z  (o^  C4,  a,, ...  Ogjl,  m,  m' Jl,  n,  n')  ; 

and  the  n,  m  involutant  is  the  resultant  of  the  equations 

iS.n3f'  =  0,      iS.nw3f'=0,       i8.nm«M'  =  0, 
iS.n«ir=0,      flf.n«m3f  =  0,      S.nWlf  =  0, 

where  JM"=  (oi,  a{,  o^,  ...  a^][l,  n,  n*  J  1,  m,  w*). 

Both  these  involutants  are  also  symmetric  matrices,  and  so  in  general. 
In  general,  the  m,  n  involutant  J  of  two  matrices,  m  and  n,  of  the  third 
or  higher  order,  is  not  equal  to  the  n,  m  involatant  /  of  the  matrices. 
For  the  two  nonions  m  and  n,  I  find 

8  (mWmn)  =  8  (n*m^nm) 

to  be  a  sufficient  condition  that  1=^  J;  for,  then,  on  comparing  the 
determinants  I  and  /,  it  will  be  found  that  every  constituent  of  the 
one  is  equal  to  the  corresponding  constituent  of  the  other. 

5.  Proof  of  the  theorem  thai  the  latent  roots  of  mn  and  wm  are 

identical. 

This  theorem  has  been  given  by  Sylvester  {Johns  Hopkins  Oircs,^ 
Vol.  III.,  p.  8)  for  matrices  in  general,  and  earlier  by  Tait  {Elements^ 
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Gliap.  v.,  p.  103),  and  probably  by  Hamilton,  for  matrices  of  the 
third  order. 

It  is,  of  course,  only  necessary  to  show  that  the  sam  of  the  k^ 
powers  of  the  latent  roots  of  mn  [i.e.,  the  sum  of  the  latent  roots  of 
(mny]  is  equal  to  the  sum  of  the  k^  powers  of  the  latent  roots  of 
nm  [i.e.,  the  sum  of  the  latent  roots  of  (nmy]'     ^^^ 

8  (m/ny  =  8 ,m  (nm)*"*  n  =  Sf . nm  (wm)*"*  =  8  (nmy. 


Note, — By  an  oversight  the  word  **  involutant "  has  been  used 
above  in  §4  for  ''square  of  the  involutant."  Thus,  the  above 
resultants  I  and  /  are  the  sqtuires  of  the  corresponding  involutants. 


On  the  Reversion  of  Partial  Differential  Expressions   with  two 
Independent  and  two  Dependent  Variables.     By  E.  B.  Eluott. 

[Bead  Dec,  nth,  1S90.] 

1.  The  theory  of  the  interchange  of  the  dependent  and  independent 
variables,  in  functions  of  the  derivatives  of  one  variable  with  regard 
to  another  of  which  it  is  by  supposition  a  function,  has  of  late  years 
been  studied  with  great  elaboration  on  the  basis  of  Prof.  Sylvester's 
new  discovery  of  reciprocants.  The  last  five  volumes  of  our  Proceed' 
xngs  abound  in  valuable  contributions  to  the  stndy. 

Mr.  A.  Berry,  in  his  paper  on  "  Simaltaneous  Reciprocants  *' 
(Quarterly  Journal^  1888,  p.  260),  has  initiated  an  analogous  theory 
as  to  the  reversion,  by  interchange  of  x  and  y  and  of  x  and  y\  of 
functions  of  the  two  sets  of  ordinary  derivatives 

dy      d}y      d^y  dif      ^y       d^y 

dx'     dx''     da^""      di"''     dx'^'     d^""' 

his  supposition  being  that  x,  y  are  connected  by  one  relation,  and 
x\  y  by  another. 

It  would  appear  that  the  theory  of  the  interchaDge  of  the  dependent 
and  independent  pairs  in  functions  of  the  partial  derivatives  of  two 
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^ 


with  regard  to  two  others,  the  four  being  connected  by  two 
relations  of  perfectly  arbitrary  form,  has  not  hitherto  been  dealt  with 
in  the  light  of  recent  researches.  It  is  on  the  development  of  this 
theory  that  I  now  propose  to  embark. 

2.  Let  X,  yhe  two  variables  connected  with  two  others  x'^  y  by 
two  relations 

/i  (^»  yy  »'»  yO  =  0,    /,  (aj,  y,  x\  yO  =  0, 

whose  form  is  immaterial  and  need  not  be  known.  We  may  regard 
either  ir,  y  as  independent  and  x\  y  as  functions  of  them,  or  x\  y  as 
independent  and  ar,  y  as  dependent.  It  is  required  to  investigate 
connexions  between  the  various  partial  derivatives  in  the  one  case, 
and  in  the  other.  Two  important  branches  of  the  investigation  will  be 
the  search  for  the  invariants  or  reciprocants  of  the  reversion, — ».e., 
functions  of  the  derivatives  which  have  the  same  form,  but  for  a 
simple  factor  in  the  two  cases, — and  the  consideration  of  the  reversion 
of  operators  linear  in  symbols  of  partial  differentiation  with  regard 
to  the  partial  derivatives. 

Let  us  once  for  all  denote,  for  zero  and  positive  integral  values  of 
r  and  #, 

1        dr^'x  I        iT-^'y 

r\8\   dx'dy''    r\8\  dx^'dy"" 

1        dr^'x  1       dr^'y 

r!  s\    dxTdy''     rl  si  dafdy*' 

by  Xr„  yr„  x'r„  yr„   rcspcctively. 

The  values  of  either  pair  of  first  derivatives  in  terms  of  the  other 
pair  follow  at  once  by  a  well-known  method  from  the  identity  of  the 
pair  of  equalities 

dx  =Xifidx'-\'Xyidy\ 

dy  =  yi^dx^-y^dy, 

with  the  pair  eZx'  =  a^o^  -^-^idy^ 

dy  =  yiodx-\'yoidy. 
We  are  thas  given  that 

«io»io+«oiyio  =  1  ' 

yio«w+yoiyio  =  o 
yio«oi+ywyJi=l>' 
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so  that 

/  —      ^; — —    /  —    /  — ^lojfoi — ^yio —    ' ./      /«' ./    ^  ' 

yoi        «oi        yio    «io  «ioyoi— «oiyw 

The  sncoessiye  derivation  of  expressions  for  higher  derivatives  «!,»„, 
Vmn  IB)  ^J  means  of  the  operator  equivalents, 


(8), 


(2iB         d 


(4). 


which  follow  from  the  facts, 

l!^=      M(^.g)]-'   d (u,  y)  1 
(«,  y)  Id (x',  y)  3       i  («'.  y') 

>       ,,,,,,, 

dtt  ^      d  (tt,  g)  _  _  C  f?  (a;,  y)  *)  "'    (^  (u,  a?) 
%  d(aj,y)"       {d{x\y')i       d{x\y')^ 

In  this  way,  for  instance,  we  obtain  in  the  next  place  that 
«i>=      (»ioyoi-«biyio)"' 

X  {%  (yJiyjo-yoiyioyn + yloyoi)  -Voi  (yJi**)-  yoiyio«ii +y!o«o«) } 

(5), 

'ii  = — («ioyoi— %yio)""{«oi  (2yoi»oiy»-y««io+yio%  yii+2yioaJioyoi) 

— yoi  (2yoi%«io-yoi»io + yio«oi  «u + 2y,o«io««) } (6), 

*M  ^    (*ioyoi   *oiyio)" 

X  {%  (««y»o— «bi «ioyn  +  iPioyoi)  —  yoi  («oi«jo-  a^i«io^i  +  »io«oj)  } 

(7), 

yi  =    («ioyoi— «oiyio)"' 

X  { -»io  (yJi  y»o-yoiyioyii +ywy«) +yio  (yw«io-yoiyio«u+y?o«oi)} 

(8), 

yli  =  -(«ioyoi-%yio)'"  { -»io  (2yoi%yio— yoi  «io + yw^oi  yu + ^yi^^i^Viid 

+yio  (2yoi%«»-yoi»io+yio%  »ii+2yioaho»o«)} W> 

yi  =    (»ioyoi-«oiyio)"" 

X  {  -»io  (aiiyio-«oi»ioyii  +  ^oyoi)  +  y,o  (a5ia!w-%«io»ii +»Io»o») } 

V>-^Y 
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The  general  farmnbe  are 

m  !  (n+1)  !  xi^^i  =  9-3'-  {-(xy^ym-^yn)'^^]  i  qjj 

(m+1)  !  n!y;,„  =  3"3'-  {-(a^y.-2;„yj-'3f»} 
m !  (n+ 1)  !  3fl,^,  =  3-3'-  [     (aj„y„  — ««y«)"^a^} 

where  3,  3^  are  the  two  dexters  of  the  eqaivaleiices  (3).  In  theee 
identities  (11),  m  and  n  may  both  or  either  be  zero. 

3.  A  function  of  the  nnaccented  deriyatives  whose  equivalent  in 
terms  of  the  accented  is  of  exactly  the  same  form,  bnt  for  a  sign 
factor  at  most,  is,  in  accordance  with  the  nomenclature  of  analogous 
theories,  called  an  absolute  reciprocant.  A  function  whose  equivalent 
is  of  the  same  form,  but  for  a  power  of  the  Jacobian 

*ioyoi — ^1^10 

as  factor,  and  also  it  maj  be  bj  a  sign  factor,  is  called  a  reciprocant. 
If  there  be  a  negative  sign  factor,  a  reciprocant  is  said  to  be  of 
negative  character ;  otherwise,  of  positive. 

From  the  identities  (2)  we  have  at  once  the  means  of  writing  down 
five  fundamental  absolute  reciprocants  of  the  first  order,  namely, 

a=  log  (x^^yn-x^Vio) (12), 

l^=      («ioyoi-»oiyio)'*«« (13), 

y  =      («ioyoi-«aiyio)"*yio (i^)» 

^=      («ioy«i-««iyio)"*(»io-y«) (i^)» 

^=         (»ioyoi— «aiyio)"*(«io"fyoi)  (1^)» 

whose  characters,  respectively,  are 

"■ »         >     ■"  >     "■ ,     ■»"  • 
The  last  four  are  connected  by  a  relation,  namely, 

e«-^-4^y  =  4 (17). 

Thus,  in  one  sense,  the  four  of  negative  character  form  a  complete 
system  of  the  first  order.  There  must,  however,  be  two  not  explicitly 
known  reciprocants  whose  Jacobian,  namely, 

j  (»ioyoi-«oiyio)* (18)» 
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is  of  the  first  order,  to  which  order  they  mnst  themselyes  be  regarded 
as  prior,  depending  at  any  rate  partly  on  the  variables  themselves, 
and  not  on  their  derivatives  only.     Their  product  is 


11  («ioyoi-«oiyio)*^'%'  =  I  [  {dandy dxdyj 


=  [[WoyJi-«;yro)*^rfy (19). 


Their  importance  ondoabtedly  underlies  the  theory  of  the  reciprocants 
i3>  y»  ^9  ^9  ^^^  ^  ^^^  <^Q  ^  deduced  from  them,  just  as  the  ordinary 
reciprocant,  I  ^tdx^^Boi  capital  importance,  in  Professor  Sylvester's 
theory. 

4.  The   following    is  the  central  theorem  as  to  the  eduction  of 
reciprocants  of  higher  orders  : — "  If  i*,  v,  to  are  three  absolute  recipro- 

cants,  then  ^  ^  is  another,  m  and  n  having  any  positive  integral 
or  zero  values." 

This  is  clear,  for  —  and  —  must  be  reciprocant  operators ;  or 

1        d^^*^u 
amin,  because  — ; — r    ,  ^  ,  ,  is  the  general  coefficient  in  the  expan- 
^^  m  I  n !  dv^  wuf*  ^ 

sion  of  an  increment  of  u  in  terms  of  increments  of  v  and  w. 
Accordingly,  since,  as  in  (4), 

d±  «.      d  (0,  w)     C  d  (p,  w)  ")  "* 
dv  d  (»',  y7   ^  d  (a ,  y*)  5 

and  d^^_d{^^^Mv^Y'^ 

dw  d  (x\  y)  I  d  {x\  y)  } 

it  follows  that 

i  (—  dw^dw  ^\"*  (dw  _^ §^  JL\\^ 

Wdx  dy      da  dyl      \dy'  dx'      dx  dy)  ) 

C  ldv_  dio^dw  ^\~*  ( dv^    d dv  J^\  7  "  /o^x 

Wdx'dy'      dx'  dy')     \dy   dx'      dx'dy'l)         ^     ^ 

is  the  type  of  an  infinite  series  of  absolute  reciprocants  educed  from  u 
by  means  of  v  and  w. 
If  (~1)**,  (—1)*",  (—!)*•  be  the  characters  of  m,  v,  w,  the  character 

of   J*!!!!L  is  (-l)«»*.*"*.-». 

2a 
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'S,  AiwpkrformiiMjbegiTeiitotlieaggxegmse  'di}  bf  aidof  tibe 
tiMMMvm  thai  the  Jaoobnn  of  two  mbaoliite  letipiofnta  is  a  led^io- 
cmcii.     Tbiii  is  clear,  for 

no  iimif  mnembering  the  last  eqnalitj  in  (2), 

(a^^yi-aiyi)-*  ^gi^  =  (a^y,-:^yj-4|i^ (21). 

•(«>y)  •v'ty) 

We  maj  ezprcM  this  bj  sajing  that  the  Jacobian  of  anj  two 
absolnie  reciprocaote  is  a  reciprocant  of  iiu2er  ^,  the  index  being  that 
power  of  ^wbym^^rnVm  ^  which  a  reciprocant  has  to  be  divided  to 
make  it  absolate. 

We  bare,  hence,  as  the  tjpe  of  a  sjstem  of  absolnte  redprocants, 
equivalent  in  the  aggregate  to  (20), 

X  {(^.y.-^yj-  {^±,-'^A)]\ (22). 

Again,  we  can  nse  the  absolnte  reciprocants  (13)  to  (16)  to  produce 
further  apparent  simplification.  Thus,  for  instance,  we  maj  replace, 
in  (22), 

(«i«y«— «oiyio)* 
i>y  ««»   Vi**   »io-yoi   or  «io+yoi- 

There  will,  it  is  naturally  to  be  expected,  be  pure  reciprocants,  i.e., 
rooiprooaats  in  which  the  first  derivatives  are  absent  and  higher  ones 
alone  occur.  Theorems  as  to  such  will  best  follow  the  investigation 
of  the  reversion  of  linear  differential  operators,  to  which  we  next 
proceed. 

6.  The  object  now  before  us  is  to  express  such  an  operator  as 

(Mjo  diCoi  (&r„  dy^o  dyoi  ay» 

HuppoHod  to  act  on  any  function  of  the  unaccented  derivatives,  as  a 
sum  of  multiplos  of  the  symbols 

d         d         d  d         d         d 


/>  3     *  t  »/>•••      j/>  J'>  J'» 


k 


dji'xo      dxii      ds»io        dy'io      dy^i      dy^o 
opcmting  on  tho  equivalent  function  of  the  accented  derivatives. 
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Let  £,  17,  f ,  V  ^  possible  simaltaneons  finite  increments  of  0,  y,  x\  y. 
The  pair  of  relations  connecting  them  may,  by  Taylor's  theorem,  be 
given  the  forms 

£'  =  «;o£+4ii?-hi4?+^n£»?  +  «M»?'+ (23), 

»?'  =  y!oi-i"^Ji»?+yi)?+yu4»i+y«i?'-f (24), 

or,  again,  the  forms 

£  =  aHof +%'?'+«»{'' H-»iif'l'+«oi'?''+ (25), 

'?  =  yior+yoi'?'+y»f+yiir'j'+yoi'?''+.i (26). 

Now,  the  forms  of  the  relations 

/i  («,  y, »',  y  )  =  0,    /,  (a?,  y,  » ,  yO  =  0, 

which  connect  «,  y,  a?',  y',  being  arbitrary,  we  may,  if  we  please,  look 
npon 

r  f         t         f  iff 

s?  '"iy     ^m  ^oi»  ^»»  •••  yi(h  yoij  yao>  ••• 
as  independent  quantities, 

and  upon  f,  ij',    ajjo,  «oi>  aj«,  ...  yw,  yoi,  yso>  ... 

as  quantities  dependent  on  them,  and  determinate  in  terms  of  them ; 
the  first  two  by  (23)  and  (24),  and  the  rest  by  the  equivalence  of  the 
relations  (25)  and  (26)  with  (23)  and  (24). 

Of  the  quantities 

a?io>  ^ij  •••  yio>  yoi>  ••• 

keep,  then,  all  constant  except  x^  to  which  give  an  infinitesimal 
variation  Ix^v  Moreover,  keep  \  and  i\  constant.  By  (23)  and  (24), 
we  get  under  these  circumstances 

l^  =  ^rfl< (27), 

V=0 (28); 

and  bj  (25)  and  (26), 

0  =  f  ^  r+ ^ ,'+ ^rn- ^rn'+ f?  ^"H- ...  I  «^ 

K.dXrt  dXrt  OXn  OXr,  OXr,  J 

+  {»,o  +2a^f+»iiV     +3aj«,r-f2aj,i£'ij'+a;ui|'"         +..•         }  «' 

(29) J 
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+  {         Vn  +yiif+2yMV       +y«r+2y„fi,'+3y„i,'»  +...}V 

(30). 

The  two  pairs  of  conditions  mnst  be  identical.  Expressing  this 
identity,  we  obtain  the  equivalences 

aXr,  aXr,  dXr,  dXr  OXr, 

^'%^^' (31); 

and 

dx„         dx„         dXr,         dx„  dx„ 

=  -  {y.o+2y„r+y„u'+3y„f«+2y„rn'+y„,''+ ... }  ry 

=  -J|rV (32), 

in  which  -r^,  is  indicative  of  strictly  partial   differentiation  of  the 

expressions  for  £,  17  in  (25)  and  (26). 

If  to  £  and  17,  in  the  right  of  these  equalities  (31)  and  (32),  we  give 
their  expanded  valaes  from  (25)  and  (26),  and  if  we  then  expand 
and  arrange  by  powers  and  prodacts  of  £'  and  ri\  the  multipliers  of 
products  obtained  must  of  coarse  be  equal  to  those  of  the  same  pro- 
ducts in  the  left-hand  members  of  the  equalities.  Thus,  we  conclude 
that,  for  any  m  and  n, 

^  =  CO.  £""1?'**  in  expansion  of 


dx, 


rt 


(33), 

^T  =  CO.  {""ii"*  in  expansion  of 

"«■+!  f='««^+^''''+2'^^+-}'  j^  {y..«'+y~'»'+2y«,r'+...}'*' 

(34). 
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We  have  tbas  the  means  of  obtaining  the  partial  differential 
coefficient  with  regard  to  Xr,  of  any  fanction  of  the  unaccented 
derivatives.  The  conclusion  is  thrown  into  a  very  simple  form,  as 
follows.  Add  (31)  to  X  times  (32)^  where  X  is  perfectly  arbitrary. 
On  the  left  we  thus  get  an  expression  in  which,  on  substitution  for 

r,  Af,  „',  xi,',  r,  XT,  ri?',  xTiy', ...  r"*ii'-,  xr-„'-, ... 

•  dddddddd  d        d 


^»io'  dyio'  dx^'  dy^i   dx^  dy^'  da;„'  %„'  *"  dx^n   dy 


mm 


we  obtain 

which  is  the  equivalent  of  the  operative  symbol  -7-^*     ^^^  same, 


then,  must  be  the  case  on  the  right.  In  other  words,  we  obtain  the 
equivalence,  in  which  on  the  left  the  operation  is  upon  a  function  of 
the  accented,  and  on  the  right  upon  the  equal  function  of  the  accented 
variables, 

4;=-«-'1f^^|} <''>• 

the  notation  on  the  right  being  symbolical,  and  the  meaning  being 
that  by  aid  of  (25)  and  (26)  the  expansion  as  a  sum  of  multiples  of 
products  of  powers  of  ^  and  V  is  to  be  effected,  and  that  then,  for 
every  product,  f*"!?'",  as  it  occnr»  linearly  without  a  X  factor,  is  to  be 

written  - — ,  while,  for  every  product,  Xf  "•ly'"  is  to  be  written 


«&«.'  '  '  " '  ^     ' dy 


mn 


In  precisely  the  same  way,  by  giving  y'„  instead  of  x'„  a  variation 
in  (23)  to  (26),  we  arrive  at 

J-—  =  CO.  i'"*  ly'"  in  expansion  of 

(36), 
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and  -^^  =  CO.  T^ij'"  in  expansion  of 


(37), 


and  at  the  general  conclusion,  symbolically  written  as  in  (35),  that 

^^=_f^}«+.|] (»)• 

To  obtain,  then,  the  transformed  linear  operator  equivalent  to 

it  is  effectual  to  put  f*"!?*  both  for  tt  ^^^  tt  for  all  values  of  r  and 
$  involved,  to  then  multiply  the  first  sum  by  —  ^  —  ^  3p,  and  the 

second  by  —  j-,  —X  -^,,  to  expand  the  result  in  terms  off  and  rf  by 

(26)  and  (26),  and  finally  in  the  expansion  to  put,  for  every  AfV*! 
,  and  for  every  {'"•j/'"  without  a  X, 


dymn 


dx, 


7.  With  a  view  to  the  utilization  of  these  formulas  now  arrived  at, 
it  is  important  to  notice  that,  by  first  notions  of  partial  differentiation, 

di"  di^dn''d[^^ 


(39); 


if     dij  dri'  '  dri 

dji     if  .  i^     ^1  —  0 

if  *  if  ii?'  •  if 

i^f     if  I  i]7.     ^  =  1 

if     iij  iiy'     ill 


for,  the  derivatives  ...  «„,  y^n  «r.,  yr«  ...  ^ing  all  regarded  as  con- 
stant, (23)  and  (24)  or  (25)  and  (26)  are  merely  two  equations 
eonnecting  (  and  17  with  $'  and  17'. 
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The  same  relations  may  also  be  written 

^  4^  ^      ir 

df dfi' df dtf' 

dt/  dS  drj^      ^ 

dii  drj  di       di 


dT     H_^    dn_ 
di  '  dri        dri  '  d( 


(40). 


8.  Let   us  now  first   apply  what  precedes    to  the    reversion  ot 
operators  included  in  the  form 

2(a+6r-i-c*)«;;j^  +  S(a'+6V+c'Oy;A  (41), 

where  the  summations  extend  over  all  positive  integral  (and  zero) 
valnes  of  r  and  s  for  which  r+9  >0. 

The  symbolical  form  of  the  reversed  operator  is,  by  §  6, 


-f-^-«f--fJ(S-4) 


-{^,+„|V,,|'|(|,+x|), 


which  may  be  written 


-}4^*^i}-"i''i+^'i-i 


6+6' f(«'  cK 


\(«   d^'^  di  dfi'^     \di   de      di  dv'l) 
2     \(iij  dj'      dij   dff'^     \dfi  dt      dri   dyfl) 


{ 


2      \di   df:       dH    dri''^     \d^    dK       di  dri'li 
2     \dn\dS     dff   dfi'        \d7i  di:     dfi  dnii 
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and,  by  (39)  or  (40),  is  consequently  eqoal  to 


6-6' 


pdi  dn       di{  di'  ,  x£ dj  dvf 

dj  dri       di   dtf  dj  ^_^  dn^ 

^   dS  dri       dri   d^  d^  dri       dti    dX 


2^-  ^ 


c—c 


d£  dri^  .  d^  di]^ 

d^  dr{          .V     df  dr[  dr\  dj' 

^^  — ^^           <C   dtj  dl  dri 

dt;  dri'      dr{  dH           dC  dri'  dri'  dH ] 


...  (42), 


The  operators  which  in  this  multiply  \  (6  —  6')  and  \{c'~c')  are  o 
some  complexity.     The  preceding  terms,  however,  represent 


-a[%.rXr,^-\-%.fy     ^ 


dx 


dy, 


}-«'{s. 


d     .  ^  d 


dx, 


ir$ 


r$ 


dy. 


} 


-i  (6+6-)  2 ,  *„  A  -1  (c+O  S  .  y,     ^ 


dx 


'r« 


rt 


dfy 


r$ 


Accordingly,  putting  c  =  c'  and  6  =  6',  we  obtain  the  formula  of 
reversion 

a2.aj;;^+a2.y;.-^+6s(ra.;,;^  +^-A} 
dXr,  dyr,  \        dxr,  dyrJ 

-^ci  \  sx'„  -z-r  -\-8y'rtj-r  \ 
I        dXr,       "^    dyr,  J 


=-^^{^^'^"^^-i:}-^'^{ 


d 


dyr,  J  I        dXr, 


rt 


—  I 
dyr,  J 


(43). 


*r$ 


rt 


The  operators,  therefore,  which  multiply  a,  a\  6,  c  on  the  two  sides  of 
this  identity  are  equivalent  in  pairs. 

Now,  a  function  of  either  unaccented  or  accented  derivatives  can 
have  two  kinds  of  homogeneity — in  su£&xed  x*a  and  in  suffixed  y's. 
It  can  also  have  four  kinds  of  isobarism — in  first  and  second  suffixes 
of  a;'s,  and  in  first  and  second  suffixes  of  ^*s.  Denote  by  t  (x),  i  (y), 
Ufi  (x),  117,  (a;),  Wi  (y),  w^  (y)  the  several  degrees  and  weights  of  a 
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fhnction  of  the  Tmaccented  derivatives,  and  let  t(a5')>  *  (y')»  ^i(^')j 
fto.  have  like  meanings  as  to  the  expression  in  terms  of  accented 
derivatives.    The  facts  now  arrived  at  may,  it  will  be  seen,  be  stated 

»(»')  =  -«'i(«)-w'i(y) 
* liy)  =  -  w^, (») -w^ (y) 
w^(x')'\-w,(y')=^i{x)^  

the  last  two  being  the  conjugates,  and  so  affording  verifications,  of 
the  first  two. 

For  instance,  the  meaning  of  the  first  equality  is  that  a  function  of 
the  accented  derivatives  which  is  homogeneous  in  those  of  x  has  for 
its  reversion  a  function  of  the  unaccented  derivatives,  throughout 
which  the  sum  of  first  suffixes  is  constant  and  equal  to  the  negative 
of  the  given  degree.  Similarly  for  the  others.  By  addition  of  the 
first  two,  we  see  that  the  reversion  of  a  function  which  is  homo- 
geneous on  the  whole,  is  on  the  whole  isobaric,  and  conversely. 

9.  Closely  akin  to  the  operators  reversed  in  the  last  article  are 

the  two 

Sf    d        ^      f    d 

ayr$  aXrt 

The  transformation  of  the  former  is 

-^•'^'■'•(i«i) 

=  — 2.«av.3 S.«/«  3 (45X 

whUethatof  "Z.yU^r  ^ 

^   da>'r. 


=  -2.r»,,T;; 2.ry„-- (46). 
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10.  A  funotion  of  the  second  and  higher  without  the  first  deriva- 
tives is  called  a  pure  function.  An  aim  in  the  sequel  will  be  to 
discover  properties  of  a  pure  function  P,  of  the  unaccented  deriva- 
tives, which  is  such  that,  for  some  value  of  the  constant  /lc,  the 
reversion  of 

is  a  pure  function  of  the  accented  derivatives. 
Now,  by  (2), 

*ioyoi— asjiyio    yoi       ssm        yw    «io 

may  be  written 


*X  l?r(V^)=0, 


d 


i^.,  f^  +/«»aoP  =  0 (47)  ; 

since,  as  will  be  seen  in  the  next  article. 


^^"^'  d^  ^  (»ioyoi-«oiyio)  "P]  =  0 

UM/QI 

J 

means  vt  (aJii'*  P)  =  0, 


i.e., 


g^+W..P  =  0 (48); 


since,  as  will  be  seen,  ^-^  =  —  ^loyw 

Once  more,         -r-r  {(aHoyoi- ^01^10)"'*^}  =  0 

ayio 

is  the  same  as  -z-t  (^i'o'*  -P)  =  0> 


i.e., 


dyio 

ciP 


dy 


^  -h^aJo^P  =  0 (49)  ; 


10 
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for  it  will  be  Been  that 

And  lastly,  — r  {{x.oVin-^myio)'^ P]  =  0 


IS 


Is  {©"'}=«• 


»•«•»  x7f»i"rP)=o, 


% 


01 


t^..  &+WoiP  =  0 (60)-, 


since  we  shall  see  that 


11.  For  settlement  of  the  points  here  assumed,  as  well  as  for 
future  use,  it  is  desirable  to  examine  more  closely,  by  separation  of 
the  first  and  higher  derivatiyes,  the  reversed  operators  which  are 

found,  as  in  §6,  as  the  equivalents  of  -^-7-,  tt  >  tt  >  t^  • 

<te,o     dasoi     ayio    dy^i 

As  the  reversed  equivalent  of  -j-r,  we  have,  by  (35), 

(toio 

t.e.,     -  {a^^f'+am J?'-f  ({-«iof -»oiO  } 

— «io  (£— »iof-%0-yio^  (5— «ioi'— a^oi»?0 

— «io  {^^  (i-«iof -»oi^')  +  ^^  ('?-yi«£'-yoii') } 

— ««  {^'5j7  (f-»io5'-«bi'»0+^'?'  ^  ('?-yior-yoi'»') } 
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that  18  to  say,  we  have 

d  ^    d  d  d  d 


dxU  ''dx,,     '-^'^'^dx,,     '^'"'^''dyio       """^yoi 

Sd  ^  d 


-%     2     (raj^;^ '^'nfr.-;^ } 

-«{^......[^^+,„^j} («), 

tbe  limits  of  the  last  snmmations  with  regard  to  m  and  n  and  r  and 
8  being  such  as  to  allow  the  inclusion  of  all  cases  for  which 

T^O  and   :^m,     ^4^0  and  >n, 

rH-54:2  and   ]^m+n— 2,  m4:l,  n^fO. 

#2 
In  like  manner,  the  eqniyalent  of  -j-y  ^ 

ctooi 

en  n  \ 

♦.e.,  — »ioyioi'-«ioyoi'?'-yw^^'~yioyoiV 

-yoi  {  ^'  ^/  (£-«ioi'-aroi'?') +^'''^  ('?-yioi'-yw'?') } 
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80  that 


d 


(faJi 


«ioyio  -jz — ^o2/oi  ^ — yJoT:: — Vioyoi 


(2d? 


10 


^01 


»yio  ayoi 


dx, 


dy 


} 


-yoi  S    jrajrt- i-»yr.:i [ 


,.^A_+,„3^JJ 


«fe»i-i,»       '  dy. 


the  limits  of  the  laat  sommations  being  as  in  (51). 


95 


(52), 


Once  more,  as  the  equivalent  of  -t-t  ^e  have 

dyvi 


t.6.. 


«.e., 


-  {»iof +  «wV  +  (5-»iof-«oi'70} 

c  a  A.  '\ 


.  d 


.   (2 


-%f '?'^/  (i-^ioi'-^oiO+V  ^,  ('?-yio5'-yoi»?0  ] 


1      £{ 


-  2"^'(^-*io^""^'»')*-^  (5-«iof-«oiV)('?-yior-yoi'?') ; 
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60  that 
d  d         %     d  d  d 

v4  o  ^  a 

r*#<a       dx„  r+«<«       (iy„ 

-«M    S    f«rf:5 +'y«3 ] 

(53), 

the  limits  of  the  last  snmmations  being  as  in  (51),  except  for 

m^Oj    » <t  1, 

instead  of  m  4^  1,     n  ^  0. 

And  lastly,  since  3-7  reverses  into 

dyoi 

1.0.,        — «»yioi'— ^yoi'^'-yioyoi^f-yJiV 

-»oi  ('?-yiof -yoiV)— yoi^  ('/-yiof-yw'/') 
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we  liave 

d   _ 


d  d  d         *    d 

0*10  dxoi  «yio       »yoi 


-yio  s    {wjr.^^ +^r'3 f 


dyr. 


} 


d       ,  d 


<^ym,— 1        dy 

with  limits  of  tbe  last  summations,  as  in  (53). 


'-}} 


(54). 


12.  Ab  a  first  application  of  this  last  article,  notice  that, 
used  in  §  10, 


partially 


dx 


r^o 


=  -«? 


10' 


10 


dxv 


^01  — 


10 


d         d        *. 

^io%»  3~r  2/ 10  —  ""^loyio'  *T~ryoi  —     ^i^f^ 


'10 


'10 


d 


T^  —      ^oyio>  ITT  *oi  —       ^oy©!'  "TT  2^10 


dxii 

d  _ 
•r-r^io  — 
ayio 


daii 


«yio 


'''      dyi 


yio= 


10 


2  a         ^^ 

2^io»        jIJ'  yoi  ""  ""  y  10  Vm 


^oyoi»  T^  yoi — ""  *oi  yoi 

"yio 


ayoi 


'oiyio»  1  /  % 

ayoi 


■~%yon  TT^yio 

ayio 


yioyoi»  377  yoi 

ayoi 


y©! 


(St) 


13.  We  can  now  exhibit  in  their  full  cogency  the  conditions  of  §  10, 
that  the  reversion  of 

(«'ioyoi-*oiyio)"''-P 

be  independent  of  all  the  first  derivatives 

/       /       /       / 

^io>  ^i>  yio»  i/oi' 

For,  upon  inserting  in  (47)  to  (50)  from  (51)  to  54),  we  get  vanishing 
expressions  in  which  the  terms  free  from  first  derivatives  and  the 
terms  multiplying 

^io>  ^01'  yio»  y©! 

VOL.   XXII. — NO.   405.  H 
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mnst  separately  vanish,  since  no  term  of  any  one  set  can  go  out 
against  a  term  of  any  other.  The  conclusions  are  found  to  be  that 
the  pure  function  P  must  be  annihilated  separately  by  each  of  the 
twelve  operators 

S.aj„/-+S.ra5„/-+S.r2/„-^ ^ (56), 

dx„  dxr,  dyr, 

S.yr.  ^ —  +  S.raj„-— -hS.ry„ /x (57), 

dyr»  dxrt  dyr, 

S.ar^-r—  -\-%  .  8Xr,  ■^—  -\-%.syr,- /i (58), 

dxr,  dxr,  dyr, 

^'Vr^  3— +  2.fiaj^,  -     -  +2.^r,  T A* (50), 

dy„  dXr,  ^     dyr, 

2.a:„/-  (60), 

dyr, 

5.2/..^ (61), 

S.rar^, -f-S.ry,,  -= (62), 

2.«ar„ \'%.syr,  -z (63), 

22    rx^.r.n-Airr,- — '■ —  -hy„ 1  I  (64)^ 

22  I  ry^.r,n^,  I^^ZT—  '^V'-'  1 1  i  (^5), 

22    6-aj^.^,,,.,    iB^,- +2/"-, I  (<^6), 

22Uy^.^,„.,  [ir,,- -^Vr,^ 1  i  {^7), 

The  extent  of  every  sammation  may  be  concisely  expressed  by 
saying,  that  both  in  the  coefficients  and  the  symbols  of  partial 
differentiation  none  but  second  and  higher  derivatives  occur,  and  that 
no  possible  term,  with  such  a  limitation,  is  absent. 
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Of  the  twelve  annihilators  it  is  not  at  once  clear  how  many  are 
independent.     The  first  four  are  equivalent  to  three  onlj,  since 

(56) -(57)- (58) -h  (69) 
is  identioallj  zero. 

14.  Most  of  these  annihilators  admit  of  ready  interpretation. 

The  first  four  (three  independent)  express  facts  with  regard  to  the 
degrees  and  weights  of  P ;  namely,  that  throughout  P  the  degree  in 
derivatives  of  x  is  equal  to  that  in  derivatives  of  y,  that  the  sum  of 
first  suffixes  (of  a;*s  and  y's  together)  is  equal  to  the  sum  of  second 
suffixes,  and  that  the  sum  of  either  of  the  equal  degree  sums  and 
either  of  the  equal  weight  sums  is  constant  and  equal  to  fi.  These 
may  be  expressed 

i  (x)  =:i(y)=:  fi^w^  (x)-w,  (y)  =  fi-w^  (a?)-M;j  (y)  ...  (68). 

That  these  equal  characteristics  are  all  constant  will  be  established 
in  the  following  article. 

Again,  (60)  and  (61)  tell  us  that  P  is  a  function  of  the  deter- 
minants included  in  the  system 


^«0'  ^n»  ^0l>  *80»  ^»  *18»  *08> 

2/io»  Vni  yo8>  y8o»  Vfi'  yif»  yos> 


(69); 


in  other  words,  that  P  is  unaltered,  but  for  a  power  of  the  modulus 
by  any  linear  transformation  of  the  cogredient  pairs  of  quantities 
«»>  yjo;  «in  Vn  ;  a^c*.  2/«;  ••• ;  ^^^^  ^^  to  say*  ^7  ^^^^  *  substitution  as 


(70). 


x-^-px'  -{-qy'  +r  =  IX-^-mY  ^ 
y+pV  +  ^y-hr'  =  Z'Z  +  m'rJ 

Once  more,  (62)  and  (63)  require  that  P  be  a  full  invariant  of  the 
two  systems  of  quantics 


(71), 


(yw  yji.  yu.  y*)  {^,  n')' 

H  2 


(72). 
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'    asi  Xirz^z...^  »_,  — —  ...(73), 

K,  =  lS«„x..,^.— i- (74), 


/, 


yf  f^'ir^  nyi:\intu$tM  m  Usrukirj  reciprocmnU.     A  detailed  ttadj  of 
/y/ft#Mr«i//fi  w/ttld  oiid/MibUfdJj  be  prodoctiTe  of  ralnable  resnlta. 


I'V  /t  will  fi//w  \m  «0tobluih«d  that  tbe  pare  fnsedoiu  PaadP' 

irbi'jii  Miiikfy 

(xy,y^-x^y^r-P^F (75), 

M^liiffh  rn*jr  Mliki  be  wriiUm 

(«i.y«i-«.rtyio)'*'P=  (^yi-«;yi,)-*-F (76), 

01'.  iH(iiln,  P  =  (aJwyoi-«o,y;o)-'-P (77), 

tiHiNt  bft  niMHiNMiirlly  ilio  «amu  functions  of  the  unaccented  and  accented 
ilurivtiilvnN  roMpootif oly ;  in  other  words,  that  such  a  Pis  a  pure 
i*tiiil|)ii>oiiiit  in  two  indepundont  and  two  dependent  variables. 

/'  nuiNt  bo  hoiiio^onoouH,  and  isobaric  both  in  first  and  in  second 
MtiflUfm,  by  thit  fiu^t  that  it  in  an  invariant  of  the  system  of  qnantics 
(71 )  aiui  (7*J).  Moreover,  by  a  particular  case  of  the  invariant  pro- 
porty  l\)r  imnHforniationM  (70),  V  is  unaffected,  except  perhaps  at  to 
mIku,  by  i\\%^  inttm^lumifo  of  jt  and  i^.  Thus  the  relations  (68)  may 
bo  roplaoml  by  tho  far  more  Htrinp^nt  ay  stem 

VN<\  (a)  -  '2^i\  (y)  =  *Jirt  (j^)  =  2ir,  (y) 

=  ^»  — •  (.r)  =/i  — I  (y)  =  constant    (78). 

K\U'  t^xMoUy  (bo  HAU\o  itHUHntu^  rt^$*«u\liug  (77)  inst^^d  of  its  equivalent 
^'♦^^\  tho  Ukt*  frtotsH  boUl  <^s  to  tho  oharaot eristics  of  P:  vii. 


■•% 


^  ^     i  V-r^  ==  *»~i  \>,>^  =  vvustAnt (79). 

rW\\M^»uui  \Kytv\>*  A*ul  wvij^rbis  v>f  F  mvLsu  :uoreorer,  be  the 
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as  those  of  P.    For,  with  regard  to  P, 

l(«)=/i— tt7l(aj)-tt!i(2/) 

=  |i  + degree  of  («ioyoi— «oiyio)'''P'  in  suffixed  aj's, 
by  (44)  and  (77), 

where  *  (»  )  refers  to  P', 

=  »'(«')   (80). 

Thus,  the  equal  constant  characteristics  in  (78)  and  those  in  (79)  are 
equal  to  the  same  constant. 

That  P  and  F'  are  of  the  same  form  may  now  be  seen,  as  follows. 
We  observe  that  the  equalities  (5)  to  (10)  may  be  expressed  by 
saying  that,  for  the  values  2,  0 ;  1,  1 ;  0,  2  of  r  and  «, 

X(l'y-mx)  (81), 

rlsly'..=  (..,,«-.«y.,)-'-'  {m'£,-m±y  {-l'£,^l^)' 

X(-ly-tvix)     (82); 

in  which,  after  the  operations  are  performed,  I,  l\  m,  m  are  given  the 
values  ajjo,  «,„  y^^  2/oi- 

It  is  to  be  observed  that  the  second — i.e.,  (r-h»)"* — derivatives  of 
z  and  y  are  involved  linearly  in  these  expressions,  and  that  there  is 
no  term  free  from  them. 

Now,  referring  to  (3),  i»^+i,„  2/r+i,«  are  derived  from  a;^,,  y'r,  by  the 
operator 

ancl  «;,,+„  y;  ,^1  by  the  operator 

1     ,  x.i  /  ^    i        d  \ 
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Bj  repetition  of  these  processes  of  derivation  we  obtain,  in  the  Dota- 
tion of  (81)  and  (82),  that  for  higher  values  than  2  of  the  snm  r+* 
the  values  of  rlslxr,  and  rlsly'r,  consist  of  terms  given  by  the  ex- 
pressions on  the  dexter  of  (81)  and  (82),  which  are  accordingly 
linear  in  the  (r+s)"*  derivatives  and  involve  besides  only  first  deri- 
vatives, with  the  addition  of  terms  which  are  of  higher  degree  than 
the  first  in  second  and  higher  derivatives. 

Now,  (aao2/oi~"%yio)''*^  being  a  function  equal  to  P'  and  so  homo- 
geneous, and  of  degree  i  say,  in  the  values  of  a?^,  yi,  ...  Xr„  y'm  ...» 
which  is  also  homogeneous  and  of  the  same  degree  i  in  x^,  y^,  ... 
»r.,  yr«»  ...»  it  follows  that  the  additional  terms  not  written  in  (81)  and 
(82),  as  these  could  only  give  rise  to  terms  of  degree  higher  than  i, 
must  cancel.  P  will  therefore  be,  but  for  a  power  of  x^Qy^^-'Xf^i'y^Q  as 
factor,  the  same  function  of 

for  different  values  of  r  and  s^  as  F*  is  of  aj^„  y^„  and  the  other  corre- 
sponding accented  derivatives. 

But,  whatever  z  be, 

A-.lni—^m—\  f-Z'— -hZ  — V- 
r!  5!  \      dx'         dyl    \        dx        dyl 

+  (-l)-'(r+»-l)!  1!  (zA+m-|-,)  (m'T') «...-,., 

=  CO.  I'll'  in 

.%...«  (m'f-iV)"'+«r,.-i..  (wT-?V)"'-'  (-  »»4'  +  i'»') 

+  ^...,,,('n'^-?V)-"-'(-TOt'  +  Z,')'+ (85). 

Aocordmg]y,  restoring  to  Z,  Z',  w,  »i'  their  values,  we  see  that  P  is, 
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but  for  a  power  of  fPioyoi^^yio  ^-^  factor,  the  same  function  of  the 
various  coefficients  in  the  set  of  pairs  of  qnantics 

(    ^.ly^o-yoiaj^,     a^it/n-yo,^„,     x,,y^-yoxm^:) 

X  (yoi  S'  -  «oi  Tl\  —  yioi' + Xioriy 
x(yoif— «oiV,  —yiof +  35,017')* 

(    «biya)— yoi«3o,     3^,1^21— yoia^i,     ^01^12— 2/01  ^i2»     ajoiyco— yoiasos]) 

X  (2/01J'— a^iV,  —  yioi'+aJioV)' 
&c.,  &c. 


(86), 


(87). 


as  P'  is  of  those  of  the  set  of  pairs  of  qnantics 

(«i),  aj-ji,  iula,  ic^e])  (w,  v)' 

<S;c.,  <&c. 

We  know,  however,  by  the  invariant  property  expressed  by  (62) 
and  (63),  and  by  that  expressed  by  (60)  and  (61)  (c/.  §  14),  that  P  is 
the  same  function,  but  for  a  power  of  i»iot/oi— a^iyio  as  factor,  of  the 
coefficients  of  the  pairs  of  qnantics 

(iCao,  Xuj  oc^^  (f ,  17')* ' 
(2^20,  yiiy  yo2^  (f ,  v'y 

{'Xw,  3^21  J  «12,  ^03])  (r,  »?')' 

(yao,  y2i,  ^12, 2/«0(^»O'. 

<S;c.,  &c. 


(88), 


as  it  is  of  the  pairs  of  qnantics  (86). 
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Hence,  finally,  in  (76),  (76),  or  (77),  P  and  P'  are  the  same 
functions  of  the  nnaccented  and  accented  second  and  higher  derira- 
tives  respectively. 

16.  Any  discussion  of  the  multiplicity  of  pure  reoiprocants  P,  - 
whose  existence  is  here  conditioned,  must  find  place  in  a  possible 
future  communication.     The  investigation  will  naturally  be  on  the  ' 
lines,  and  by  aid  of  the  results,  of  my  papers  on  pure  cyclioants.     I 
here  note  only  the  first  specimen, 

(««)yii— «iiy2o)(a?ii2/(B— a'a2yii)— (a^yo2— aj«y»)* (W), 

the  eliminant  of  the  first  pair  of  quantics  in  (88).     It  may  also  be 
written 

4(aj2o««— iaj?i)(y«t/M— iyu)--(ir2oy(B+«o2yio— i^ahiyn)*  ...-.(91), 

« 

in  which  form  its  connexion  with  the  first  pure  oyclicant  «»aJb2~i«u 
is  exhibited. 
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I.  Subject-matter  of  Newton  s  Tract. 

1.  The  Enumeratio  linearura  tertii  ordinis,  first  published  by 
Newton  in  1704  as  an  appendix  to  his  Opttcks,  contains  the  earliest 
attempt,  to  apply  the  methods  of  analytical  geometry  to  an  ex- 
haastive  classification  of  cubic  curves  in  a  manner  analogous  to  that 
in  which  oonics  are  divided  into  three  species.  I  propose  to  give 
ail  outline  of  Newton's  argument  so  far  as  it  is  concerned  with 
cubics,  to  compare  it  with  his  earlier  treatment  of  the  subject  as 
indicated  by  manuscripts  in  the  Portsmouth  collection,  and  to  conclude 
with  a  few  notes  on  the  history  and  bibliography  of  the  subject. 

'2.  The  essay  on  cubic  curves  is  the  first  appendix  to  the  Opticks  ; 
the  second  appendix  being  the  tract  De  Quadratura  Curvarum.  In 
th^  advertisement,  which  is  prefixed  to  the  book,  Newton  explains 
the  reason  of  his  appending  to  a  work  on  optics  propositions  on  the 
quadrature  of  curves  and  on  the  subject  of  cubics  by  saying :  "  Some 
Yearsago  I  lent  out  aManuscript  containing  such  Theorems,  and  having 
since  met  with  some  Things  copied  out  of  it,  I  have  on  this  Occasion 
made  it  publick.  .  .  .  And  I  have  joined  with  it  another  small  Tract 
concerning  the  Curvilinear  Figures  of  the  Second  Kind,  which  was  also 
written  many  Years  ago,  and  made  known  to  some  Friends,  who  have 
solicited  the  making  it  publick.*' 

It  is  not  known  at  what  time  the  earliest  of  his  manuscripts  on 
cubic  curves  was  written,  but  there  is  some  reason  for  thinking  that 
it  was  before  1676.  It  is  probable  that  the  manuscript  from  which 
the  edition  was  printed  was  written  in  or  after  1695. 

3.  The  essay  as  published  is  a  catalogue  of  results,  and  it  is 
possible  that  it  was  issued  rather  with  the  view  of  establishing  the 
priority  of  Newton's  investigations  than  as  an  exposition  of  the  sub- 
ject. No  proofs  of  the  propositions  are  given,  and  such  explanatory 
remarks  as  are  occasionally  made  with  a  view  of  showing  how  the 
results  may  be  demonstrated  are  very  concise.  In  fact,  the  tract 
occupies  only  twenty-four  pages. 

4.  Newton  divides  cubics  into  fourteen  genera.  These  genera 
comprise  seventy-two  species,  to  which  we  ought  to  add  six  addi- 
tional ones  which  are  left  out  from  his  enumeration.  In  the  tract,  a 
diagram  of  a  curve  of  every  species  is  carefully  drawn,  and  these 
diagrams  (except  for  the  six  species  omitted)  present  to  the  eye  the 
figures  of  all  the  possible  forms  of  cubic  curves,  when  degenerate 
forms  are  not  taken  into  account. 
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The  method  of  classification  is  uniform,  simple,  and  intelligible 
to  any  one  acquainted  with  the  elements  of  analytical  geometry  and 
of  the  theory  of  equations.  These  are  great  merits.  MoreoTer,  the 
arrangement  into  genera  is  not  only  easy,  but  leads  at  once  to  the 
characteristic  properties  of  the  cnnres.  Thns,  apart  from  its  his- 
torical interest  as  being  the  earliest  systematic  discussion  of  a  group 
of  curves  of  a  degree  higher  than  the  second,  the  essay  is  well  worthy 
of  carefnl  study. 

5.  The  tract  is  divided  into  seven  sections.  In  the  first,  which  is 
on  the  orders  of  lines,  Newton  explains  that  the  orders  of  lines  are 
measared  by  the  degrees  of  their  respective  equations  :  but  (since  he 
does  not  reckon  a  straight  line  as  a  carve)  he  describes  conies  either 
as  lines  of  the  second  order,  or  as  carves  of  the  first  genus.  Similarly, 
cubics  are  described  either  as  lines  of  the  third  order  or  as  carves  of 
the  scK^ond  genns. 

In  the  second  section  he  treats  of  properties  of  cubics  analogous  to 
those  of  conies. 

In  the  third  section  he  shows  that  the  equation  of  a  cubic  always 
can  be  written  in  one  of  four  canonical  forms :  namely, 

«y*  +  ey  =  ajc'-htx'-l-ra  +  d (i.), 

xy  =  ax^'{-hx^-^cx'\-d  (ii-)* 

y*  =  oj^-^-bx^-^-cx  +  d (iii-)» 

or  y=  €U[^+bx^'\-cX'hd (!▼•)• 

These  equations  are  hereafter  alluded  to  as  forms  (i.),  (ii.),  (iii.), 
and  (iv.)'  ^^  ^^^^  section  he  also  describes  his  nomenclature.  He 
designates  the  various  classes  of  carves  discussed  as  hyperbolas  and 
parabolas,  and  distinguishes  them  from  the  conic  sections  by  prefix- 
ing descriptive  adjectives.  This  terminology,  though  it  still  remains 
in  UBO,  is  neither  clear  nor  convenient. 

In  the  fourth  section  he  discusses  the  nature  of  the  curves  indicated 
by  these  several  equations,  and  he  divides  the  curves  into  species  by 
considering  the  maximum  and  minimum  values  of  x. 

In  the  fifth  section  he  enunciates  the  remarkable  proposition  that, 
juHt  as  the  shadow  of  a  circle  cast  by  a  luminous  point  gives  rise  to 
all  the  conies,  so  the  shadow  cast  by  a  luminous  point  of  the  curves 
represented  by  the  equation  y^  =  ax^-\-hx^'\-cx-^d  gives  rise  to  all 


1890.]  Newton's  Classification  of  Cubic  Curves,  107 

the  cubics.  He  also  refers  to  double  points,  both  in  the  plane  and 
at  infinity. 

In  the  sixth  section  he  treats  of  the  description  of  curves,  especially 
of  cubics  satisfying  given  conditions. 

In  the  seventh  and  last  section  he  deals  with  the  graphical  solution 
of  problems  by  the  use  of  curves. 

6.  The  subject  of  this  paper  is  an  account  of  the  earlier  investiga- 
tions  of  Newton  on  cubics,  as  contained  in  his  unpublished  manu- 
scripts and  memoranda;  a  description  of  the  methods  used  in  the 
third,  fourth,  and  fifth  sections  of  the  tract;  the  results  arrived 
at ;  and  the  subsequent  history  of  the  subject,  so  far  as  it  is  con- 
cerned with  Newton's  method. 


II.  Reduction  of  Cubic  Curves  to  One  of  Four  Canonical  Forms. 

7.  The  first  problem  in  the  classification  of  cubic  curves  is  the 
reduction  of  their  equations  to  four  canonical  forms.  To  effect 
this,  Newton  originally  (in  the  first  rough  draft  of  the  essay,  which  is 
described  later)  chauged  the  origin  and  axes,  and  he  has  left  two 
independent  proofs  of  this  method.  In  the  tract  as  published,  he 
solved  this  problem  by  a  process  which  depended  on  finding  the 
diameter  conjugate  to  an  asymptote. 

8.  The  first  of  these  methods  is  by  transformation  of  coordinates. 
Before  describing  the  details  of  the  procedure  adopted  by  Newton,  I 
may,  for  convenience  of  future  reference,  indicate  briefly  the  necessary 
steps.  The  general  equation  of  a  cubic  curve  in  cartesian  coordinates 
(which  for  simplicity  we  will  suppose  to  be  rectangular)  is 

u,+ti,-|-t*j  +  Uo  =  0. 

The  cubic  equation  t*8  =  0  determines  the  directions  in  which  the 
curve  is  cut  by  the  line  at  infinity.  At  least  one  root  of  this  cubic 
equation  is  real.  If  there  is  only  one  real  root,  the  line  determined 
by  that  root  is  taken  as  the  axis  of  y ;  similarly,  if  there  are  three 
real  roots  which  are  not  all  equal,  the  line  determined  by  that  root 
which  is  not  equal  to  the  other  two  is  taken  as  the  axis  of  y.  In 
either  of  these  cases  x  will  be  a  factor  of  t*,,  but  x*  will  not  be  a  factor 
of  M,;  hence  ti,  will  take  the  form  x  (Aa^ -\- Bxy -\- Cy*)  ^  where  0  rjfc  0. 
In  the  case  where  the  three  roots  of  ttj  =  0  are  all  equal,  the  direction 
given  by  the  roots  is  taken  as  the  axis  of  y,  and  u^  will  than  t^.kft  tVvftk 
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ifffisi  As^.     Tbiu  the  eqojtlion  of  the  ctarwe  cmn  be  ml  wars  wntten  in 
th«  form 

whare  whiter  C^O.  or  B  =  0  and  C  =  0. 

FiMft,  woppr^ge  C  :^  0 ;  then,  if  the  origin  is  changed  to  a  point 
(  V*  ^/}i  ^e  can  choose  p  and  q  to  make  the  coefficient  of  xy  (namely, 
2/^  +  26'^  +  /^),  and  the  coefficient  of  y*  (namelj,  Cp+G)  vanish; 
liMiXif  if  the  axis  of  ^  is  tnmed  through  an  angle  arctan( — B/2C)^ 
and  the  axis  of  y  is  kept  unaltered,  the  coefficient  of  o^  will  vanish, 
and  the  c:qnation  takes  the  form  (i.). 

Next,  suppose  B  =  0  and  C  =  0 ;  then  we  have  three  cases  : — (a)  If 
O  ^  Of  we  can,  by  a  transformation  similar  to  that  described  in 
the  last  paragraph,  make  the  coefficients  of  y  and  of  xy  vanish,  and 
the  cqoation  takes  the  form  (iii.)-  0^)  But,  if  G  =  0  and  F^  0,  we 
can,  by  changing  the  origin  to  (—K/F,  0),  express  the  equation  in 
the  form  (ii.).  (y)  Lastly,  if  (7  =  0  and  F  =  0,  the  equation  takes 
the  form  (iv.). 

9,  Newton's  original  method  is  substantially  the  same  as  that 
given  above ;  but  the  algebraic  analysis  involved  is  more  complicated, 
ftince,  instead  of  first  taking  the  axis  of  y  parallel  to  an  asymptote, 
then  changing  the  origin,  and  finally  turning  the  axis  of  x  through 
some  conveniont  angle,  he  takes  the  general  equation  of  the  third 
dogr(;(),  and  changes  the  origin  and  the  direction  of  the  axis  in  one 
Mtep. 

T  lifid  intended  at  one  time  to  print  his  manuscript  as  it  stands,  but, 
(III  reading  it  again  carefully,  I  think  that  the  following  summary  of 
I)  In  motliod  brings  out  sufficiently  the  points  of  interest  in  it. 

10.  Afber  a  brief  description  of  the  meaning  of  coordinates,  and 
ihi'ir  UHo  in  determining  curves  by  means  of  equations,  he  says  that 
tlio  most  general  equation  of  a  cubic  curve  referred  to  rectangular 
axon  is 

«!'•  + /;«!;*  + err +  d5*  +  etr'-f/srv  4- ^2'  +  ^f  +  fcr +/  =  0, 

(s,  v)  bring  the  coordinates  of  a  point  on  the  curve.  He  then 
oluiiigoN  the  origin  to  a  point  (r,  5),  and  takes  as  axes  of  £  and  i| 
lincH  making  angles  a  and  /3  with  the  axis  of  ;;.  He  thus  obtains 
two  ix)lation8  equivalent  to  the  following: — 

c  =  »'  +  ;? COS  «-fi|  cos /5,     r  =  ^-h^sin  a-h?/ sin  p  (a). 
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[As  a  matter  of  faot,  he  does  not  use  the  trigonometrical  ratios,  but 
constmcts  triangles  having  one  side  equal  to  the  unit  of  length, 
and  having  one  angle  equal  to  a  or  j3,  as  the  case  may  be.  It  is 
only  to  save  circumlocution  that  I  here  use  the  trigonometrical 
functions.]     But,  instead  of  employing  these  values  of  z  and  v,  he  puts 

(  cos  a  =>  X     and     ij  sin  /3  =^  ^, 

and  thus  obtains 

2  ss  r+x-hy  cot 0=:  (8ay)r-|-aj-f5ry, 

and  v  =  «+ajtana+y  =  (say)  «-|-j>aj-|-i/. 

This  is,  he  says,  more  convenient,  because  he  can  give  p  and  q  any 
values  that  he  likes,  while,  if  he  used  the  f  ormulsB  (a),  he  would 
have  to  consider  whether  a  and  j3  were  so  chosen  as  to  make  each  of 
the  ratios  sin  a,  sin  j3,  cos  a,  and  cos  j3  numerically  less  than  unity. 
Moreover,  he  remarks,  that,  if  he  knows  the  relation  between 
X  and  y,  he  can  at  any  time  deduce  the  corresponding  relation 
between  £  and  17,  which  is  the  equation  of  the  curve ;  and  the  form  of 
the  equation  will  not  be  altered  by  the  change. 

Next,  he  substitutes  these  values  of  z  and  v  in  the  given  equation 
and  obtains  an  equation  in  x  and  y  which  has  no  less  than  84  terms. 
Se  takes  for  q  one  of  the  x^ts  of 

a-\-hq-hcq*+dq^=:0, 

and  then  in  terms  of  this  root  he  determines  values  of  p,  r,  and  a 
(and  the  expressions  for  them  are  neither  short  nor  simple)  which 
make  certain  other  coefficients  vanish.  He  thus  obtains  the  four 
canonical  forms. 

11.  The  algebraic  analysis  above  described  involves  considerable 
labour,  but  the  details  of  the  work  are  not  given  in  the  manuscript. 
Newton's  second  proof  by  transformation  of  axes  is  much  more 
ingenious.  The  analysis  is  printed  (I  believe  for  the  first  time)  in 
Appendix  L,  Arts.  89-96,  and  is  very  simple.  The  following  is  a 
summary  of  it: — 

Suppose  that  the  given  equation  of  a  cubic  (referred  to  AS,  and  Arj 
as  coordinate  axes)  is 

ar,»  +  6^V -f  c?iy -f  cK* -f  eiy* -f-/5»; -f  ^? -h  ^»;  4- Av' -f  ^  =  0, 
where  AB  =  4    and     BG  =  iy. 
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On  AB  take  a  point  D,  so  that 

BB  =  Tpn. 
where  p  is  a  root  of  the  equation 

a-f  6p"f  C3P*+<^i>*  =  0. 


Fio.  1. 


Therefore  the  triangle  BCD  is  determined ;  hence  BG  is  a  known 
multiple  of  DO,  say 

BO=^q.BG. 


Let 
Therefore 


AB^^x     and     DC^y. 
7)  =  qy     and     f  =  aj'  -^pn  =  x  -^pqy'» 


Substitute  these  values  of  £  and  tj  in  the  equation  of  the  cubic,  and 
we  obtain  an  equation  (in  x'  and  y'  as  current  coordinates)  of  the 
form 

hxY  +  cxy  +  d  «'» -f  eY  +/ Vy ' + gx''  +  Jiy  +  A;  V + T  =  0. 


•     (a)  If  6'  ^  0,  then  (see  Fig.  1)  on  GB  produced  take  a  point  E, 
so  that 

BE:  AB=z  c' :  26'. 

Tlierefore   the    triangle  AEB  is  determined ;    hence  AB  [or  ;i;'  is  a 
known  multiple  of  AE^  say- 


Let 


AB  =  n.  AE, 


AE  =  x'    and    EG  ^  y\ 
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Ill 


Therefore         a:' =  naj"    and   y' =^  y" -BE  -  y"  —  ^nx'\ 

Sabstltate  these  values  of  x'  and  y'  in  the  equation  at  the  end  of  the 
last  paragraph,  and  we  obtain  an  equation  (in  x'  and  y"  as  current 
coordinates)  of  the  form 

Next,  change  the  origin  to  (  —  w>  »   ""oJT')'  ^^**  ^®'  ^^  ^^  produced 
take  a  point  H,  so  that 


and  on  CE  produced  take  a  point  IT,  so  that 

EK:  1=/' :26"; 

and  complete  the  parallelogram  EHGK,     Hence,  if 

OK=:x  and  KO  =z  y^ 


we  have 


e 


// 


a"  =  «  -  v// ,    and  t/ 


^     2«* 


/^ 


// 


Substitute  these  values  of  x"  and  y",  and  the  equation  reduces  ta 
the  form  numbered  (i.)  in  Art.  5. 

(/i3)  If  h'  =  0,  then,  if  c'  ^fc  0,  take  (with  a  notation  analogous  to 
the  above) 

DE  :  AD^d':  c\    AH :  1  =/"  :  2c",    EK:l=:g''  :  c", 

and  the  equation,  when  referred  to  OH  and  GK  as  axes  of  x  and  y, 
reduces  to  the  form  (i.). 


(y)  If  &'  =  0  and  c  =  0,  then,  if  e  :^  0,  take 
DE  lAD-f  :  2e',     ^JHT :  1  =  g"  :  3d",     JB^iT  :  1  =  r  :  2e", 

and  the  equation,  when  referred  to  QK  and  OH  as  axes  of  x  and  y, 
reduces  to  the  form  (iii.)* 

If,  however,  V  =  0,  c'  =  0,  and  e'  =  0,  we  must  slightly  alter  the 
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above  construction.      On  DA  produced  take   a  point  H  (Fig.  2), 
defined  as  mentioned  below.     On  CD  produced  take  points  E  and  JT, 


Fio.  2. 

defined  as  mentioned  below.     Complete  the  parallelog^ram  EHOKy 
and  refer  tbe  equation  to  OK  and  OHab  axes  of  x  and  y. 

(B)  If  6'  =  0,  c'  =  0,  e  =  0,  then,  ii  f^izO,  take 

AH:l  =  h':f,    DE'^BD^g^if^    EK:l  =  k":f\ 
and  the  equation  reduces  to  the  form  (ii.). 

(e)  Lastly,  if  h'  =  0,  c'  =  0,  e'  =  0,  and  /  =  0,  take 

AH:l  =  g:  Sd\    DE:HD  =  k"  :  K\    EK:l=r  :  K\ 

and  the  equation  reduces  to  the  form  (iv.). 

In  the  cases  (y),  (^),  and  (e)  the  equation  is  expressed  finally  in  a 
somewhat  simpler  form  than  is  necessary  to  show  merely  that  it  is 
included  in  one  of  the  four  canonical  forms  given  in  Art.  5. 

12.  Another  method  of  reduction  is  given  in  Stirling's  Lineae 
Tertii  Ordinis  Neutonianas  (Ptop.  xv.,  p.  83).  There  is  some  reason 
for  thinking  that  Stirling  consulted  Newton  before  publishing  this 
work,  and  therefore  I  refer  to  it  here  in  passing. 

13.  In  the  later  manuscript  copies  of  the  tract,  and  as  ultimately 
published,  the  reduction  to  the  canonical  foi*ms  was  effected  by  a 
quasi-geometrical  proof.  Briefly  sketched  out,  it  is  as  follows. 
Draw  a  series  of  chords  parallel  to  the  real  asymptote.  If  each  chord 
cuts  the  curve  in  two  points,  the  locus  of  their  middle  points  will  be  a 
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hyperbola,  and  if  the  asymptotes  of  this  hyperbola  are  taken  as  axes 
of  coordinates,  the  equation  takes  the  form  (i.).  But  if  each  chord 
only  meets  the  curve  in  one  point,  then,  taking  the  asymptote  as  the 
axis  of  y,  the  equation  takes  the  form  (ii.) ;  i°  f&ct,  the  asymptote  is 
a  tangent  at  a  point  of  inflexion  at  infinity.  Next,  if  the  cubic  is 
touched  by  the  line  at  infinity  {si  crura  ilia  opposita  jpa/raholici  sint 
generis),  then,  if  any  chord  meets  the  parabolic  branch  in  two  points, 
the  locus  of  the  point  midway  between  them  will  be  a  straight  line, 
and  if  this  line  is  taken  as  the  axis  of  x  and  a  line  parallel  to  the 
chord  as  the  axis  of  y,  the  equation  takes  the  form  (iii.)-  Sut  if  the 
chord  meets  the  curve  in  only  one  point,  the  equation  similarly  takes 
the  form  (iv.). 

14.  This  may  be  clearer  if  it  is  expressed  in  analytical  language. 
If  a  line  parallel  to  the  real  asymptote  is  taken  as  the  axis  of  y,  in 
the  manner  explained  in  Art.  8,  the  eqnation  takes  the  form 

x(Asf'\-Bity  +  Gf)-}'Ea?'\'Fxy-hOy^  +  Hx'\-Ky'\-L=:0, 

where  either  0  :^  0,  or    ^  =  0  and  (7  =  0. 

This  equation  may  be  written 

y*(Cx-\-O)+y{Ba?-^Fx'}'K)-^Asf'}'Ea^'\'Hx-\-L=:0. 

The  locus  of  the  middle  points  of  chords  parallel  to  the  asymptote  is 

2y  (C«-f  G)  +  JBajH  Fx-^-K  =  0  ; 

and  if  the  axes  of  this  hyperbola  are  taken  as  coordinate  axes,  the 

equation  of  the  cubic  takes  the  form  (i.).     This  covers  the  case  when 

C  :5fc  0.     If,  however,  (7=0,  then  also  5  =  0,  and  the  locus  of  th(? 

middle  points  of  chords  parallel  to  the  asymptote  is  a  straight  line  : 

namely, 

2Oy-{'Fx-hK  =  0. 

If  (7  ^0,  this  line  is  taken  as  the  axis  of  x;  this  is  case  (iii.)-  If 
(7=0  and  F^O,  this  line  is  taken  as  the  axis  of  y  ;  this  is  case  (ii.). 
Lastly,  if  (?  =  0  and  F  =  0,  this  locus  is  the  line  at  infinity ;  and  the 
eqnation  is  in  the  form  (iv.). 

III.  Classification  of  Ouhics, 

15.  Having  thus,  in  Section  III.  of  the  tract,  proved  that  every 
cubic  equation  is  reducible  to  one  of  four  canonical  forms,  Newto  < 
proceeds  in  Section  IV.  to  classify  the  curves  represented  by  these 
four  equations  into  genera  and  species — degenerate  forms  being  left 
out  of  account. 

TOL.  XXII. — NO.  406.  I 
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In  this  classification,  the  division  into  classes  and  genera  (as  w^lt  as 
that  into  the  four  canonical  forms)  depends  on  the  natare  of  the 
infinite  branches. 

16.  The  separation  into  species  of  the  carves  which  constitute 
any  genas  or  subdivision  is  effected  by  solving  the  equation  of  the 
carve  for  y,  and  thus  determining  the  maximum  and  minimum  values 
of  X. 

The  equations  numbered  (ii.),  (iii.),  (iv.)  in  Art.  5  give  y  as  an 
explicit  function  of  x.  In  the  equation  numbered  (i.)  this  is  also  true 
if  e  =  0  ;  and,  if  e  ijfe  0,  Newton  discusses  the  equation  in  the  form 

Thus,  in  all  the  groups  hereafter  described,  the  criterion  which 
determines  the  species  of  the  curves  constituting  any  genus  will  be 
dependent  on  the  nature  and  position  of  the  roots  of  one  of  the  two 
following  equations :  namely, 

ax*-^ha^+ca?-\'dx'\'i€^  =  0,     where  e^O; 
and   «  cui^-\'ba?-^cx  +  d  =^  0. 

17.  The  four  canonical  forms  or  cases  are  divided  into  seven  (or 
six)  classes.  These  classes  ai'e  subdivided  into  fourteen  (or  thirteen) 
genera,  which  contain  the  seventy,  eight  species,  from  which  however 
the  degenerate  forms  of  a  conic  and  a  straight  line  and  of  three 
straight  lines  are  excluded.  It  will  be  convenient  to  present  here,  in 
a  tabular  form,  the  final  result  of  the  classification  ;  it  should  be 
added  that  in  his  text  Newton  describes  every  division  (whether  a 
class,  genus,  or  species)  by  the  word  *'  species." 


Canonical  Form  or  Case. 


r 


I.  :rt/'^  -k-ey  —  aj3  +  hx^  -i-ex  +  d 


Class, 

Redandant  Hyperbolas 
(fl  positivo) 


Oentts. 

(  adiametral 

monodiametral 

tridiametral 

[asymptotes 
concurrent] 

adiametral 
monodiametral 


{ 
{ 


adiametral 
monodiametral 


TI.  xy  =  ajc^  +  hx'  +  cx  +  d. 

III.  y2   =  ax^  +  hx'  +  ex  +  d. 

IV.  f/     '=  n.y^  ■¥  hx'  -i-rx  +  d. 


Defective  Hyperbolas 
(a  negative) 

Parabolic  Hyperbolas 
(«-=0) 

r  hyperbolic 
Hyberbolisms  of  Conies  J  giij^wfic 

(«  =  0,  *  =  0)         I  paraboHc 

(The  Trident) 
Diverging  Parabolas 
(The  Onbic  Parabola) 


SSpCCXwmm 

9 

13  +  2 
2-1-2 

9 

6 

7 

7 
4  +  2 

4 
3 
2 
1 
6 
1 


1890.]  Ncicton^s  Ola$siju:ation  of  Cubic  Curves,  1 1 5 

.  IS.  I  have  given  this  table  in  the  form  which  I  understand  to  be 
'indicated  by  Newton's  language,  but  I  shoald  remark  (i.)  that  the 
redundant  and  the  defective  hyperbolas  would  constitute  more  pro- 
perly a  single  class  of  central  cubic  hyperbolas ;  and  (ii.)  that  the 
hypierbolic  and  elliptic  genera  of  the  hyperbolisms  would  constitute 
more  properly  a  single  genus  of  hyperbolisms  of  central  conies. 


Case  I. 

19.  The  first  case  comprises  all  curves  whose  equations  can  be 
expressed  in  the  form 

a^  +  61/ =  aaJ* + 6a;* + C.7J -h  d. 

These  curves  are  divided  into  the  following  classes  : — (i.)  those  in 
which  a  is  positive,  called  redundant  hyperbolas,  or  hyperbolic  hyper^ 
holaSy  or  hyperbolae  triformes  ;  (ii.)  those  in  which  a  is  negative,  called 
defective  hyperbolas  or  elliptic  hyperbola^]  (iii«)  those  in  which  a  is 
zero,  which  are  further  divided  into  (a)  those  in  which  b  is  not  zero, 
called  parabolic  hyperbolas;  and  (/3)  those  in  which  b  is  zero,  called 
hyperbolisms  of  conies.  It  is  usual  to  describe  this  last  subdivision 
as  a  fourth  class. 

4 

20.  The  curves  in  each  class  are  further  subdivided  into  genera 
according  jto  the  nature  of  their  "absolute",  diameters.  If  an 
asymptote  cuts  a  cubic  curve  again  in  a  point  at  a  finite  distance  from 
the  origin,  the  curve  has  no  absolute  diameter  corresponding  to  that 
asymptote ;  but  if  an  asymptote  cuts  the  curve  in  three  points  at 
infinity  (i.€.,  is  a  tangent  at  a  point  of  inflexion  at  infinity),  the  curve 
has  an  absolute  diameter  corresponding  to  that  asymptote.  Thus  to 
say  that  a  curve  is  adiametral  signifies  merely  that  it  has  no  point  of 
inflexion  at  infinity. 

An  adiametral  curve  is  described  by  Newton  as  no7i-biJidus  or  cir- 
cumflexiM,  a  monodiametral  curve  as  uno  modo  bifidus  or  directus^  and 
a  tridiametral  curve  as  trifariam  bifidus. 

21.  Case  I.  Class  1.  Redundant  Hyperbolas, — These  are  cubics 
whose  equations  can  be  expressed  in  the  form 

^J/^-^^y  =  (ix*-\-bx^'\-cx-^dj 
where  a  is  positive. 

I  2 
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These  cnrres  have  three  real  and  distinct  asymptotes :  namelj, 

aj  =  0     and    y  =  ±  v^  (aj  +  6/2a). 

These  asymptotes  cat  the  cabic  again  in  points  determined  bj  their 
respective  intersections  with  the  lines 

y  =  rf.'e     and     x  =  {4Md^2h€  y/a)  /  (b*  —  4ac:k4tae  y/d), 

22.  Firsf  Suhdivinon.  Adinmetral  redundant  hyperbolas, — Since  a 
cnrve  of  this  kind  has  no  diameters,  none  of  the  three  points  on  the 
cnrve  at  infinity  is  a  point  of  inflexion  there.  Hence  each  asymptote 
cuts  the  curve  again  at  a  finite  distance  from  the  origin.     Therefore 

€:=^0     and     6'— 4ac  Tjfc  T4a«v/a. 

These  carves  are  divided  into  nine  ttpeciesy  according  as  all,  or  some, 
or  none  of  the  roots  of  the  equation  ax*-{-bj^-hca^-\-dX'\-iff  =  0 
are  real  or  equal.  In  the  typical  case  when  all  the  roots  are  real, 
unequal,  and  of  the  same  sign,  there  is  a  closed  oval  lying  inside  the 
triangle  formed  by  the  asymptotes.  Nicole  {Memoires  de  VAcctdemie 
des  Sciences  for  1729,  Paris,  1731,  p.  217,  Art.  31)  asserted  that  there 
was  in  addition  a  tenth  species  formed  by  the  oval  coalescing  with 
the  ambigenous  hyperbolic  branch :  this  is  not  the  case,  the  oval 
can  coalesce  with  the  circumscribing  hyperbolic  branch,  but  not  with 
either  of  the  others. 

23.  Second  Subdivision.  Monodiametral  redundant  hyperbolae, — 
Since  a  curve  of  this  kind  has  only  one  diameter,  one  and  only  one  of 
the  three  points  on  the  curve  at  infinity  is  a  point  of  inflexion  there. 
If  the  asymptote  at  this  point  is  taken  as  the  axis  of  y,  it  will  not  cut 
the  curve  in  any  point  at  a  finite  distance  from  the  origin.     Therefore 

e  =  0     and     W  ryt  4ac. 

These  curves  are  divided  into  fourteen  species  dependent  on  the 
nature  and  position  of  the  roots  of  the  equation  aaj*-|-fea;*-f  gu-I-c?  =  0. 
Of  these  fourteen  species,  Newton  enumerated  only  twelve ;  the 
remaining  two  being  added  by  Stirling  in  1717  {Linear  tertii  ordinis 
Neutonianae,  p.  99,  species  11).  In  the  Ladies'  Diary  for  1788 
(pp.  44-16),  and  for  1789  (pp.  44-45)  there  is  an  attempt  to  show 
that  there  are  three  more  species,  making  the  total  number  in  the 
subdivision  to  be  seventeen.  The  exanjples  given  show  curves  of  a 
slightly  difl'erent  fonn  to  those  drawn  by  Newton,  but  they  are  in 
no  sense  new  species. 
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24.  Third  Subdivision,  Tridiametral  redundant  hyperbolas, — Since 
a  curve  of  this  kind  has  three  diameters,  each  of  the  three  points  on 
the  curve  at  infinity  is  a  point  of  inflexion  there.  [Newton  was  aware 
that,  if  two  of  them  are  points  of  inflexion,  the  third  is  so'  also.] 

Hence  e  =  0  and  fe*  =  Akic. 

These  curves  are  divided  into  four  species^  dependent  on  the  nature 
and  position  of  the  roots  of  the  equation  x  (2(3urH-6)*-f  4a<i  =  0.  Of 
these  four  species,  Newton  enumerated  only  two ;  the  other  two 
being  added  by  Stirling  in  1717  (Lineae  tertii  ordinis  Neutonianaey 
p.  102,  species  24). 

25.  Fourth  Subdivision. — ^Newton  made  a  fourth  subdivision,  which 
comprises  the  particular  cases  of  the  preceding  three  subdivisions 
when  the  asymptotes  are  concurrent.  He  enumerated  nine  species ; 
four  of  these  being  particular  cases  of  the  first  subdivision,  four  of  the 
second,  and  one  of  the  third. 

26.  Case  I.  Class  2.  Defective  Hyperbolas, — These  ate  cubics  whose 
equations  can  be  expressed  in  the  form 

where  a  is  negative. 

These  curves  have  only  one  real  asymptote  :  namely,  aj  =  0.  This 
asymptote  cuts  the  cubic  again  in  the  point  (0,  d/e).  Hence  the 
curve  has  no  diameter  if  e  :^  0,  and  has  one  diameter  if  e  =  0. 

27.  First  Subdivision.  Adiametral  defective  hyperbolae,  —  Since 
a  curve  of  this  kind  has  no  diameter,  the  point  on  the  curve  at 
infinity  is  not  a  point  of  inflexion  there.  Hence  the  asymptote  cuts 
the  curve  again  at  a  finite  distance  from  the  origin.     Therefore 

* 

6:5^0. 

These  curves  are  divided  into  six  species^  dependent  on  the  nature 
and  position  of  the  roots  of  the  equation  aa;*  +  5aj'  +  cic'  +  c?x-f  i-e'  =  0. 

28.  Second  Subdivision,  Monodiametral  defective  hyperbolas. — 
Since  a  curve  of  this  kind  has  one  diameter,  the  point  on  the  curve 
at  infinity  is  a  point  of  inflexion  there.     Hence  the  «k^^T£i^\>o\.^  ^"axvTLQK» 
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cut  the  curve  again  at  a  finite  distance  from  the  origin.     Therefore 

e  =  0. 

These  curves  are  divided  into  seven  species,  dependent  on  the  natnre 
and  position  of  the  roots  of  the  equation  ax^  -h  6ar  +  Cic  +  c?  =  0. 

29.  Case  I.  Class  3.  Parabolic  Hyperbolas, — These  are  onbics  whose 
equations  can  be  expressed  in  the  form 

xt/-\-ey  =  b3?-\-cX'\-d, 
v^here  b  ::fzO, 

These  curves  have  one  linear  or  proper  asymptote  and  one  para- 
bolic asymptote.  The  proper  asymptote  is  a;  =  0,  and  it  cuts  the 
cubic  again  in  the  point  (0,  dje).  The  parabolic  asymptote  is 
y*  =  6a5-f  c,  and  it  degenerates  into  two  parallel  straight  lines  if  6  =  0. 

30.  First  Subdivision.  Adiametral  parabolic  '  hyperbolas, — Since 
a  curve  of  this  kind  has  no  diameter,  the  point  on  the  curve  at 
infinity  is  not  a  point  of  inflexion  there.  Hence  the  asymptote  cuts 
the  curve  again  at  a  finite  distance  from  the  origin.     Therefore 

e^O. 

These  curves  are  divided  into  seven  species,  dependent  on  the  nature 
and  position  of  the  roots  of  the  equation  bx^-{'ca?'\-dx+^^  =  0. 

31.  Second  Subdivision,  Monodiametral  hyperbolae. — Since  a 
curve  of  this  kind  has  one  diameter,  the  point  on  the  curve  at 
infinity  is  a  point  of  inflexion  there.  Hence  the  asymptote  does  not 
cut  the  curve  again  at  a  finite  distance  from  the  origin.     Therefore 

e=  0. 

These  curves  are  divided  into  six  species,  dependent  on  the  nature  and 
position  of  the  roots  of  the  equation  bx^-^cx-^-d  ^^0,  Of  these  six 
species,  Newton  enumerated  only  four.  One  of  these  omitted  curves 
consists  ot  two  infinite  branches  and  an  oval,  the  other  of  two  infinite 
branches  and  an  acnode.  Of  these,  the  one  with  an  oval  was  men- 
tioned by  Nicole  in  1731  (Memoires  de  VAcademie  des  Sciences,  for 
1731,  Paris,  1733,  p.  603,  Fig.  10),  and  by  Murdoch  in  1740  (NeutoAi 
Genesis  Curvarum  per  Umbras,  p.  77)  ;  the  one  with  an  acnode  was 
mentioned  by  Nicholas  Bernoulli  (see  Mardoch,  p.  87).  Both  species 
were  described  fully  by  Edmund  Stone  in  1736  {Philosophical  TranS' 
actions,  1840,  vol.  XLi.,  pp.  318-320),  and  by  De  Gua  De  Malves  in 
1740  (Usages  de  V analyse  de  Descartes,  pp.  867,  368).  It  is  probable 
that  these  discoveries  of  the  two  species  not  mentioned  by  Newton 
made  independently. 
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32.  CASifr  I.   Class  4.   HyperboUsms  of  Conies.* — These  are  cubics 
whose  equations  can  be  expressed  in  the  form 

xif-^ey  =  cx+d. 

They  might  be  regarded  as  a  snbdivision  of  parabolic  hyperbolas, 
being    those  parabolic   hyperbolas  whose  asymptotic   parabola  de- 
generates into  two  parallel  straight  lines  (namely,  y  ss  :^  ^/c)  ;   but 
Newton  treated  them  as  constituting  a  class  by  themselves. 
They  have  three  asymptotes  :  namely, 

^  ss  0,    y  =  \/o,     and     y  =  —  y/a, 

and  they  have  also  a  double  point  at  infinity. 

Kewton.  divided  them  into   three  subdivisions,  according  as  this 
double  point  is  a  crnnode,  an  acnode,  or  a  spinode. 

38.   First  Subdivision.     Hyperbolisnis  cf  hyperbolas, — In  this  case 

c  is  positive, 

the  double  point  at  infinity  is  a  era  node,  and  the  three  asymptotes 
are  real.  These  curves  are  divided  into  four  species,  according  as 
(i.)  e  ^  0,  d«  >(5e» ;  (ii.)  e:^  0,  ciijfcO,  (i»<C6* ;  (iii.)  e  :jfc  0,  d  =  0 ; 
(iv.)  e  =  0. 

dAi.   Second  Subdivision,     Hyperbolisms  of  ellipses. — ^In  this  case 

c  is  negative, 

the  double  point  at  infinity  is  an  acnode,  and  only  one  asymptote 
is  real.  These  curves  are  divided  into  three  species,  according  as 
(i)  eijfcO,  di^O;  (ii.)  «^0,  d  =  0;  (iii.)  e  =  0,  d:^0.  The 
last  of  these  is  the  ^*  Witch  of  Agnesi.'* 

'    35.  Third  Subdivision,     Hyperbolisms  of  parabolas. — In  this  case 

c  =  0, 

the  double  point  at  infinity  is  a  spinode,  and  the  three  asymptotes  are 
real,  though  two  of  them  are  coincident.  These  curves  are  divided 
into  two  species,  according  as  ^  =  0  or  « :^  0. 


*  If  y  BT  ^  (x)  18  the  equation  of  a  curve,  then  xy  ^  <p  {jc)  is  a  hyperboli^m  of 
that  corre. 

Thufl,  siBce  y''  ¥  ey  ^  eafi -^  dx  is  any  conic,  therefore  [xy)'^  +  «  {xy)  ^  co^-k-dx 
is  a  hyperbolism  of  a  conic.    In  the  text,  the  factor  x  is  rejected. 
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Case  II. 

36.  The  second  case  comprises  all  curves  whose  eqnations  can 
be  expressed  in  the  form 

There  is  only  one  species,  usually  known  as  tlie  Trident^  but  some- 
times  called  the  Ga/rtesian  Parabola  (in  memory  of  Descartes),  and 
sometimes  a  Paraholism  of  a  hyperbola. 

Case  III. 

37.  The  third  case  comprises  all  curves  whose  equations  can  be 

expressed  in  the  form 

y*  =  aaj'-|-6«*  +  car  +  d. 

These  curves  are  called  Diverging  Cubic  Paraholas,  or  sometimes 
Neilian  Parabolas  (in  memory  of  W.  Neil,  the  earliest  mathematioiaa 
who  succeeded  in  rectifying  a  curve).  They  are  divided  into 
five  species,  dependent  on  the  nature  and  position  of  the  roots  of 
the  equation  aaf+bx^-^-cx-rd  =  0. 

Case  IV. 

38.  The  fourth  case  comprises  all  curves  \\  Lose  equations  can  be 
expressed  in  the  form 

There  is  only  one  species,  usually  known  as  the  Oubic  Parabola^ 
but  sometimes  called  the  Wallisian  Pa/rabola  (in  memory  of  John 
Wallis,  the  Savilian  Professor  at  Oxford). 

IV.  Discrimination  of  Oenera, 

39.  In  the  earliest  manuscript  copy  Newton  proceeds  next  to  give 
criteria  by  which  it  is  possible  to  tell  to  which  genus  or  subdivision  a 
curve  belongs,  without  reducing  its  equation  to  one  of  the  canonical 
forms.  I  give  Newton's  discussion  at  length  in  Appendix  II.,  Arts. 
101-105,  107.  It  does  not  appear  in  any  of  the  printed  editions,  and 
I  am  not  aware  that  it  has  been  published  previously. 

40.  Stirlinpf,  in  his  lA'neas  Tertii  Ordlnis  Neutonianae  (pp.  126-128), 
mentions   this   problem;   but  seems  to  think   that  the   disciimina- 

should  be  effected  by  a  reduction  to  the  canonical  form.  This 
ction  appears  to  be  the  only  way  of  discriminating  between  the 
ies. 
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41.  The  rule  that  Newton  gives  is  as  follows.  If  the  coefficient  of 
y*  is  not  zero,  the  equation  can  be  written  in  the  form 

y"+6ay*-|-ca'y  +  eiaj*-f  ey*-|-/ajy-f  firaj'  +  ^y  +  Aaj  +  Z  =  0, 

that  is,  of  («'+6«*+cz+(i)  H-aj*  {esf-^-fz-k-g)  ■\-x  (hz-k-k)  +Z  =  0, 

where  z  stands  for  yjx.    We  shall  denote  this  by 

UX*  -\-VX^  ■\'%OX'\-l  =  0. 

Let  suffixes  indicate  differentiation  to  z^  and  let 

8  =  Wj  r* — 2tti  vvi  +  2i**  w. 
Then  tc,  t7,  w,  their  difPerential  coefficients,  and  s  are  functions  of  z. 

(a)  If  the  three  roots  of  n  =  0  are  real  and  unequal,  the  curve  will 
be  a  redundant  hyperbola.  The  hyperbola  will  be  adiametral,  mono- 
diametral,  or  tridiametral,  according  as  the  equation  «  =  0  is  satisfied 
by  none  of  these  roots,  by  only  one  of  them,  or  by  all  of  them. 

(fi)  If  only  one  root  of  u  =  0  is  real,  then  (i.),  if  that  root  does  not 
satisfy  the  equation  u^  =  Sui ,  the  curve  will  be  a  defective  hyperbola ; 

but  (ii.),  if  it  does  satisfy  the  equation  u'  =  Si^,  the  curve  will  be  i^ 
hyperbolism  of  an  ellipse  ;  in  both  these  cases  the  curve  being 
adiametral  or  monodiametral  according  as  this  root  does  not  or  does 
satisfy  the  equation  «  =  U. 

(y)  If  ti  =  0  has  three  real  roots  and  two  of  them  are  equal,  then 
(i.),  if  the  root  which  is  not  equal  to  the  other  two  roots  does  not 
satisfy  the  equation  v  =  0,  the  curve  will  be  a  parabolic  hyperbola ; 
but  (ii.),  if  it  does  satisfy  the  equation  t;  =  0,  but  not  the  equation 
f7,  =  2«i,tf;,  the  curve  will  be  a  hyperbolism  of  a  hyperbola;  and 
(iii.),  if  it  satisfies  both  v  =  0  and  vf  =  2u^w^  the  curve  will  be  a 
hyperbolism  of  a  parabola  ;  in  all  these  cases  the  curve  being 
adiametral  or  monodiametral  according  as  this  value  of  z  does  not  or 
does  satisfy  the  equation  «  =  0. 

(^)  Lastly,  if  t*  =  0  has  three  real  roots  and  all  of  them  are  equal, 
then  (i.),  if  this  root  does  not  satisfy  the  equation  v  =  0,  the  curve  will 
be  a  diverging  parabola;  but  (ii.),  if  it  does  satisfy  t;  =  0  but  does  not 
satisfy  Vi  =  0,  the  curve  will  be  a  trident ;  while  (iii.),  if  it  satisfies 
both  v  =  0  and  v^  =  0,  the  curve  will  be  a  cubic  parabola. 

Should  the  coefficient  of  y^  in  the  original  equation  b^  i.^to^  Vo^k  ivnXt 


^ 


122  Mr.  W.  W.  Bouse  Ball  cm  [Dec.  11, 

that  of  2*,  then  the  equation  mnst  be  arranged  in  powers  of  z,  we 
mnst  put  z  =  x/ify  and  corresponding  tests  can  be  applied. 

If  the  coefficients  of  2*  and  of  y*  are  both  zero,  then,  if  6  :^  0  and 
e^O^  the  cnrve  will  be  a  redundant  hyperbola ;  this  is  similar  to 
case  (a).  But  if  either  5  =  0  or  c  =  0,  then  the  curve  will  be  a 
parabolic  hyperbola  or  a  hyperbolism  of  a  hyperbola  or  of  a  para- 
bola; this  is  similar  to  case  (y).  The  further  determination  of  the 
genus  may  be  effected  in  the  way  given  above. 

42.  In  this  discussion  Newton  shows  also  how  the  values  of 
Uif  Uf9  v,Vi  and  w,  corresponding  to  a  root  of  u  =  0,  enable  us  to  give 
a  geometrical  construction  for  the  corresponding  asymptote  (see 
Appendix  II.,  Art.  106). 

43.  I  may  add  here  that  Newton  uses  the  binomial  coefficients  and 
not  the  differential  coefficients,  so  that  his  formnlse  are  slightly 
different  from  those  that  I  have  given  in  Art.  41.  Thus,  if  u  =  jb", 
he  uses  ^n{n~-l)sf^'^  where  I  have  used  n,.  This  is  an  instance  of 
John  Bernoulli's  *'  regulam  falsam "  (see  Montucla's  Sistoire  det 
Mathematiques,  vol.  ill.,  p.  105,  or  H.  Sloman's  Claim  of  Leibnitz  to 
the  Invention  of  the  Differential  Calculus^  Cambridge,  1860,  p.  121). 

V.    Generation  of  Gubics  by  Shadows, 

44.  After  having  enumerated  in  Section  TV,  of  the  tract  all  the 
possible  species  of  oubics,  Newton  begins  Section  V.  by  noting  that 
every  cubic  curve  may  be  regarded  as  the  shadow  of  one  of  the  five 
diverging  parabolas  cast  by  a  luminous  point  on  a  plane  properly 
situated. 

His  enunciation  of  this  remarkable  property  is  as  follows : — If  the 
shadows  of  curves  caused  by  a  luminous  point  are  projected  on  a^ 
infinite  plane,  the  shadows  of  conic  sections  will  always  be  conic 
sections ;  those  of  curves  of  the  second  genus  will  always  be  curves 
of  the  second  genus  ;  those  of  curves  of  the  third  genus  will  always 
be  curves  of  the  third  genus ;  and  so  on.  And  in  the  same  manner  as 
the  circle,  by  projecting  its  shadow,  generates  all  the  conic  sections, 
so  the  five  divergent  parabolas,  by  their  shadows,  generate  all  other 
curves  of  the  second  genus.  And  thus  some  of  the  more  sim.ple 
curves  of  other  genera  might  be  found  which  would  form  all  curves 
^t  the  same  genus  by  the  projection  of  their  shadows  on  a  plane. 
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45.  No  proof  of  this  proposition  is  given  in  the  printed  essay,  bat 
among  the  Portsmoath  cx>llection  of  Newton's  papers  is  a  sheet  of  doable 
ioolsoap  containiug  rough  holograph  notes,  enumerating  the  varioas 
species  which  arise  from  the  section  bj  a  plane  in  some  defined 
position  of  one  of  the  five  cones  having  these  diverging  parabolas  for 
bases. 

ThoSy  under  the  head  of  the  second  species  of  the  diverging 
parabolas,  he  writes,  ^'  Si  oculus  infinite  distet  vel  plana  projectionis 
et  projicientis  parallela  sint,  projectio  erit  Parabola  ejasdem  speciei 
cam  projiciente.  ...  Si  secat  in  nodo,  projectio  erit  Hyperbola 
triformis  bifida  duas  ex  asymptotis  parallelas  habeas  *' — i.e.,  the 
species  which  Newton  terms  number  64,  and  which  is  described  above 
as  the  fourth  species  of  the  Hyperbolisms  of  a  Hyperbola. 

Bat  no  demonstrations  are  given,  and  the  numerous  erasures, 
corrections,  and  interlineations  make  the  manuscript  somewhat  diffi- 
colt'to  read. 

46.  I  have  little  doubt  that  Newton  had  arrived  at  this  remarkable 
result,  which  proved  a  puzzle  to  most  of  his  contemporaries,  by  the 
method  of  projection  indicated  in  the  Principia,  Bk.  I.,  sect.  5, 
lemma  xxii.     (See  also  propositions  XXV.,  XXVI.,  XXVII.) 

47.  It  is  not  difficult  to  prove  the  property  by  analytical  geometry 
(see,  for  example,  Salmon's  Higher  Flaiie  Curves^  second  edition,  Arts. 
195,  196)  ;  but  to  Newton's  contemporaries,  who  i*elied  largely  on 
|)are  geometry,  it  was  by  no  means  easy  to  establish  its  truth,  and,  in 
fact,  a  quarter  of  a  century  elapsed  before  any  one  published  a 
demonstration  of  it. 

48.  The  earliest  writer  who  gave  a  proof  of  it  was  Nicole,  who 
communicated  it  to  the  French  Academy  on  1  Dec,  1781.  (Memoires 
de  VAcademie  dee  Sciences,  for  1731,  Paris,  1733,  pp.  494r-510.) 

49.  A  few  days  later,  on  12  Dec.  1781,  Clairaut  communicated 
another  demonstration,  in  which  the  result  is  deduced  from  certain 
general  theorems.  This  is  contained  in  his  paper  entitled  Sur  les 
courbes  que  Von  forme  en  coupant  une  surface  courbe  quelconque  par  «♦* 
plan  donne  de  position :  see  the  Memoires  de  VAcademie  des  Sciences 
ior  1731,  Paris,  1783,  pp.  490-493. 

60.  In   1740  another  demonstration  of  this  resalt  *«%»  ^-^^xslVs^ 
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P.  Mardocli  in  his  Neutoni  Genesis  Curvarumper  UmhraSy  published  at 
Leyden.     This  work  was  republished  at  London  in  1746. 

51.  Lastly,  in  1755,  still  another  demonstration  was  given  by 
Jaequier  in  the  appendix  to  his  Elementi  di  perspettiva. 

52.  This  property  enables  us  to  divide  cubics  into  five  groups 
such  that  all  the  curves  in  each  group  have  their  fundamental 
characteristics  (t.e.,  those  characteristics  which  are  unaltered  by  pro* 
jection)  in  common.  This  pi*ovides  a  better  basis  for  classification 
than  the  one  used  by  Newton.  Ghasles  has  made  the  interesting 
note  that  only  five  cubics  have  centres,  and  that  these  five  central 
cubics  can  also  by  their  shadows  generate  every  form  of  a  cubic.  In 
fact,  if  the  five  cones  described  on  the  diverging  parabolas  as  bases 
are  cut  by  a  certain  plane,  we  obtain  the  five  canonical  central 
cubics.  (See  Aper^u  historique  sur  Vorigine  et  le  developpement  des 
methodes  en  geometrie^  Brussels,  1837,  note  xx.,  p.  348.) 

53.  In  more  recent  times  this  property  has  formed  the  subject  of 
elaborate  memoirs  by  Mobius  in  1852  (Die  Qrundformen  der  Linien 
der  dritten  Ordnung,  Collected  works,  vol.  ii.,  pp.  89-176),  and  by 
Cayley  in  1864  {On  Cubic  Cones  and  Curves,  Cambridge  Philosophical 
Transactions,  vol.  xi.,  pp.  129-144). 


VI.   Bibliography. 

54.  I  shall  conclude  this  paper  by  enumerating  the  yarions 
original  manuscripts  and  the  editions  of  Newton's  tract  with  which 
I  am  acquainted. 

55.  I  have  already  mentioned  that  three  holograph  manuscripts  of 
the  tract  are  preserved  at  Cambridge  in  the  Portsmouth  collection 
(Section  I.,  Class  tv..  Numbers  1,  2).*  There  is  also  a  fragment  of 
a  fourth  manuscript  (I.,  iv.,  4),  and  some  notes  on  the  generation 
by  shadows  (I.,  iv.,  3).  The  notes  on  the  generation  by  shadows  and 
the  subsequent  history  of  that  theorem  have  been  already  mentioned.  I 
shall  describe  the  other  manuscripts  in  what,  I  have  no  doubt,  is  their 
chronological  order.     Indeed  the  successive  increases  in  the  number 


*  The  two  earliest  manuscripts  arc  ciitaloijued  in  a  single  entry  as  ''an  early 
copy.  ** 
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of  species  enumerated  woald  serve  alone  to  distingnish  the  order  of 
production. 

56.  The  earliest  of  these  manuscripts  is  entitled  Enwneratio 
Curvarum  Triuw.  Dimensionum,  This  is  a  rough  draft  of  the  tract 
as  afterwards  published,  but  it  contains  the  substance  of  only  the 
third  and  fourth  sections.  Moreover,  the  subdivision  into  species 
is  not  discussed,  and  the  final  result  is  nine  divisions  and  sixteen 
genera,  arranged  and  named  as  follows,  the  nomenclature  being 
somewhat  different  to  that  subsequently  used : — 

f  sine  diametro. 
1.  Hyberbola  triformis  \  cum  diametro. 


2.  Gissoidalis  vel  Endea 


3.  Parabola  Cissoideos 


cum  tribus  diametris. 

C  cii 
Idi: 


circumflexa. 
directa. 


f  cii 

\di 


circumflexa. 
directa. 


sine  diametro. 


4.  Hyperbola  Hyperbolae  \  ■•.        ^ 

'"^  ''^  \  cum  diametro. 


5.  Conchoidalis  vel  Hyperbola EUipseos  |   j- . 

6.  Hyperbola  Conchae  vel  Parabolae    \ 


circumflexa. 
ecta. 


sine  diametro. 
cum  diametro. 

7.  Parabola  reflexa  vel  recurvata. 

8.  Parabola  fissa  vel  Cartesiana. 

9.  Parabola  circumflexa  sive  Simplex  cubica. 

57.  The  language  of  the  text  is  not  exactly  the  same  as  that  sub- 
sequently published,  but  the  only  material  differences  which  I  have 
noticed  between  this  and  the  copy  printed  in  the  CypiickB  are  (i.)  the 
method  by  which  the  equation  is  reduced  to  the  four  canonical  forms 
(see  above,  Art.  10) ;  (ii.)  a  slightly  fuller  treatment  of  adiametral 
redundant  hyperbolas,  such  as  giving  the  coordinates  of  the  points 
where  the  asymptote  cuts  the  curve  again  ;  and  (iii.)  the  addition  of 
criteria  for  discriminating  the  genera  (see  above,  Art.  41). 

58.  The  next  manuscript  is  that  which  is  described  in  the  Ports- 
month   catalogue  as   Fragments  concerning   lines  of  the  ihir^  oxdfirr. 
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This  IB  iDtermediate  in  point  of  time  between  the  first  luid  weooad 
rnannitcriptB.  These  fragments  consist  of  two  or  three  closelj  written 
foolscap  sheets.  Newton  commences  bj  proving  some  general 
properties  of  diametera  and  segments  of  chords,  with  special  refer- 
ence to  conicH  and  cabics  (Conicaram  sectionum  commones  pro- 
prietates  mntatis  mutandis  ad  Corvas  magis  compositas  applican 
fxissant).  These  are  a  rough  draft  of  what  afterwards  appeared  as 
the  first  part  of  the  second  manuscript,  and  are  the  foundation  of  the 
results  given  in  Section  II.  of  the  published  tract.  At  the  end  of 
these  he  has  written  :  "  Hae  Runt  insigniores  proprietates  Conicarum 
sectionum,  et  videtis  quod  curvis  etiam  supeHoris  ordinis  conveniunt." 
These  words  are  crossed  oat. 

59.  Next,  he  proceeds  to  give  tbe  geometrical  interpretations  of 
the  general  equations  of  the  second  and  third  degrees.  These  are  as 
followH. 

GO.  Suppose  that  AG,  BS  are  two  parallel  chords  of  a  conic,  and 
that  VW  is  any  cbord  drawn  parallel  to  them.     Through  A  draw 


aiiotlicr'chord  AL  cutting  2?ff  in  E,  and  FTFin  T.     On  AL  take  a 
point  M  no  that 

AAf  :EM  =  AG  :  EH-EB, 

Lot  TV  =  y ;  then  ho  asserts  that  y  is  determined  by  the  equation 

where  the  lines  are  regarded  as  directed  magnitudes. 

In  faet,  if  AL  and  ^1^7 are  taken  as  axes  of  .r  and  y,  the  equation  of 
any  conic  oiin  be  written  in  the  form 

y'  -  //  ("•<*  +  '0  +  r.r  -f  iLv  =  0. 
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In  the  above  case, 


^G  =  6,      AMz=:^ 


a 


AL^^"^ 


d       EB. EH 
'    EA.EL 


61.  Similarly,  let  ADO,  BEE,  CFJ  be  three  parallel  chords  of  a 
cobic,  and  VWU  any  chord  drawn  parallel  to  them.     Join  AE,     Let 


i^V 


the  chord  AE  cut  the  cubic  again  in  L,  the  chord  CJ  in  JK",  and  the 
chord  VC^in  T.     On  AE  take  a  point  M  so  that 

AM:  EM-  AD  +  AO  :  EH-EB. 

Also,  on  AE  take  points  B  and  8y  so  that 

AE  ,  AS  :  AD ,  AG  =  EB .  ES  :  EB  .  EH 

=:KB,KS  :  KG .  KF-KG .  KJ-KF.KJ. 


Let  TF=  2/ ;  then  he  asserts  that  y  is  determined  by  the  equation 


AM 


AB.AS 


KG.KF.KJ 
KA  .  Jf  L  .  jK:J57 


TA,TL.TE  =  0, 


from  which  all  the  properties  of  every  cubic  may  be  deduced. 

It  is  interesting  to  note  that  the  geometrical  properties  ultimately 
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published  in  the  second  section  of  the  tract  are  dedncible  from  this 
relation,  and  were  probably  thus  obtained. 

62.  The  farther  discussion  o£  this  relation  would  involve  the  use  of 
solid  geometry ;  and  (apparently  for  this  reason)  he  abandons  this 
geometrical  method  of  investigating  the  properties  of  cubics,  and 
commences  afresh  by  taking  the  general  equation  of  the  third  degree. 
His  discussion  of  the  reduction  of  that  equation  to  the  four  canonical 
forms  has  been  already  mentioned  (see  above,  Art.  11).  He  concludes 
by  briefly  indicating  the  principles  of  classification  to  be  adopted,  and 
gives  a  tabular  analysis  of  the  result.  This  table  shows  the  division 
into  classes,  genera,  and  species  ;  but  only  sixty  species  are  enume- 
rated. The  missing  species  are — (i.)  nine  redundant  hyperbolas, 
namely,  two  adiametral,  six  monodiametral,  and  two  tridiametral ; 
(ii.)  two  defective  hyperbolas,  namely,  one  of  each  subdivision ;  and 
(iii.)  one  diverging  parabola.  The  more  interesting  parts  of  these 
M-agments  are  printed  in  Appendix  I.,  Arts.  84-99. 

63.  The  second  manuscript  is  entitled,  Enumeratio  Curvarum 
secundi  Ordinis.  The  original  title  was  Enumeratio  Curvarum  tertii 
Ordinis.  This  was  first  collected  by  replacing  Curvarum  by  Linearum^ 
and  then  changed  again  to  the  form  given  above.  The  numerous  verbal 
corrections  interlined  in  this  manuscript  alter  the  text  to  a  form  which 
corresponds  closely  with  that  in  which  it  was  published  afterwards. 

The  geometrical  propositions  collected  at  the  beginning  of  the 
Fragments  are  placed  at  the  commencement  of  this  Manuscript,  and 
an  introductory  paragraph  is  added.  The  geometrical  equations 
of  a  conic  and  a  cubic  (see  above,  Arts.  60,  61)  are  omitted,  and  the 
reduction  of  cubic  equations  to  the  four  canonical  forms  is 
effected  in  the  way  given  in  the  printed  edition,  and  which  I 
described  above  in  Art.  13.  The  nomenclature  is  also  somewhat 
simplified,  and  is  substantially  the  same  as  that  afterwards  printed. 
The  division  into  species  is  earned  out  in  considerable  detail,  but 
only  sixty-nine  species  are  enumerated,  the  missing  species  being  three 
monodiametral  redundant  hyperbolas,  of  which  one  is  the  limiting 
form  of  the  other  two  when  their  asymptotes  are  concurrent.  The  two 
paragraphs  about  the  generation  of  cubics  by  means  of  the  shadows  of 
the  diverging  parabolas,  which  form  part  of  Section  V.  of  the  printed 
edition,  and  the  last  paragraph  in  Section  VII.,  are  missing;  and  as 
the  manuscript  is  closely  and  continuously  written,  and  ends  with 
"  Finis,"  we  may  assume  that  these  paragraphs  were  not  contained 
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in  any  pages  wluch  are  now  lost.  Sections  V.  and  VI.  are  written 
out  twice.  The  manuscript  is  divided  into  thirty  articles  with  mar- 
ginal headings.  The  diagrams  (if  ever  there  were  any)  are  lost. 
The  loose  sheet  in  which  the  manuscript  is  wrapped  does  not  belong 
to  the  manuscript.  There  still  remain  numerous  minute  verbal  differ- 
ences between  this  and  the  text  of  the  printed  editions,  but  I  do  not 
think  any  material  differences  other  than  those  described  above. 

64.  The  third  manuscript  is  entitled,  ^numeratio  Linearum  tertii 
Ordinis,  The  title  was  originally  written  as  Enumeratio  Curvarum 
cubici  generis.  This  was  then  altered  to  the  heading  given  in  the 
second  manuscript.  Finally,  the  three  last  words  were  erased,  and 
the  title  changed  to  the  form  given  above.  The  first  section  of  the 
printed  tract,  the  proposition  about  generation  by  shadows,  and  the 
last  paragraph  of  Section  YII.,  all  of  which  are  absent  from  the  second 
manuscript,  are  inserted  here.  The  curves  are  classified  into  seventy- 
two  species,  but  the  diagrams  are  absent.  The  whole  is  carefully 
written  out,  and,  except  for  a  few  verbal  alterations,  the  text  is 
the  same  as  that  subsequently  published.  There  is  however  no 
reference  to  a  division  into  sections,  but  the  whole  is  divided  into 
thirty-four  articles. 

65.  With  this  manuscript  are  two  loose  sheets,  used  as  scribbling 
paper,  which  contain,  among  other  notes,  two  draft  tabular  analyses 
of  the  classification  of  cubics.  These  do  not  differ  materially  from 
those  adopted  in  the  text,  but  they  are  drawn  up  in  a  form  closely 
resembling  that  which  I  have  given  in  Art.  17,  with  the  addition  of 
descriptive  adjectives  for  most  of  the  species. 

66.  There  is  nothing  to  show  the  dates  of  the  first  two  manuscripts 
or  of  the  Fragments^  but  one  of  these  loose  scribbling  sheets  of  the 
third  manuscript  is  written  on  the  back  of  a  shoH  business  letter, 
dated  "London,  6  June,  '95,"  and  directed  to  ** Isaac  Newton,  Esq., 
a.M.,  Trinnity  Collidge,  Cambridge.'*  It  is  probable,  therefore,  that 
the  whole  of  this  manuscript  is  of  a  date  subsequent  to  this,  but  I 
see  no  reason  to  suppose  that  it  was  written  later  than  the  summer 
or  autumn  of  1695. 

67.  The  following  printed  editions  of  the  essay  on  cubic  curves  are 
in  the  library  of  Trinity  College,  Cambridge,  and  include,  so  far  as 
I  know,  all  that  have  been  published. 

68.  The  enumeration  of  cubic  curves  was  originally  published,  in 
VOL.  XXII. — NO.  407.  K 


% 
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1704,  M  an  appendix  to  the  first  edition  of  the  Ojpticksj  the  title-page 
of  which  mtiA  %a  follows : — C^ticJa :  or,  a  Treaiite  of  ike  SejkrimUj 
TieJTQ/iufM^  Inf.ez{fm»^  and  Colourt  of  Light,  -Ifoo  Two  TrtatUea  flf  ihiB 
HytcvtM  and  yfagntttuU  of  Curvilinear  Figuret. 

In  the  adverruement  to  the  second  edition,  which  is  dated  Jn]j  16, 
1717,  Newton  sajg :  **  In  this  Second  Edition  of  these  Opticks  I  ha^e 
omitted  the  Mathematical  Tracts  pnbUshed  at  the  End  6t  the  foimer 
Edition,  as  not  belonging  to  the  Subject."  The  tracts  were  left  ont 
in  all  the  sabseqoent  English  editions,  and  I  belieye  that  thej  were 
not  added  to  anj  of  the  Continental  editions  of  the  Optiekt. 

(jO.  In  \lf)f}  a  Latin  translation  of  the  Opticks^  prepared  hj  Samnel 
Clarke  and  revised  by  Demoivre,  was  published  in  London.  The 
two  tracts  above  mentioned  are  appended  to  this,  bat  they  were 
omitted  from  Hubsoqoent  editions. 

70.  In  1711  the  essaj  on  Cubic  Curves  was  reprinted  in  the  col- 
lection of  Newton's  tracts,  which  was  edited  by  William  Jones,  and 
iH^ned  at  Jjondon,  under  the  title,  Analysis  per  Quantifatum  Series^ 
Fluxiones,  ae  Differ eniicu :  cum  Enumeratione  Linearum  Tertii  Ordinii, 
The  essay  is  reprinted  without  comment.  Of  all  the  editions  this  is 
the  most  pleasant  to  use,  as  the  type,  diagrams,  and  g^t-up  are  excel- 
lent. In  1723  this  book  was  reprinted  at  Amsterdam,  and  was  issued 
both  by  itself  and  also  bound  up  with  a  reprint  of  the  second  edition 
of  the  Frincipia,  which  was  published  there  in  the  same  year. 

71.  In  1744  the  essay  was  reprinted  in  the  Opuscula  MathemaHca 
of  Newton,  edited  by  J.  Castillioneus,  and  issued  in  three  volumes 
at  Lausanne. 

72.  In  1779  it  was  reprinted  in  vol.  i.  of  the  collected  edition  of 
Newton's  workH,  issued  by  S.  Horsley  at  London. 

73.  In  1801  a  transIatioD,  with  notes,  was  published  by  G.  B.  M. 
Talbot  at  London.  The  title-page  of  some  of  the  earlier  copies  is 
dated  18(i0. 

74.  The  chief  commentary  on  the  work  is  one  by  Stirling,  which 
wiiH  publihlicd  at  Oxford  in  1717,  under  the  title,  Linear  Tertii  Ordinis 
Ncutiyinayiav^inve  Illustratio  Tractatvs  D.  NeutoniDe  Enumeratione  Line- 
arum  Tnrtii  Ordinis.  This  contains  demonstrations  of  most  of  the 
results  whicJi  had  been  merely  stated  by  Newton.  A  considerable 
I)art  of  the  work  is  occupied  by  introductory  matter,  and  the  portion 
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devoted  to  the  classification  of  cubics  oconpies  less  than  forty  pages. 
Stirling  was  an  intimate  friend  of  Newton,  and  there  is  reason  to 
think  that  the  proofs  and  comments  were  approved,  and  to  some 
Extent  supplied,  by  Newton.  This  work  was  reprinted  at  Paris  in 
1797. 

75.  A  commentary  on  part  of  the  work,  and  especially  on  the  alge- 
braical reduction  of  a  cubic  to  one  of  four  canonical  forms,  wa&  given 
by  Nicole  under  the  title  Traite  des  lignea  du  troisieme  ordre,  in  the 
Memoires  de  VAcademie  des  Sciences^  for  1729,  Paris,  1731,  pp.  194-224. 

76.  Two  objections  have  been  urged  against  the  system  of  classi- 
fication adopted  by  Newton.  In  the  first  place,  he  nowhere 
defines  what  is  meant  by  a  species,  and  he  is  not  consistent  in  his  use 
of  the  term.  In  the  second  place,  the  curves  in  each  group  have  not 
the  same  fundamental  characteristics,  that  is,  such  as  are  unaltered 
by  projection. 

77.  De  Qua  De  Malves,  in  his  Usages  de  Vanalyse  de  Descartes,  pub- 
lished at  Paris  in  1740,  pointed  out  the  first  of  these  objections,  and  he 
proposed  (pp.  365-367)  to  consider  the  maximum  and  minimum 
values  of  y  as  well  as  of  x.  This  would  increase  largely  the  number 
of  species,  but  would  not  materially  improve  the  system  of  classifica- 
tion. 

On  the  second  of  these  objections,  see  above.  Arts.  52,  53. 

78.  Cramer,  in  his  Introduction  a  Vanalyse  des  lignes  courhes 
algehriques,  published  at  Geneva  in  1750,  and  Euler,  iu  his  Analysis 
Infinitorumj  published  at  Lausanne  in  1748,  proposed  to  classify  curves 
solely  by  reference  to  the  character  of  their  infinitely  distant  points. 
They  both  refused  to  recognise  the  various  curves  formed  by  the 
degeneration  of  an  oval  into  an  acnode,  or  its  coalescence  with  other 
branches  of  the  curve,  as  constituting  distinct  species.  Cramer 
(p.  359-369)  gives  14  species  of  cubics,  and  Euler  (Bk.  II.,  chap,  ix., 
pp.  114-126)  gives  16  species.  This,  after  all,  is  not  very  different 
from  the  method  used  by  Newton,  except  that  Cramer  and  Euler 
would  describe  as  species  what  I  have  termed  genera. 

79.  In  more  recent   times   Pliicker  suggested   a   new  system   of 

classification  of  cubic  curves,  with  special  reference  to  critic  centres. 

He  divides  cubics  into  6  classes,  61  groups  or  genera,  and  219  species 

{System  der  analytischen  Geometrie  und  der  Theorie  der  Curven  dritter 

Ordnung,  Berlin,  1835).     His  classification  forms  the  subject  of  an 

exhaustive  criticism  by  Cayley  in  the  Transactions  of  the  Gamibridqe 
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Fhtloifophical  Society  for  1864,  pp.  81-128,  where  the  reader  will  find 
a  comparison  of  the  results  with  those  of  Newton. 

80.  Lastly,  I  may  call  attention  to  the  classification  of  cabics  given 
in  Salmon's  Higher  Plane  Curves,  where  a  method  not  very  different 
from  tliat  of  Newton  is  adopted.  See  the  second  edition,  Arts. 
195-200. 

81.  In  conclnsiou  I  may  perhaps  add  that  Waring  applied  the 
Newtonian  method  to  qnartic  carves.  Treated  in  this  way,  there  are 
12  characteristic  forms  of  their  equations,  and  not  more  than  84,551 
species.  (See  his  Miscellanea  Analytiea,  Cambridge,  1762,  Bk.  II., 
chap.  V.)  Cramer  divided  qnartics  into  9  classes,  bnt  did  not  con- 
tin  nc  the  subdivision  into  genera  and  species.  Baler's  method  gives 
8  classes  subdivided  into  146  genera.     Salmon  gives  10  classes. 

Appendices. 

82.  The  following  extracts  are  literal  transcripts  of  parts  of  two  of 
tlio  manuscripts  alluded  to  in  the  text.  No  corrections  are  inserted, 
but  (i.)  words  which  are  obviously  redundant  are  placed  in  sqnara 
brackets;  (ii.)  punctuation  has  been  added;  (iii.)  the  articles  are 
numbered,  for  convenience  of  reference ;  and  (iv.)  the  notation  used 
i()  express  a  ratio  has  been  altered  from  the  obsolete  form  to  that  now 
current :  that  is,  the  ratio  of  a  to  6  is  printed  here  as  a :  6,  while 
Newton  and  his  contemporaries  would  have  written  it  as  a .  &.  Such 
notes  as  are  given  are  in  English  and  are  placed  in  square  brackets. 

Appendix  I. 

Extracts  from  Newton's  Manuscript  entitled 
Fra(pnenf8  concerning  lines  of  the  third  order. 
(Seo  Articles  11,  58-62,  above.) 

83.  [The  manuscript  commences  with  a  discussion  of  geometrical 
properties  (especially  of  diameters)  of  conies  and  other  curves  (see 
Art.  58).  After  which,  Newton  proceeds  to  enunciate  the  two  proposi- 
tions stated  in  Arts.  GO,  61.     The  text  is  as  follows.] 

84-.  Cacternni  cum  hujusmodi  proprietates  eo  praesertim  spectent 
ut  sciamuH  commode  exprimere  Curvas,  eo  ut  de  iisdem  commode 
ratiocinoniur  dicam  breviter  qua  ratione  id  fiat  in  Curvis  cubicis 
ae((uo  \xc  in  C^onicis  sectionibus. 

85.  Sit  primo  ABC  con.  sectio.  Earn  secent  rectae  duae  parallelae 
AG,  BJl  in  pniictis  A,  G,  B,  IT ;  et  tertia  quaevis  recta  non  parallela 
AL  in  puncto  L. 


1890.] 

Fiat 

et  sit 
et 
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AQ  :  EH-BE  ::  AM :  EM, 

die::  AG  :  AM, 
h  :e::  EBxEHiEAxEL. 


133 


Et  ad  AE  erecta  quavis  TV  //  BE',  et  occarente  curvae  in  F,  dicatnr 
AE  =  y  [an  obvious  slip  for  TV  =  y],  et  erit 

2/y-  —TMxy-  —  TAxTL  =  0, 
e  e 

expressio  conicae  sectionis. 

86.  Eodem  modo  se  res  habet  in  curvis  cabicis.  Dentur  enim 
positione  tree  rectae  parellelae  AO,  BH,  CJ  secantes  curvam  proposi- 
tam  singulae  in  totidem  datis  punctis  A,  D,  G ;  B,  E,  H;  C,  F,  J. 
Et  per  extremnm    unius    rectae   punctum   A   et  alterins   medium 


punctam  E  agatur  quarta  recta  AE,  eaque  producta  secet  curvam  in 
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fj  Hi  ncUuB  CJ  ID  K,     Pneierea  in  AE  capiatnr  pnnctnm  M  ita  nt 

Hit  AL^AG  :  EH-EB  ::  AM  :  EM, 

ei  ftit  die  ::  AD-^AG  :  AM, 

>t1et  b:e  ::  KCxKFxKJ :  KLxEjixKB. 

Delude,  facto  KJ :  KF  ::  KC-KJ :  KM, 

capiaritnr  etiam  in  AE  pancta  i2  et  ^  ita  nt  sini 

[ADxAGiABxAS  ::  EBxEH:  ERxES], 

9 

ADxAG:  ABxAH  ::  EBxEHiEBxES 

::  KCxKF—KCxKJ-KFxKJ:  KBxKSi:  e:  c. 

Ki,  acta  quavif)  recta  TV  ipsi  AG  parallela,  et  occnrrens  [probably  a 
Hlip  for  occarrente]  rectae  AE  in  T  et  cnrvae  ABG  in  V,  si  TV  dicatur 
y  orit 

y*--^   xTMxyy+  —  TEx-T8xy^^TAxTLxTE  =  0. 
e  e  e 

VjHt(\\ie  generalis  regnla  exprimendi  corvas  onmes  ordinis  cubici,  si 
modo  signomm  +  et  »  mutatio  pro  diversa  positione  lineamm  probe 
fiat. 

87.  Pancta  autom  12  et  S  per  planam  Geometriam  inyestigantor. 
Scilicet  faciondnm  est 

ADxAGxEK     EBxEHxKA 
AE  "^ '  ■      AE 

-^-KO X  KJ-KO X KF+KJx KF  :  AKxEK  ::  b  :  e, 
et  mt    h  :  e  ::  ADxDG  :  ABxAS  ::  BExEH:  EBxES. 

Datitur  igitur  rectangala 

ARxAS    et     EBxES. 

Hint  iHtii  AEXp     ot     AExq, 

ot  orit  p  +  q-^AE  =  iljB+-4S. 

Kjuis  siunnmo  dimidium  eato  AG  ot  erunt 

Tli    ot     T»S=:y.4r'-^£?xp, 

ttW  .17^  semper  major  orit  quam  AExp^  si  modo  recta  AE  non  per 


1890.]  Newton^ 8  Classification  of  Oubic  Curves,  185 

dno  eztxema  linearam  pnncta  A  et  B  vel  O  et  jQT,  nee  per  media  D  et 
J?,  sad  per  extremuin  et  medium  nti  A  et  J^.  Unde  constat  hano 
regolam  nnlli  exception!  obnoxiam  esse. 

88.  Gaetemm  cnm  haec  sit  aeqnatio  cubica  qaae  non  nisi  per 
solidam  geometriam  constrai  possit  docebimus  quomodo  bae  enrvae 
redigendae  sunt  ad  aeqnationes  quae  per  planam  Geometriam 
constrai  possnnt. 

Et  in  banc  finem  snmamxis  plenam  aliqnam  aequationem. 

[Here  follow  tbe  general  equation  of  tbe  tbird  degree  in  x  and  y, 
and  a  discnssion  of  tbe  possible  simplifications  prodaced  in  it  by 
transformation  of  coordinates.  Mncb  of  tbis  is  crossed  ont,  and 
possibly  tbe  wbole  sbonld  be  cancelled  as  being  merely  roagb  notes 
of  tbe  calcnlations  necessary  for  tbe  following  analysis,  wbicb  I  bave 
already  snmmarized  in  Art.  11.] 

89.  Sit  basis  AB  =  z, 
ordinatim  incedens  BO  =  v, 
Proponatur  aeqnatio  plena 

at;*-f  bzfw + czzv + ds^-^evv  +fzv  +  gzz+  hv-^-kx-i-l  =^  0. 

Constraatnr  quomodocanqne  baec  aeqnatio 

a+hp  +  cpp-^-dp^  =  Of 

et  invento  p,  cape  BD  ad  BG  ut  j?  ad  1  [see  Pig.  1],  et  agatur  OD 
qnac  sit  ad  BG  ut  g  ad  1.     Et  dicto 

AI)  =  r  et  GD  =  8, 

erit  BG  =  qs  et  AB  =  r--pq8, 

Quibns  scriptis  in  aeqnatione  pro  v  et  z,  orietur  nova  aeqnatio  in  qna 
terminus  multiplicatus  per  8*  deerit.     Sit  ista 

[Tbe  analysis  requires  tbat  AB  =  r  -{-pqs.  Hence,  if  p  is  positive, 
D  must  be  between  A  and  J5,  and  not  as  in  Newton's  figure.] 

90.  Et  si  terminus  hrss  non  desit  produc  [Fig.  1]  GD  nd  E  nt  sit 
26  :  c  ::  AD  :  DE.  Et  propter  datos  angulos  trianguli  ADE  simul 
dabitur  ratio  AD  ad  AE  ;  sit  ista  n  ad  1.     Et  dictis 

AE  =  t  et   GE=:  w. 
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erit  -ID  =  11/  et   CZ>  =  ir-^f. 

Qnibns  scriptis  in    aeqoatione  pro    r  et    s  einer]?et  aeqnatio  sine 


Fio.  1. 
termino  multipUcato  per  ttw.     Sit  ista 

retentis  denuo  Uteris  cum  mutato  significata.     Et  prodac  CE  ad  K 
ut  sit 


I!K=.l,     [a  slip  for  4], 


et  EA  ad  H  ut  sit  JLff  =  -f  , 

6 

et  complete  parallelogrammo  HEKG,  die 

GKz=x  et  GK  —  y, 

eterit      AE=ix-"^    ®*     GEz=zy-L     fit  should  be  y- ^1. 

Quibus  scriptis  pro  t  et  w^  orietnr  aequatio  siue  terminis  yy  et  xy^ 
ozprimens  relationem  inter  basem  GK  et  ordinatam  KG  et  non  ultra 
redncibilis.     Sit  ista 

hxyy-\-ky-\'dz^'\'gxX'\'kx'\-l  =  0. 

91.  Quod,  si  terminus  hrrs  supra  defuerit,  nonautem  terminus  crrs^ 

fao  c  :  d  ''»  AD  :  DE,  et  pro  r  et  a  scriptis  nt  et  w t,   emerget 

aequatio  sine  termino  ^.     Sit  ista 

ewio-\'Cttia'\'ftW'\'}nv'\'gtt'\-kt'hl  =  0. 
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Etpositis  EKz=i^     et     AH  =  ^ , 

c  2c 

et  pro  ^  et  t(;  scripto        ^—^      ®*   V —    > 

orietnr  aeqnatio  sine  terminis  of,  xyy^  y*,  xx,  xy,  hajos  formae 

eyy-^-cxxy  +  hy-^-kx+l  =  0 
[quae  quidem]. 

92.  Sin  terminus  etiam  errs  defuerit  non  antem  ess,  fao 

2e  :f::AD:DE, 

et  perinde,  scriptis  nt  et  w—-^nt  pro  r  et «,  orietnr  aeqnatio  sine 
terminis  vf,  ttcw,  ttw,  tu>,     [Sit.]     Deinde,  positis 

et  pro  ^  et  ti;  perinde  scriptis 

X —  ^     et    «f , 

orietnr  aeqnatio  hnjns  formae 

93.  Qnod  si  terminus  ess  etiam  defuerit,  non  autem  terminus  frs,  . . . 
produc  [Fig.  2]  BA  ad  H  ut  sit 

AH=^. 
f 

Bt  dicto  BHt,  erit  AD  =  <—  4-. 

Quo  Bcripto  pro  r  orietnr  aeqnatio  hujus  formae 

fts-^-d^^-git-^-U+l  =  0. 
Dein  produc  OB  ad  ^  et  iC  ut  sit 

f:g'.i  ED  :  BE,    et    EK=  j. 
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Kt  iM.>U  US  oomple  paratlelogrammDm  3EK0,  sitqoe 
HJ);DE::n:l, 


UtilltUM  Huriptia  pro  t  Bt  t  emei^t  oeqaatio  hajoB  formae 


tl'k  Hilt  domqne  tenninos  etiam/r<  desit,  fac 

pto  {— ^  pro  r,  orietar  aeqnatio  hnjns  formae 

A:ft::HD:DE    et    Er  =  y, 
we  pro  f  et  y—  -^ 7-  tw  pro  »,  orietur  aoqnatio 

ita  Tidere  est  qood  omnes  aeqnationeB  ad  hasce  quatoor 
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formas  reduci  possint 

hxyy  =  da^-\-gxx-^hy-¥lcx-\-l  [=  0], 
eyy  =  iaj»+fca;  +  Z[=0], 

et  hy^daf  [=  0], 

nbi  tamen  signa  +  et  —  omnimodo  variari  possint  et  aliqni  termini 
deesse.     Atqne  hae  formae  non  sunt  nltra  redncibiles. 

96.  [The  remainder  of  the  mannscript  has  been  briefly  described 
in  Art.  62,  and  is  as  follows.] 

97.  Jam  yero  in  prima  hamm  formamm,  posito  hxyy  affirmativo, 
si  terminns  daf  sit  etiam  affirmativns  enrva  erit  Hyperbola  triformis 
cnm  tribns  Asymptotis,  qnamm  nnllae  emnt  parallelae.  Sin  termini 
isti  [probably  a  slip  for  terminns  iste]  daf  sit  negativns  dnae  ex 
Hyperbolis  mntabnntnr  in  Ellipsin,  qnae  tamen  non  semper  habet 
ovalem  formam,  sed  aliqnando  conjnngitnr  reliqnae  fignrae  Hyper- 
bolicae,  aliqnando  evadit  pnnctnm,  et  aliqnando  imag^aria  est. 
Inter  Hyperbolam  et  Ellipsin  media  existit  Parabola  cnm  Hyper- 
bola conjngata  nbi  da?  nnllns  est  dnmmodo  terminns  etiam  gxx  [non] 
non  desit.  Nam  si  iste  etiam  desit,  fignra  mrsnm  eyadet  omni 
ex  parte  Hyperbolica.  Et  qnidem  triplex  Hyperbola  cnm  tHbns 
Asymptotis  qnarnm  dnae  snnt  parallelae  si  terminns  k  affirmatiyns  est. 
Ubi  yero  k  eyanescit  nna  Hyperbola  eyanescit  et  parallelae  Asymptoti 
coincidnnt,  et  ex  his  hyperbolis  alia  eyanescit  nbi  k  fit  negatiyns. 

98.  In  secnnda  forma  cnrya  semper  Parabolica  est  sine  aliqna 
Hyperbola  conjngata  et  aliqnando  habet  Ellipsin  conjngatam  jnxta 
yerticem.  In  tertia  forma  ezprimit  Parabolam  Cartesianam.  Et 
qnarta  Parabolam  simplicem  cnbioam. 

99.  Atqne  ita  patet  noyem  esse  genera  cnryamm  ordinis  cnbici. 
Snb  hisce  tamen  mnltae  comprehendnntnr  species.  Nam  aliae 
non  habent  aliqnam  diametmm  bissectionis  ;  aliae  habent,  qnas 
bifidas  nominare  licebit.  Aliqnae  nnllam  habent  partem  similem 
alii  parti ;  aliae  habent  partes  omnino  similes  et  aeqnales  a  centro 
intermedio,  hinc  inde  infinitum  procnrrentes  qnas  ideo  aeqnicrnras 
nominare  licet.  In  aliqnibns  Asymptoti  et  omnes  diametri  bis-» 
sectionis  concnrrnnt  ad  idem  pnnctnm  ;  in  aliis  non.     Aliqnae  habeojk 
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punciujn  coujU4^*uiiiii.  ijuafe  puuciutub  vuct' :  aliaeacnc^  termxnantairai 
vtjrtiowifcdxuwiuiii  Cibbuidit,  quufr  idev  Ciiwoidiiier  ve*  caspjdatts  Toea: 
et  aJiAe  ise  deyubbaut  ad  uiuduui  crucib.  fii*t  sTini  piaecipo« 
difEereutifMj  liwum  curvwuiu.  Jfcit  beuuuduiu  lukt  difcereniiai*  poBBmnB 
enumemre  fe;pet'it»  iitiiruiu  curvai'uiL  juxta  «equem«xii  labiiiaiu. 

[li^ffe  foUciwb  a  tauuItM'  auaivnib   ol  cubic  curves  inu)  «  c* 
14  gezusra,  and  60  bpeoiets.     8^*  An.  0:1.' 

A^'t't^uu  JI. 
Extract  fj'oux  Neviim't  huioi^pb  manuBcript.  flftitiikMi 

(See  Ai"ticle«  39-4^1  5^j,  07  abu%'e  j 

lOU.  L  J^^">  extract  ib  wuijuued  W  tUj  bectioju  cm  the  DinnriTnTHgrifln 
of  Geuei'a,  wLich  1  deMsribed  iu  Ajis.  41-42i  abort.  KewwmlB  bins 
on  Uie  subject  are  writteu  vu  a  bbeet  uf  paper  of  a  fliae  -BbgMF 
smaller  tbau  tbe  rent  <A  the  juuaiJUJbcJ"ipt,  aud  witb  difEerant  ink.  On 
tbe  otber  baud,  tbe  abtteuoe  *jl  a  dJvx«iuu  into  ardukft.  tbe  uibaBsmt^ 
reiereuce«,  aad  tbe  abbeiice  oi  mar-^iiiaJ  beadiuge  ai'e  puiutt  in  "wiuifli 
it  in  flituiiar  to  tbi«  manubcr*ipt,  aud  di£er»  from  all  the  otheis^  Bid, 
ah  it  )ia8  been  pi-eit»erved  with  the  iii-vt  manubcnpL,  I  troBt  it  k* 
I>art  of  it.     It  ruuu  hm  foJiows.  j 


101.  Ktiuiueiatib  baruiii  Curvai  ufn  oj^^xriebus  et  oetenso  qno 
aequatioiieK  qui  bus  r^uoiji«>«i<><;uij«jui;  irxpniuunlur  rednci  poflfiiirt  ai 
forriiubiH  <juai'Uin  Kub^idio  detiiiivitJiUh  ii^Mi  et  du>tinxiznuB  in 
videor  determifiationei/j  hi/tnin  hA'Ajvutu  ad  imem*  perduxisfiie. 
quoniam  reductio  aequatit/jjufij  a^i  formuUi$  t«rta«  saepennmero 
euHo  poHHit,  ex  abuiidauti  jar/j  iiuMm^Mf  quoniodo  hpeciem  cam 
iHtiufl  ituxli  traiJHmutatioue  iiiiLt/^ntthtitifis  liceat.  Sapponamus  igitor 
quacMtioiieiii  aliquafn  tin  bujun  ^^niuinH  Loco  ad  aeqoationem  j^ffrdnctam 
OBHe,  Hitque  acquatio  ilia  ut  Hupra 

in  qua  X  denotat  buMeni  yl//,  y  orditialain  JJC,  et  -(-6,  +c,  +  J,  Ac, 
dataH  c^uantilateH  cum  huIh  hI^uIh  alTe<;(aH.     CoiiHtrnator  haec  aeqnatio 

et  pouatur 

:\  [a]  zz  4- 2lz  -I-  c  =  m,     Wz  \-  h  =  n,     az'-^fz-^y  =  p, 

2ez  -k-J  =  fj     et     hz  +  k  =  r. 


A  holo  hiiH  biioii  burnt  in  Did  piqtur;  imd  thu  lottorti  in  italics  are  conjectarally 
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Ubi,  si  in  constrnenda  praefata  aequatione  tree  obvenerint  reales 
radices  z,  illae  dabnnt  totidem  qnantitates  m,  n,  p,  q,  r,  Et  si  forte 
d  non  habeatur  tnnc  dnae  radicam  ex  aeqnatione 

zz-\-hz-{-c  =  0 

elici  debent,  et  0  ^  pro  tertia  nsnrpari ;  hoc  est,  pro  r»,  n,  p,  q,  r 
scribendnm  erit  c,  h,  g,  f  et  Z:,  neglectis  terminis  in  qnibns  z  sive  0 
reperitar.  Eodem  modo  si  c  blc  d  simnl  desant  dnae  repntandae  sunt 
radices  et  sibi  mntuo  et  nihilo  aeqaales  et  tertia  radix  erit  —b,  Et 
si  omnes  tres  termini  &,  c,  d  desnnt  tres  radices  repntandae  snnt 
aeqaales,  et  pro  illis  scribendnm  erit  0. 

102.  Jam  igitur,  si  tres  obvenerint  inaeqnales  radices,  et 
nnlla  eamm  in  colligendis  qnantitatibns  m,  n,  p,  q,  r  nsnrpata 
ef^ci&tteTminos  npp^qpm-\-rmm  sese  destmcre,  ffignra  erit  Hyperbola 
triformis  non  bifida.  Sed  si  aliqna  eamm  efficiat  terminos  istos 
fipp — qmm+rmm  evanesoere  Hyperbola  ilia  triformis  erit  nno  modo 
bifida,  et  trifariam  bifida  si  termini  illi  in  anoqnoqae  trinm  casnnm 
evanescnnt. 

103.  Quod   si  aeqnatio   ilia  non   nisi   nnicam   /tabeat  radicem   z, 

caeteris   dnabas     existentibns    ima^inariis,   ffignra    erit   Hyperbola 

Elliptica  modo  non  sit 

nn— 2?»  =  0, 

nam  in  boc  casu  habebitnr  Hyperbolismns  EUipseos. 

104.  Ad  baec  si  trinm   radicnm  z  dnae  snnt  aeqnales,   et  tertia 
nsnrpata  pro  z  non  efficiat  ^ 

ffignra  erit  Hyperbola  Parabolica.     Sed  si  efficiatnr 

habebitnr  Hyperbolismns  Hyperbolae,  et  Hyperbolismns  Parabolae 
si  insnper  sit  .  ^ 

Et  in  omnibns  hisce  casibus  figara  erit  bifida  si  tertia  ilia  radix  z 
efficiat  npp — qpm  -\-rmm  =  0; 

aliter  erit  non  bifida. 

105.  Denique  si  omnes  tres  radices  z  aeqnales  esse  contigerit,  et 
non  sit  i^  =  0, 


I 
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ffigara  erit  Parabola  diyergens.     Sed  si  sit 

^  =  0, 
habebitur  Parabolismas  Hyperbolae  nisi  insaper  sit 

<jf  =  0, 

in  quo  casn  ffignra  erit  Parabola  Onbica. 

106.  Cognita  specie  curvae  si  praeterea  desideretur  positio  Asjmp- 
totomm  et  plaga  ad  qnam  crura  Parabolica  tendunt.  In  [a  slip  for 
,  in]  ordinata  BC,  qnam  y  designat,  cape 

B8  =  «aj-  -£-, 
m 

et  pnnctum  8  attinget  asymptoton  si  modo  z  non  sit  nna  duamza  yel 


trinm  aeqnalinm  radicnm.  Hoc  igitur  pacto  tot  invenies  Asymptotos 
quot  sunt  radices  z  non  aequales.  Sed  si  z  sit  una  duarum  aequaliom 
radicum  cape  


2n       V     4»n 


et  habebis  duas  parallelas  Asymptotos  si  figura  sit  Hyperbolismus 
Hyperbolae  [ant  ant]  aut  si  existente 

5g— 4m  =  0, 
ffigura  sit  Hyperbolismus  Parabolae,  habebitur  Asymptotos  ponendo 

BS  =  zx-S- 

Ac  denique  si  tres  sunt  aequales  radices  z  et  figura  sit  Parabolismus 
Hyperbolae,  Asymptotos  determinabitur  ponendo 

BS  =  zx-  — . 

Eodem  modo  ubi  curva  est  de  genere  quovis  Parabolico,  capiendo 

BT  =  zx, 
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pnnotam  T  attingit  lineam  rectam  qnae  tendat  ad  eandem  plagam 
cum  infinitis  cmribns  Parabolicis  fignrae,  si  modo  pro  z  sumatnr  una 
aeqnaliam  radicnm. 

107.  In  praefatis  determinationibns  supposui  primuin  terminnni 
aeqnatioiiis  y^  non  deesse.  Qnamobrem  si  terminus  ille  desit  et  dx* 
non  desit,  debet  y  fieri  basis  figurae  et  x  ordinata,  et  caetera  peragi 
ut  supra.  Sed  si  uterqae  terminus  simul  desit  sed  &  et  c  non  desunt, 
ffigura  erit  Hyperbola  triformis  cujus  una  Asymptotos  determinatur 

capiendo  AB  = —, 

et  ad  B  erigendo  lineam  parallelam  ordinatis,  altera  determinatur 

capiendo  ^«  =  "  f 

et  ducendo  per  8  lineam  parallelam  basi.  Nam  istae  parallelae  erunt 
Asymptoti.    Tertia  attingetur  a  puncto  8  sumendo 

^^  b^bb       b^  c' 

Denique  si  terminorum  etiam  &  et  c  alteruter  puta  c  desit,  ffigura  vel 
Hyperbola  Parabolica  erit  vel  Hyperbolismus  aliquis  cujus  determi- 
nationem  supra  satis  ezplicaimus. 


On  the  q» Series  derived  from  the  Elliptic  and  Zeta  Functions  of 
^Eand  \K.     By  J.  W.  L.  Glaishbr,  ScD.,  P.RS. 

[Bead  Dee.  IIM,  1890.] 

1.  In  a  paper  on  the  function  ^(n),*  wbich  denotes  the  excess  of 
the  number  of  divisors  of  n  which  ^  1,  mod.  3,  over  the  number  which 
=  2,  mod.  3,  it  was  shown  that  the  ^-series  having  H(n)  as  the 
coefficient  of  its  general  term,  n  denoting  any  integer,  was  expressible 
by  means  of  a  zeta  function  of  argument  \K,  and  that  the  g-series  in 
which  H  (m)  was  the  coefficient  of  the  general  term,  m  denoting  any 
uneven  integer,  was  expressible  by  means  of  an  elliptic  function  of 
\K.  These  results  suggest  that  it  would  be  of  interest  to  obtain  the 
developments  in  ascending  powers  of  q  of  the  complete  system  of 


•  Vol.  XXI.,  p.  396. 
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g-series  which  represent  the  sixteen  elliptic  and  zeta  functions  of  -^-ST,* 
in  order  to  determine  the  nature  of  the  arithmetical  functions  which 
form  their  coefficients.  The  principal  ohject  of  the  present  paper  is 
to  examine  these  arithmetical  functions  ;  but  the  elliptic  functions  of 
^Ky  the  changes  produced  by  the  change  of  q  into  g",  and  other 
matters  that  arise  in  connexion  with  the  g-series,  are  also  considered. 
The  concluding  sections  (§§  39-56)  relate  to  the  elliptic  and  zeta 
functions  of  ^K  and  \K, 

Developments  of  kp  sn  ^K,  8fc..^  in  ascending  powers  of  q.     §§  2-7. 

2.  Six  of  the  sixteen  functions  of  ^J^  are  expressible  by  means  of 
the  function  JE7  (n),  which  denotes  the  excess  of  the  number  of  divisors 
of  n  which  ^  1,  mod.  4,  over  the  number  of  divisors  which  =  3,  mod.  4. 
These  expansions  may  be  written : 

^  sn  iJT  =  kp  cd  § JT  =  2X  ^  (m)  5**"  -f  BSf  E  (m)  5'*", 

hk'p  sd  iK  =  kp  en  }K  =  22?  (  - 1  J*  ^"""'^ -E?  (m)  ^ 

+  65r(-l)*^"-'^^(m)g*~, 

p  ns  Jif  =    pdc^K=2  +  2X  E  (n)  ^"  +  62?  E  (n)  3^. 

pdBiK  =  k'p  ncf A'=  2-h22r  (-1)*  ^  W  (Z^  +  ^Sr  {-\Y E  (n)  ^, 

k'p  nd  JJT  =    p  dn  I JS:  =  1  -22r  E  (n)  g**-!-  62?  E  (n)  5^ 

pdniJS:=A;>ndf2r=l-22r(-ir-£;(n)3«-h62r(-l)"J^(n)^, 

2K 
where  p  denotes  — ,  and  m  and  n  denote,  as  throughout  this  paper, 

any  uneven  number,  and  any  number,  respectively. 

3.  Five  others  are  expressible  by  means  of  il(n),  defined  as  in  §  1, 
and  by  H'  (n),  defined  as  denoting  the  excess  of  the  number  of 
divisors  of  n  which  ^1,  mod.  3,  and  have  uneven  conjugates,  over 
the  number  of  divisors  which  ^  2,  mod.  3,  and  have  uneven  con- 
jugates.    These  expansions  are 

kpcdiK=     kp  sn  f  iT  =  2  VS  2?  H  (m)  j*"*, 

kp  en  iK  =  kk'p  sd  JiT  =  2  ,/S  2?  (-1)*  ""''^  -H"  W  g*""* 

*  The  complete  system  of  ^-series  for  ApsnUf  &c.,  is  given  in  the  Meuenger  oj 
Mathematics^  Vol.  xvii.,  pp.  2,  3.  The  four  zeta  functions  zn  u,  zs  «,  zc«,  zdti  are 
there  donoted  hy  ^(m),  Z\  (m)>  ^l»M>  ^  ('*)• 
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-p  zd  iJS:  =       f>  zn  JJT  =  2  -v/3  Sf  H'  (n)  ^, 
p  zn  iE:  =  -  p  zd  §E:  =  2  y3  Sr  (-1)"-*  IT'  (n)  g", 

4.  Two  of  the  elliptic  functions  of  \K  are  expressible  by  means  of 
a  function  J(n),  defined  as  denoting  the  excess  of  the  number  of 
divisors  of  n  which  =  1,  mod.  6,  over  the  number  of  divisors 
which  =  5,  mod.  6  ;  viz.,  we  have 

pdciJr  =  pnsJiir==A{H.35r/(n)5**}, 

feVnciir=pdsJ7ir=^-{l-h32r(--irJ(n)g«]. 

When  n  is  uneven,  J(n)  is  evidently  equal  to  H(7i),  so  that  in  the 
first  two  formulae  of  §  3  we  may  replace  H(m)  by  J(m).  These 
formulse  may,  therefore,  be  written  : 

Jcp  en iK  =  kk'p  sd  Jif  =  2  x/3  X  (-l)*^"**'^  J{m)  g*"'. 

5.  Denoting  by  I(n)  the  excess  of  the  number  of  divisors  of  n 
which  =  1  or  2,  mod.  6,  over  the  number  of  divisors  which  =  4  or  5, 
mod.  6,  we  find 

pzsi£:  =  -pzc|JK:=  -v/3  {l-f2  2ri(n)g2«]. 
If  n  be  uneven, 
if  n  be  even, 

i(«)  =  /(«)+ff(i«). 

We   may  therefore    express   this   formula  also  by   means  of    the 
functions  /  and  H  as  follows  : 

pzsiZ=-pzcfif  =  v/3  {l-|-22r/(n)g^»  +  22rH(n)g^»}. 

6.  The  remaining  two  functions,  sc  and  cs,  may  be  expressed  by  the 
formulfle 

fe'psci7i:=      pcs|7i:=-^^{l-62rh(n)(z»"], 

p cs  ^JK:  =  k'p  sc  IK  =  v/3  ( 1-2  Sr  i  (n)  ^^''l , 
VOL.  xxn. — NO.  408.  l 
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h(n)  =  ff(n)-.H"(n), 
i(n)  =  r(n)-r'(n). 

The  function  IT  (n)  has  been  defined  in  §  3 ;  and  H"  (n)  is  defined 
as  the  excess  of  the  number  of  divisors  of  n  which  ^  1,  mod.  3,  and 
have  even  conjugates,  over  the  number  of  divisors  which  =  2,  mod.  3, 
and  have  even  conjugates.  The  functions  r  (n)  and  I"  (n)  stand  to 
I  (n)  in  the  same  relation  as  H'  (n)  and  H^'  (n)  to  fl'(n).* 

7.  The  arithmetical  functions,  which  serve  to  express  theooeffioients 
iu  the  sixteen  series,  are,  therefore,  seven  in  number,  viz. : 

E(n),    n{n),    H'(n,),    H"  {n),    J(n),    lin),    i(»); 

I 

but  the  first  of  these,  E  (n),  occurs  in  the  series  for  p,  7:p,  Jc'pf  &c.,  In 
ascending  powers  of  g,  and  is  not  specially  connected  with  the 
argument  \K, 

When  n  is  uneven,  H"  (n)  is  zero,  and  all  the  other  functions 
become  equal,  so  that 

E(m)=zn (m)  =  H'  (m)  =  /(m)  =  I  (m)  =  i  (m). 

Tlie  Functions  Jl,  H\  E'\  i.     §§  8,  9. 

8.  Let  n  =  2''w, 

m  being  an  uneven  number,  and  lot  1,  a,  5,  ...  ,  m  be  all  the  divisors 
of  in  which  =  1  or  2,  mod.  3 ;  these  are  the  divisors  upon  which  the 
value  of  fl'(m)  depends.  Now,  in  2rm^  the  divisors  which  have 
uneven  conjugates  ai'O  2*",  2*'a,  2**6, ...  2''m  ;  i.e.,  they  are  the  former 
divisors  each  multiplied  by  2**.  Now,  by  multiplying  a  divisor  ^  1, 
mod.  3,  by  2,  we  produce  a  divisor  =  2,  mod.  3,  and  vice  versd.  Thus* 
evidently, 

W  (2m)  =  -17'  (m),     H'  (4m)  =  H(m), 

and  in  general 

ir(n)=z  (^iyH(m), 


•  In  the  case  of  the  functiona  H  and  /,  the  single  accent  indicates  that  in  forming 
the  function  only  the  divisors  whoso  conjugates  are  uneven  are  to  be  takoi  into 
account,  and  the  double  accent  indicates  that  only  di^-isors  whose  conjugates  are 
even  arc  to  bo  taken  into  account.  The  accent  in  a'(m)  (§31)  has  a  different 
meaning. 
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9.  If  r  be  uneven,  ■S'(n)  =  0 ; 
and  if  r  be  even,                   H  (n)  =  H  (m). 
We  may  therefore  write 

and,  since  E'  (»)  +  B"  (n)  =  il  (n), 

we  find  i?"(n)  =1  {l-C-iy}  H(m). 

This  latter  result  may  be  independently  established  without 
difficulty ;  for  the  divisors  of  n  which  =  1  or  2,  mod.  3,  and  have 
even  conjugates,  are  1,  a,  5,  ...  ,  m;  2,  2a,  25,  ...  2m;  ...  ;  2**"\  2**~*a, 
2^'*6, ...  2''"*m.  Thus  there  are  r  systems  of  such  divisors.  The 
divisors  in  each  system  are  opposite  in  character  to  those  in  the 
preceding  system ;  so  that,  if 

r  =  2,     JBr"(n)=0; 

if  r=3,     H"(n)  =  £r(m); 

and,  in  general,  fl"  (n)  =  0    or   H  (m), 

according  as  r  is  even  or  uneven. 

We  have  also 

h(n)  =  £r'(n)-ir"(70  =  4  {3(-l)'--l}ir(m). 

The  Functio7is  J,  J,  I\  i.     §§  10,  11. 

10.  If,  as  before,  we  put 

n  ^  2'"  771, 

we  have  J(n)  =  H(m). 

Since  (§5),  if  w  be  even, 

I(n)  =  /(n)+JEran), 
and  (§  9),  HC^n)  =  ^  {l-C-l/}  H (m), 

we  find 

11.  It  is  easy  to  see  that,  if  n  be  even, 

r  (»)  =  H'  (i^), 

2  L 
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iukI  r(»>=/(«)+fl'(iii). 

We  tha«  find 

r  («>  =  (-  1)'-'  ff(m)  =  -H'  (»), 

r(rO  =  *(3+(-l)'}H(w;,     i(»)=-|{l  +  (-l)'}ff(t»). 

The  complete  $et  of  Funetion*.     §§  12, 13. 

VZ.  It  tbn«  ap[K!ar.s  that  all  the  H,  J  and  /  fanctions  of  n  admit  of 
being  exprcMcd  in  tcmiB  of  H(rn),  where  m  is  the  largest  aneyeo 
diriMOr  of  n.     Arranging  the  formnlse  in  one  gri^np,  we  have,  if 

n  =  2'to, 
then  ./  («)  =  H  (m), 

//(«)=  i(H-(-l/]JEr(m), 
7r(n)=(-irfi-(m). 
//"(„)=  i{l-(-l/}H(m), 

h  (n)  =  i  {3(-l)'-l}  H{m)  =  (-l)'I(n), 
/(«)  =  i  (3-(-l)']  H(m)  =  (-l)'h  (n), 
/' (n)  =  (-ly-' 2r(m)  = -H' («), 

i  (n)  =  —3  (l  +  C-l)'}  H(m)  =  -3if  («), 

it  boin^'  HiippoKod,  in  the  values  of  /'(n),  J"(n),  i  (w),  that  niseven, 
t.«'.»  tlmt  r  iH  not  z(»ro.     If,  therefore,  r  be  even,  then 

//  (n)  =  ^'  (n)  =  h  (w)  =  I  in)  =  -I'  (n)  =  -ff  (m),    ^'(n)  =  0, 

A"  (n)  =  27/-  (m),     i  (n)  =  -3H  (wi)  ; 
if  r  bt»  unovon,  thon 

-/r(iO  =  i/"(/0  =  /'(n)  =  r\n)=^n{m), 

-h  (i/^  =  /(w)  =  2//  (m),     iTOO  =0,     i(n)  =  0, 
ami  (§  7),  in  tho  case  of  an  uneven  number  7u, 

//(m)  =  n\m)  =  h  (m)  =  T  (m)  =  I' (m)  =  i(m)  =  H  {m)\ 

7/'\m)  =  0,     J"(wO  =  0; 
whilo,  for  all  values  of  », 
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13.  Since  i  (n)  is  equal  to  H  (n)  when  n  is  even,  and  is  equal  to 
—  3-ff  (n)  when  n  is  even,  we  have,  for  all  values  of  n, 

i(»)  =  -{l  +  2(-l)"}H(»). 

In  the  gronp  of  formulae  at  the  begioning  of  the  preceding  section, 
all  the  functions  were  exhibited  in  terms  of  the  exponent  r  and 
a  single  function  H  (m).  In  such  a  mode  of  expression,  it  is 
perhaps  preferable  to  take  J  (n)  instead  of  H  (m)  as  the  single 
function.  Tlie  two  functions  are  equal  as  regards  numerical  value, 
but  the  former  is  more  fundamental  in  definition  and  depends  upon  n 
instead  of  m. 

The  Series  for  p  cs  ^K,  Icp  sc  JiT,  p  zs  \K,     §§  14,  15. 

14.  By  substituting  for  i  (?i)  its  value  in  terms  of  H(ii),  given  in 
the  preceding  section,  we  obtain  for  pes  ^K  (§6)  the  formula 

pC8iK  =  k'psciK=  y/S  \l-'2X  H(m)q^'"-\-OX  H(2n)q'^], 

or,  as  we  may  write  it, 

pcBiK=k'p8ciK=  >v/3[l+22r{l  +  2(-l)"}  HMq"^]. 

15.  Since  h  (n)  =  2H'  (n) -H  (n), 
and  J  (n)  =  3H  (n)  -  2H'  (n) , 

we  may  express  the  series  for  k'p  sc  iK  and  p  zs  iK  by  means  of  the 
functions  H  and  H\  in  the  forms 

fcp8ciZ=     pcsiJir=-^[l-62r{2H'(n)-H(n)}g*-], 
pzBiK=:-pzciK=  v/3[l-|-22r  {SH(n)-2H'(n)]q^]. 

The  Functimis  H  and  J.     §  16. 

16.  It  may  be  observed  that,  since 

K  {n)  =  2H(n)--J(n), 
h(n)=3H(n)-2./(n), 
I{n)  =  -H(n)  +  2J(n), 
we  may  express  all  the  sixteen  elliptic  and  zeta  functions  oi  \K  vs5^ 
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series  of  powers  of  g  by  means  of  the  three  functions  E,  H,  J.  Six  of 
the  formnlae  involve  E  only,  six  involve  H  or  J  only,  and  four  inTolve 
both  H  and  /. 


The  nxformuUe  which  involve  E,     §§17,  18. 

17.  Since 

42r  -K  (m)  5*-  =  42r  (  - 1)*^"-'^  E{m)^  =  kp, 
and  H-42r -»  (n)  <r  =  p,    l+4Sr  (-1)"  J^(n)  g"  =  A?>, 

it  follows  from  the  formnlte  of  §  2  that 

kp  sn  iK-^kp  =  6^1  E  (m)  q^, 
-kk'pBd^K-^lkp  =  61,1  i-iy^'^-'^  E  (m)  g*", 

f>n8  JZ-ip  =  i-l-62r  E  (n)^, 
pdB^K^^k'p  =  f+esr  (-l)-2j?(n)  g^, 

A;>nd  JJK:+ip  =  f +6Sr  ^  (n)  ^, 
pdnJ2r+i^>  =  f-|-62r(-irJ^(n)s^. 

18.  If  we  denote  by  k^,  ki,  p,  the  quantities  into  which  A;,  A^,  p  are 
converted  by  the  change  of  q  into  ^,  these  equations  show  that 

kp  an  iK=  ^kp-^fk^Pt, 

kk'p  sd  iJT  =  ^kp—^k^fi^, 

pnsiZ'  =  |p+fP8» 
pdsiJS:  =  iA;'p+|A^p„ 

A?'pndiJK:  =  -ip-|-|p„ 
p  dn  |E;  =  —  ^Aj'p  +  J- A^p,. 

Elliptic  Functix>ns  of  \K,     §§  19-24. 

19.  In  the  twelfth  volume*  of  the  Messenger  of  Mathematics^  Mr. 
Buriiside  has  given,  in  a  very  interesting  form,  the  values  of  sn*  ^Ky 

•  "  The  Elliptic  Functions  of  \K,  &c.,"  p.  164. 
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WB?  4^9  ^*     ^^*  Bamside's  formalse  lead  directly  to  the  following 
results : — 

cd«  iJS:  =  i-  { '/2  (l-X-|-\«)*-|-2-\-  >/rfX}, 

cn»iir  =  -f  { ^/2(l+/i+,«')»-2-juT  V/i-1} , 
ic 


ta*\K=V  {y2(l-v+v*)*+2-»' +  ■/!  +  »'}, 

where  ^  =  (g)'.    /*  =  (gk')''     "=(1')'- 

In  the  formula  for  en'  \K^  the  upper  or  lower  sign  is  to]  be  taken 
according  as  X;<  or  >1c. 

20.  Applying  Jacobi's  general  formulaB  of  transformation  to  the 
case  n  =  8,  we  find 

^  =  *»snHJS:,         *;  =  |rdnH^, 
If  =  ?b!jI?  =:  snUZdcUJS:,       -L  =  3  ^. 
These  formuIaB  give 

3^=:ns«iE:cdHi5:,    -|-  =  fcsnH^,     |f*  =  ~  dnHi^, 

whence  3  ^  =  A; cd'i^,     3  ^»  =-^  cs' \K. 

Substituting  the  values  of  cd'  ^K  and  os*  \K  from  the  last  section, 
we  find 

3^»=:-/2(l-A-|-\')*  +  2-X-yi  +  X, 
k*p 

k'' 


k  p 

21.  By  the  change  of  q  into  gr*,  k^p  is  converted   into  ^kp,  and 

k** .        2&' 

51  "1*0  -p- ;  and  by  the  change  of  q  into  g*,  k'^p  is  converted  into  Aj  p, 

V    -        2ib 
and  — ,  into  — .     By  making  these  changes  in  the  two  formulsB, 
^k  k 
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respectively,  we  find 

kp 

3  ^  =  v^l  -t;  +  t;«)*  +  2-t;-|-  ^1+^, 
kp 

where  «=(?')''        *"  =  (P)'- 

2k 
By  changing  the  sign  of  q,  we  convert  ^  p  into  p,  and  -  ^^  into  2%kk . 

The  second  formnla,  therefore,  gives 


3  ^'  ='/2(l+u;-f-M?')*  +  2  +  «;±yi-ti?, 
P 

where  w  =  (2^0"- 

The  upper  or  lower  sign  is  to  be  taken  according  as  k<  or  >k'  (§  23). 

22.  The  formulaB  of  §  18  may  be  written  in  two  groups,  as  follows : 

3^  =  2snJvK:-l, 
kp 

o  t;P8  _  .2    ^1  JC—l 

kp         k 

3-^  =  2n8ilL-.l; 
P 

8ni75:+A;'sdJjK:==l, 

dQiK-dulK^k', 

ns  JjK"  — A;'nd  JTl  =  1. 

Of  the  three  formalo)  in  the  second  group,  any  two  are  deducible  at 
sight  from  the  third. 

28.  By  combining  the  results  given  in  the  two  preceding  sections, 
wo  obtain  the  following  system  of  formulse  for  six  of  the  elliptic 
functions  of  ^K : — 


SIl 


}iK=  i  [1  +  v/2  (l-n  +  M")*-l-2-tt-  yi  +  u], 


A:'8d  JiT  =  ^  (1-  v/2  (l-u  +  tt-;*  +  2-tt+  -/l-|-«], 
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n8^JK'  =  ^  [     l-|-v/2(l-|-t(;  +  u7»)*-|-2+w=t\/l-ti7}, 


ld8§jr=i  [     1+  y/2  (l-t;-h«^)*  +  2-f^+  y/T^}, 
^  dnJJS:=|  {-1-1-^2  (l-t?+t;')*  +  2-t;+yrHi}  ; 

where  «  =  (f^)''    «'=(2*fcT,    «  =  (p)'- 

In  the  two  middle  formnlaB,  the  upper  or  lower  sign  is  to  be  taken 
according  as  Z;<  or  >h\  as  in  the  second  of  Mr.  Bornside's  formulaB. 
That  this  must  be  so  is  evident  on  putting  A;  =  0  and  /c  =  1.  In  both 
cases  w  vanishes  ;  but,  when  ^  =  0,  the  value  of  ns  ^K  is  2,  and  when 
A;  =  1  it  is  unity. 

24.  In  the  volume  of  the  Messenger*  already  referred  to  (§  19), 
Dr.  Forsyth  has  obtained  the  value  of  sn  ^K  in  the  form 


l  +  (l-c)*+{2  +  c  +  2(l+c  +  c')*}*' 

where  c'  =  4sVk'^ ; 

the  sign  of  the  radical  (1  — c)*  having  been  determined  by  putting 
A:  =  0.     This  result  is  equivalent  to 

2nsiJr  =  l  +  (l-c)»+{2  +  c+2(I  +  c  +  c»)»}*, 

which  is  the  same  as  the  third  of  the  above  equations,  when  k<h\ 

System  of  values  of  p„  k^p^,  8fc.     §  25. 
25.  From  §  20,  we  find  at  once,  by  multiplication, 

and,  by  combining  this  equation  with  Mr.  Bumside's  second  formula 


^i^'=^-'^^' 


•  **  The  Elliptic  Functions  of  \K,'*  Vol.  xii.,  p.  134. 
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(^19),  and  collecting  all  the  resnlts  into  one  gronp,  we  have 

3^i|?a  =  y2(l-X+A*)*+2-X-'/r+X  =  iked'  \K, 

3|^»  =  v^2  (l-v  +  0*+2-v  +  ^/^h7  =  i^  cs^iT, 

3^  =  y2(l-ti+t*»)*  +  2-ti-v1rHi 
=  ik«  8n«  iiT  cd»  ^E"  =  2  sn  JiT- 1, 


3  £i  =^2  (l+w+ii^)*+2+w?±  yi-ti7 
=  ns*  JE'cd'  J^  =  2  ns  JJT-l, 

3^=:-/2(l-t;  +  v')*  +  2-t;+vT+^ 

=  y^  ds'  JiTcn'  JB:  =  |-  ds  JiT- 1 ; 

where  ^  =  (£)'•    /«  =  (ib)''     "  =  (2T')'' 

so  that  Xv  =  1,     fiti;  =  1,     vu  =  1. 


T^  C(M6  o/  A;  =  -^.     §  26. 

26.  Patting   fc  =  /c'  =  — -  in  the  formulcB  for  sn  JX,  Ac.,  in  §  23, 
we  Hnd  that,  in  this  case, 

2' 
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nsjir . 

3  2 

The  values  of  ns  ^K  and  — ^^  nd  ^ET  present  themselves  in  the  forms 

V  2 

i{H-(2v'3+3)«}     and    i  {-H-(2y3+3)«}, 
which  are  reducible  to  the  expressions  given  above  by  observing  that 

(2y3+3)»  =  ?^. 
I  had  obtained  the  numerical  values  corresponding  to  the  case  of 

before  finding  the  general  formula  in  §  23,  so  that  the  former  afford 
a  verification  of  the  latter. 

By  items  of  q-series  involving  E,     §§  27-29. 

27.  From  §  17,  we  have 

1 +42r  J&  (n)  3»- =  H2  ns  JE:-1)  p, 
l+42r  i-irE(n)^  =  i  (2dsiE:-fc')  f>, 

42r  E  (m)  3*"  =  H2  sn  ^K-l)  kp ; 

in  which  equations  the  values  of  the  coefficients  of  p  and  kp  in  terms 
of  k  and  k'  may  be  at  once  written  down  from  §  23. 

• 

28.  The  corresponding  formulae,  in  which  q*  is  replaced  by  g,  ^  or 
q\  are  easily  obtained  ;  and,  combining  them  with  the  above  re&ulta^ 
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we  bave  the  following  groaps  of  equations : — 

l  +  4Sr^(n)2-=p, 

l  +  4Sr  ^(n)  g-"  =  H2  ns  k^-1)  p, 
1  +42r  E (n)  3-  =  i  (1  +fc'*)V ; 

l+42r(-l)"S(n)s"  =fc>, 
l+42r(-l)"^(«)g^  =  iV 
l+42r  (-1)-  ^  (n)  3^  =  i  (2  ds  JX-*')  p, 

l  +  42r  (-lyE  (»)  9«-  =  -IgA:'*  (l+i')'p; 

42r^(TO)2»-=Av, 

42r^(m)g-=i(l-fc')P, 

42r  ^  (m)  3*-  =  H2  sn  i^-l)  *p, 

42r  -B(m)  3»-  =  i  (1-A:'»)V- 

29.  Tbe  three  kinds  of  g-seiies  may  be  expressed  as  series  of  the 
f6rm  2|°  ^  (9")  by  means  of  the  identical  equations : — 

Taking  the  first  of  the  two  forms,  we  may  write 

1  +4Sr  -E?  (n)  (f  =  2*«  sech  wa, 
1  +42r  (-ir  ^  00  9"  =  2!.  ( -1)"  sech na, 
42r  ^  (wi)  g'"  =  2*«  sech  wa  ; 

where  a  =  — r  . 

K 
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The  case  of  k  =^  -^.     §  30. 
30.  Denoting  K^  y/2  by  w,  where  JT*  is  the  value  of  £  when 

BO  that  cii  is  the  quantity  so  designated  by  Gauss  in  his  posthumous 
papers  on  the  Lenmiscate  functions,*  we  find 

2*«  sech  nir  =  2*  — , 


IT 


2!,  sech  2nir  =  (2-*  +  2-')  *^  , 


01 


2!«  sech  SnTT  =  (Si-hS-^  —  , 


5*.  8ech4n7r  =  (2-*-h2-''-h2-J)  — ; 


w 


2.«  (  —  1)"  sech  nir  =  — , 

TT 


w 


S:«(-l)"sech27i7r  =  2*  -  , 


2!«  (-1)" sech  3w7r=  (2*3-5 -h3-*)—i 


2!«(-l)"sech4»7r  =  2-*(l-h2»)*— ; 


.00  ,      ,  01 


and  2*«  sech  imir  =  — , 

IT 


w 


2!x8ech7«7r=  (2-*- 2-')  -, 

TT 


W 


2!,  sechfmir  =  (2*3-^-3-*)  -, 


2!«  8ech2m7r  =  (2"* +  2"^ -2-0  — 


♦  GausF,  Werke,  Vol.  iii.,  p.  413. 
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Developments  cf  I^p^  an*  ^K,  SfC.^  in  cucending  potrert  cf  q.     §§  31-83* 

31.  The  q-Meries  for  tbe  squared  elliptic  functions  of  \K  do  not  lead 
to  anj  new  arithmetical  fanctions,  being  expressiBle  bj  means  of  the 
functions  ^'  (n),  Z  (n)^  a-  (n)  which  occur  in  the  developments  of  JB^, 
R^  BgJ^    The  system  of  formulae  is  as  follows : — 

=  -i2,  +  42r(-l)-A'(n)<r-362r(-l)-A'(n)3»-. 
J^p*  en'  iK  =  Vk'^p*  8d«  iK 

=    \B^-4Sr(-l)-A'(n)g"+365r(-l)-A'(n)2*', 

=     J^.-42r(-irA'(«)3-+365r  (-l)- AXn)^*-; 

ky  cd'  4 JRC  =  l^p"  8n«  |E:  =  -  E*  -h  4Sr  A'  (n)  g»  -  SGST  A'  (n)  g**, 

Aj>A;V«cI**^=  A;'p'cn«fJS'=     E^-4Sr A'(n)g'*  +  36Sr  A'(n)  9*-, 

AjVnd'iJTrs     p«dn»|E:=     E,-4Sr  A'(n)g"  +  36SrA'(n)  g** ; 

p«  ns'  iK  =  p«  dc«  iK=-Bi+  4-45^  i"  (»)  g** + 36Sr  4: (n)  g*-, 
p»  ds*  i^:  =  A;'y  nc«  iK=z  -i2^4.4-4Sr  f  (n)  9*"  + 36Sr  f  (n)  g% 
p«  CB«  JX  =  A;V  Bc«  IK  =  -it5,4.4-45r  C  (n)  g*"-h 36Sr  f  (n)  g** ; 

p"  do'  4K  =  p'  ns'  !£-  =  -  JR,  +  ^+ 4Sr  <r  (n)  g"*-365r  o-  (n)  g**, 
ky  no'  iJT  =  p'  ds'  }jK:=  -E^  +  f -h42r o-  (n)  g*"- 362r <r  (n)  g*-, 
A'V  80*  i^  =     P*  C8'  3 A'=  -i?v-f  i  +  42rcr  (n)  g'"-362r c  (n)  g«*. 

The  functions  <r  (n)*  A'(n),  f  (n)  denote,  respectively, the  sum  of  the 
divisoi*8  of  91,  the  sum  of  the  divisors  of  n  which  have  uneven  oon- 
jugiitoH,  and  the  excess  of  the  sum  of  tbe  uneven  divisors  of  n  over 
tho  8inn  of  the  oven  divisors  of  n  respectively .t 


♦  Tho  HVinUU*  A\.   A',,   H*  are  used  to  denote  "^Y,   ^^-,   ^^-  respectively, 

whon^  /  »-  ^.'-  A'  and  <»  •-    A'-  A'*  A*.    (Qniirt.  /<>«»•«.,  Vol.  xx.,  p.  352,  or  IVoc,  Cmmb. 
n./.  .'C.v.,  Vol.  v.,  p.  101.) 
t  MfsstHyr*\  Vol.  Will.,  p.  2. 
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32.  By  means  of  the  formnlea 

we  may  express  the  twelve  squared  functions  in  terms  of  JB^^  B^,  B^^ 
and  of  series  proceeding  by  powers  of  ^.  Selecting  one  formula  from 
each  of  the  first  three  groups,  and  adding  the  three  members  of  the 
last  group,  we  find 

-Jfp^cdH-K^-f-B,  =  Sesr  A'  (n)  g^ 
p'  C8«  i^+f  E.  =  |-h362r  (  (n)  g^ 

=  f-1085ro-(w)g^ 

33.  Denoting  by  (i^.Og,  (i^|,)5,  (J3#)8  the  quantities  into  which  E„ 
12^  £«  are  converted  by  the  change  of  q  into  g*,  we  thus  obtain  the 

f ormulsB  A^y  en*  JE:  =     f  B^  - 1  (BX 

^p«cd«i2r=:-fB,  +  f(i?.)„ 

P«csn^  =  -f^.+*(RO„ 

p«  dc«  J^-h  A; V  nc'  J-K:+  Aj'^p'  sc^  ^K 

Values  of  Jj,  G3,  ^,.     §  34. 

34.  The  formulsD  of  the  preceding  article  give 

3  (E^),  =  B„-iky  en'  ^K, 
S(B.),  =  B.+^p'cs^K; 

whence,  by  sabstitnting    for   cd'  ^K,  &c.,    their  values  from   §  19, 


•  Metsenj/er,  Vol.  xviii.,  p.  CI. 
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%(tt,)»^  n,-¥\k  fy2n-Xi-AV+2-x-va+x}^, 


'/r,  MM  wo  may  write  therni  eqnations. 


;V,I,  =  p/+iit    i */2  a-X  +  X«)«+2-X-  -/l+X}  pJT, 


Writing  for  •')/>,  ita  valne  from  §  25,  we  find 


£jj A;  (  ^2  ( 1  - X + X')* -r2-X-VH;A}£ 


v/2(l-t^  +  w;')*-t-2-M7±yi 


w 


'-£)"     ''=(2aL')'     -Q'     -  =  (2^^')'- 


ru/«e-*,./-,»;.  A^p;.  .Sr.     §§35,36. 

wo  iu<»^\   dtnhuv*  fnnu  tho  tii*st   i:i\>up  of  fv»rnuilie  in  tihe  preceding 
j«t\^u»n»  tho  followiuvr  oxprossions  for  u%  A**a\  A**^a*: — 

Nv\  ^3  —  ^    •"'  ^  ,;*>*  V<^   ;  K  -^  AT  en'  .<  a  ^  : 
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whence,  by   sabstitnting  for  cd'  ^K^   &o.,  their  values  from  §  19, 
we  find 


A 


k' 


-i-^  {v'2(l+A.+/x')*-2-A«=Fv^/.-l}, 


fS   s 


3  l^ei  =  1  +  J  1  {  ^2 (1 -r  +  r')»+ 2  -  V  +  ^/l+v} 

+  j|.  {^/2(l+,i+^•)*-2-,lT^^;^}. 

The  corresponding  values  of  ^^,  rj^,  ^r^  are  easily  deducible 
from  the  formulae  by  g-changes,  as  in  §§  21  and  25. 


36.  When  k  =  --^,  we  have  (§  19) 

3i_3» 

cs«^ir=3'+y+2»3*. 

whencci  from  the  above  formulae, 

3i^  =  1  +  2.3-*, 


3^=H-2.3-»-2*8-», 


37i^=H-2.3-»+2*3-». 


From  §  25,  by  putting  A;  =  -~ » 

Via 
VOr.  XXJL—NO.   409.  M 
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we  find 

p  2}  kp  kp 

which  give 

9^  =  3+2.8*,    9^=:3  +  2.3»-3*3*,     9^=  3H-2.3»+2»3^, 

p  np  fC    p 

agreeing  with  the  above  results. 

Values  of  dc»  JJT,   nc«  JiT,   so'  ^K.    §§  37,  38. 
37.  The  fonr  formnlsd  of  §  33  show  that 

do«  IK+  V^  nc«  JJT-f  Jk'*  8c«  \K=VQd?  ^  JT-  V  cn«  \K-\-  cs*  \K. 
If,  therefore,  we  put 


P  =  ik  { \/2  (l-X-hX«)*+2-A-  yiH-X} 


-A;ik' {  v/2  (1 +/i+/i')*-2-/x=F -v/JI^} 


we  have  dc«  J Jr+  h"^  nc»  J Jr+  A;''  so*  \K-P. 

Now        do«  J  Jr+  A;''  nc«  J  Jr+  A;''  8c»  J  JT  =  3dc«  ^  JT- 1  -  A? 

=  3ik'*nc4JrH-A^-Aj'« 

=  3A;'«sc4JrH-l+;k'»; 
and  we  thus  obtain  the  curious  formulsd 

dc'iir=i(i+^+P), 

and  the  formulae  in  the  preceding  section  give 
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which  are  easily  seen  to  be  equal  to  the  reciprocals  of  the  valnes  of 
cd*  ^JT,  Ac.,  given  in  §  36. 

Elliptic  and  Zeta  Functiona  of  \K  and  \K.     §§  39-45. 

39.  Of  the  g-series  for  the  sixteen  elliptic  and  zeta  functions,  eight 
proceed  by  uneven  multiples  of  the  argument  2,  and  eight  by  even 
multiples.  By  putting  a;  =  ^ir  in  the  former,  we  obtain  the  following 
formulflB  depending  upon  a  new  function  T(n),  defined  as  denoting 
the  excess  of  the  number  of  divisors  of  n  which  =1  or  3,  mod.  8, 
over  the  number  of  divisors  which  ^  5  or  7,  mod.  8 : — 

Jfcp sn  JJr=    Jcp  cd  ijT  =  2  v/2  X  T  (m)  g*-, 

kp on  iK=  kk'p  sd  iJr=  2  ^2  Sr  (-1)* ^— '^  T  (m)  j*-", 
f)  ns  ^JT  =      p  dc  ^Jr=  -/2  +2  ^2  Sf  T  (n)  9*, 
f)dsiJr=  A;>ncJJr=v/2-f2y2  2r(-l)T(n)2*. 
Substituting  for  sn  ^JST,  &c,^  their  values,  we  thus  find 

(1  -  A;')*f>  =  2  v^2  Sr  r  (m)  2*-, 
A;'*  (l-kyp  =  2  -v/2  Sr  (-1)*^'"-'^  TCm)  5*-, 

(1  + A;')V  =  ^/2 +2  ^2  ST  T  (n)  ^, 
fe'»(H-AjO*P  =  v^2  +  2v/2  5r(-l)"T(n)g\ 

40.  We  do  not  obtain  new  results  by  putting  a)  =  ^ir  in  the  eight 
formulae  proceeding  by  even  powers  of  x,  the  equations  so  obtained 

being  i  (1  -^')  f>  =  42r  E  (m)  3-, 

J(l+A;')p=l+45r^(n)3**, 

fc'V  =  1+427  (-1)"-E?(n)2^ 

which  are  deducible  at  once  from  the  g-series  for  kp,  /»,  and  k'p,  by 
changing  q  into  gf*. 

41.  We  may,  however,  obtain  results  involving  the  arg;aTXi«rA»  \K 
by  putting  a;  =  ^  in  the  eight  formula  proceedm^^Vj  c^eiii  \a\s\Mv^^'«^ 

h2 
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of  X.  The  g-series  which  oocur  in  these  formnbB  do  not  introdnoe 
any  new  arithmetical  function,  being  expressible  bj  means  of  the 
functions  T  and  E,  as  follows : — 

p  zn  iK=z  -p  zd  JJT  =     2  y/2  t^  T  (to)  3- 4-457  J^  (to)  3^, 

p  zdiJr=  -p  zn  Jir=  -2  y2  Sr  ^(to)  g"+4Sr  J^(to)2^; 

pdnjjr=      Jk'pndJJT 

=:H-2^/2ar(-l)♦<->)^(TO)g«+4S^(-l)•-»(n)2^ 
ik'pndiJr=       pdnfiT 

=  1-2  y2Sr  (-1)*^'"-'^T(to)  ^+45r(-l)*J^ (*»)£*•; 

p  zs  i^r  =  -p  zc  iJr=z     cot  iir-f  2  v^2  Sr  T(n)  s**+4Sr  i^  (»)  ^f 
p  cs  JJT  =      X:p  sc  JJT 

=     cotiir+2>/2Sr(-l)T(n)5*'+4Sr(-l)»J?(n)j*'; 

p  zc  i^r  =  -  p  zs f  Jr=  -tan iir-2  v'2  57  2'(n)  j^+42f  j&  (»)  j**, 
fc'p  8c  iJT  =     p  cs  J-fi' 

=     taniirf2v^2  5r(-l)"2'(n)£«--45r(-l)"J&(n)g*". 

42.  By  changing  q  into  g*  in  the  T-series  at  the  end  of  §  39,  and 
the  ^-series  in  §  40,  we  find 

2^/2  5rT(TO)g-  =  i(l-fc'0(l+^0*f>, 

2  V'25r  (-i)*^-»>  ^(m)^  =  2-»A;^  (l-*^'*)p, 

^2  +2  ^/2  5rT(n)£«"  =  i  (1+*'»)(1  +  A;')*P,      * 

y2+2^/2Sr(-l)"T(n)g**  =  2-»ik'»(l  +  A;'»)p; 

and  457  -E?  (to)  g»-  =  J  (1- Jk'»)V, 

1+427  ^(n)g*-  =i(H-fc'»)V, 
14.427  (-l)"^(n)  3*"=  2-»A;^(l  +  ik')*f>- 

43.  Snbstitnting  these  values  for  the  ^-series  in  §  41,  and  separai-^ 
ing  into  different  groups  the  zeta  functions  and  the  elliptic  functions^ 

^^^^^  zs4ir=Hl  +  ^'*){l+^'*  +  2(l+ikO*}, 

zciJ5r=i(l  +  A;'»){l  +  ^'*-2(l  +  fcO*}, 

zd4X  =  i(l-Jk'*){l-A;'*-2(l  +  A')*}» 
zn}^=  i  (l-fc'*){l-^'*+2  (l  +  A;')*}  ; 
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and  c8iJr=2-*A;^{     l  +  ifc'» +(!  +  *;')»}, 

dni2r=2-*A;'*{     1-.A;'*  +  (1+A:')*}, 

44.  Patting  for  the  moment  p^  in  place  of  (1 + A?')*,  the  zeta  formulae 
may  be  written 

zsJJTrs  4(H-ik'+2A;'*  +  VH-2A;V)» 
zc  JJr=:  4(l  +  ik'H-2A;'*-2p»-2A;V)» 
zd  iJT  =  i  (1  +  V-  2A;'*  -  2p» + 2)^  V)> 
zniJr=  J  (H-ik'-2]k'*-h2p*-2ikV) ; 
whence  it  is  evident  that 

zs  iJT-zn  JJT  =  V*H-ikV  =  cs  JJTdn  JJT, 
ZD  i2r-zc  iJr=  -A;'*-f 2>*  =  sc  JJTdn  JiT. 
The  functions  thus  satisfy  the  equations 

zsos^zno;  =  csosdna;,     zno;— zoo;  =  sca;dn«, 
as  they  should  do. 

45.  It  can  be  shown  that 

zs2a;  =  ^(zsa;+zca;+zdfl;+zna;), 
ns  2iB  =  ^  (zs  »  — zcoj— zdaj+znaj), 

ds2;c  =  ^  (zsaj— zcaj+zdaj— znoj), 

cs2;b  =  ^  (zsa;+zca; — zdaj— zna), 

and  these  formulsB  afford  another  verification  of  the  values  of  the  zeta 
functions  in  §  44  ;  for,  putting  x  =  ^ir,  and  substituting  for  zs  x,  Ac., 
we  find 

zsiJr=A(i+fcO»  nsiJr=^*,   ds^jr=fcv»   csiJr=A;'*, 

which  are  the  correct  values  of  these  quantities.  The  formulae  in  this 
section  evidently  afford  a  very  simple  means  of  obtaining  the  values 
of  zs  ^JT,  Ac.  in  the  first  instance. 
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Bepreientattcn  of  Numbers  by  the  Form  a? +2^.     §  46. 
46.  Since  ^  =  2!.  5^,    ik*^  =  2!.  ^\ 

we  haTe,  by  changing  q  into  5^, 

HO  that  (l+*')*P=v^2a:.3^x2!.g*', 

(1  -  V)'  P  =  v^2  5-.  3«-  X  S!-  3^. 
Comparing  these  formulae  with  the  second  group  in  §  39,  we  see  th*t 

s:.  3^  X  r .  g*^ = 1 +22r  ^(n)  3-, 

The  first  of  these  forranlsB  shows  that  the  number  of  representations 
of  a  number  by  the  form  ic'-f  2y"  is  eqnal  to  2T(n).^  The  seooiid 
formnla  may  be  written 

5!«  (?"••  X  5!.  ^'  =  22r  T  (m)  g-, 

and,  as  regards  arithmetical  interpretation,  is  included  in  the  first, 
from  which  it  is  easily  deducible. 

The  Function  T  (n).     §  47. 

47.  The  function  T  (n),  like  so  many  other  functions  of  the  same 
claHs,t  possesses  the  property  typified  by 

f  (pq)  =*(!>)♦  (g)* 

p  and  q  being  relatively  prime,  and  also  satisfies  a  recurring  relation 
in  whioh  the  arguments  differ  from  the  highest  argument  by  squared 
numbers. 

It  is  easily  seen  that,  if  a  be  a  prime  =  1  or  3,  mod.  8,  then 

T(a^)  =a  +  l; 


•  This  thoorom  is  due  to  Lojeune-Dirichlet  {Crelle's  Journal,  Vol.  xxi.,  p.  3). 
t  Soo  J*roc,  lond^  Math.  Soe„  Vol.  xxi.,  p.  214  (}  56). 
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and  that,  if  r  be  a  prime  =  5  or  7,  mod.  8,  then 

T(r^)  =  l.orO, 

according  as  f>  is  even  or  uneven. 

In  general,  if  n  =  2^a*yc' ..,  t^s'V ,..y 

where  a,  6,  c,'...  are  primes  which  ^  1  or  3,  mod.  8,  and  r,  *,  ^,  ... 
are  primes  which  =  5  or  7,  mod.  8,  then  T  (n)  is  zero,  unless  p,  o-,  r,  .•• 
are  all  even,  and,  if  thej  are  all  even,  then 

T(n)  =  («  +  l)(/3  +  l)(y+l)...; 

so  that,  if  n  =  nin,n,..., 

where  n^,  n,,  n, ...  are  relatively  prime,  then 

T(n)  =  TK)!r(n,)r(n,).... 

It  is  easy  to  see  that,  if  n  =  5  or  7,  mod.  8,  T(n)  vanishes;  for  to 
every  divisor  which  =  1  or  3,  mod.  8,  there  corresponds  one  which 
=  6  or  7,  mod.  8,  and  vice  versa* 

As  regards  all  its  principal  properties,  therefore,  the  function  T  (n) 
is  closely  analogous  to  E  (n)  and  H(n), 

48.  From  §  39,  by  division,  we  find 

,  ,j  ^  i-h22r(-irr(n)7''  ^  sr("i)*^"-'^r(w)^*" 

l+2SrTW2'*  2rT(m)g*- 

and  we  know  that  h'^  =  ^''l^'^V^" • 


We  thus  obtain  the  identical  formulas 


s:,(-i)"(y-^^i-f22r(-irr(n)(r 

2!«g-'  l  +  2Srr(n)g"       ' 

2:«(f  2rr(m)g-       ' 


♦  It  follows,  therefore,  from  {42,  that  a  number  s  5  or  7  cannot  be  represented 
by  the  form  ix^  +  2^*.  This  is  however  obvious ;  for,  by  considering  separately  the 
four  cases  of  z  and  y  even  or  uneven,  we  see  that ««  +  2y»  must  be  either  (i.^  even^ 
or  (ii.)  uneven  and  s  l  or  3,  mod.  8. 
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whence^  hj  equating  eoeSeienim,  we  find  tlimt,  m  being  anj  vneven 
number^ 

T(m)-22'(ift-l)+2T(w-4)-2T(w-9)  +  ...  =  0  • 

*nd  iluit^  r  being  maj  number  wbicb  =3,  mocL  4, 

r(r)-2r(r-2)+22'(r-8)-2r(r-18)  +  ...=0. 

In  the  first  fbrmnia,  T  (0),  when  it  occnrs,  is  to  baye  the  valne  }. 

In  the  second  formula  the  numbers  2,  8,  18,  ...  are  the  double  of 
the  sqnares*  If  r^7f  mod.  8,  all  the  terms  vanish,  as  all  the  argu- 
ments are  5  5  or  7,  mod.  8.  We  may  therefore  suppose  r  5  3, 
mod*  8,  without  substantial  loss  of  generality. 

DevelopmetUi  of  J^p*  sn*  JJST,  ^c,  in  ascending  powers  of  g.     §  49. 

4U.  Proceeding  as  in  §  81,  we  may  deduce  from  the  g-series  for  tbe 
squared  elliptic  functions  the  expansions  of  Vp^nn^iK^  Ac.,  in 
asoonding  powers  of  q.  These  developments  involve  A'  (n)  and  ^(n), 
and  also  a  now  arithmetical  fanction  V(n)^  defined  as  denoting  the 
•xooNM  of  the  sum  of  the  divisors  of  n  which  =  1  or  7,  mod.  8,  over 
the  sum  of  the  divisors  which  =  3  or  5,  mod.  8. 

Selecting  one  formula  from  each  group,  the  developments  are 

=  W2  Sr  F(m)  g-  +  322r  (-1)"  A'(n)g^ 

-fc**V id*  JA'-h i?,  =  -  ik«p«  on«  iK-^B, 

=  4-v/2Sr  r(m)  g--325r  (-1)"  A'(it)  g^ 

-f>«  dH«  J\'-  B^+ccc«  tr  =  -  AjVno«i£:H-B^-8ec«  f 

=  4,/2  X  V(n)  q^^S21,r  (  (n)  j*-, 

=  4x^2  2r  r(H)  5*"+32  2rC  (ft)?*-. 


*  S^miUur  Yyvurring  iormuU^  r^Utinft  to  other  Anthm<4ic«l  fuictioiis  are  giT«Q  in 
4Wr/.  j¥»t^'^.,  W^l.  xx«»  p.  I'Jl,  and  /Vw.  L4t^.  M^tJk.  Sm*.,  VoL  xxi.»  pp.  205,  210. 
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Values  of  q-series  whose  coefficients  are  expressed  hy  thefuncHon  V. 

§§  50-54. 

50.  It  can  be  shown  that,  by  the  change  of  q  into  q\  Bg  and  R^  are 
converted  into 

iB.-ife'*(l-ik'»-ffc')p«    and    i5.-fiik'*(l-ffc'»+ik')pS 
respectiyelj.     Thns,  from  the  formnlae  (§  32) 

ssrc-ir^A'wj-rri?^  i+8sri(n)ff^  =  B. 

we  may  deduce  that 

325r(-l)"  A'(n)  5**  =  -B.-Jfc'*  (l-ik'»+Ai')pN 
4+325r  ^{n)q^  =  E.-f  V*  (1 +  &'*  +  *;')  P'. 

51.  Substituting  these  valnes  in  the  first  and  third  equations  of 
§  49,  we  find 

4y2SrF(m)g-  =  yp«cn«iB:-E^  +  B.-Aj'*(l-A;'»  +  A;')p', 

4^2  5rF(n)g^=:-p'd84^--Bir+cec«iv-4+-B.+A;'*(l+A;'*  +  A;V. 
giving 

4^2  Sr  yini)q'^  =  p«dn«  JE:-*;'*  (l-Jk^  +  A;')  p«, 

4>/2  Sr  V  (n)  g**  =  -p'cs'  iJS:+2  v/2-f  A;'*  (l  +  fc'»  +  A;')p'. 

Putting  for  dn  ^X  and  cs  IK  their    values    from    §  43,  we  find 
ultimately 

4a/2  X  F(m)  5-  =  A;'*  (1 +  A;')*  (1  -A:'*)  p\ 

2y2-4v^2  Sr  F  (n)  3»"  =  A;-*  (1-f  A:')*  (1  +  *'*)  p'. 

The  second  and  fourth  equations  of  §  49  lead  also   to  the  same 
formulsB. 

52.  By  changing  q  into  q^  in  these  formulsB,  we  find 

42rF(m)5*-  =  Ic  {(1-f  A:)*-(l-A:)*}  p*, 
2-.42rF  (»)  3*  =  A:'  [(l  +  A:)*-f  (1-A;)*}  p\ 
These  equations  may  also  be  written  in  the  more  convenient  forms 

2v/2  X  Yim)  5»-  =  Ic  (1-Aj')*  p\ 
y2-2y2Sr  F(n)  2"   =  fc'(l-^fc7 o«. 
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Changing  tlie  sign  of  g,  we  Have  also 

2a/2  Sr  (-l)*^"*-*^  F(m)  g*-  =  V*  (1-A;')* 9\ 

^2-2/2  sr  (-ir  F  (n)  g-  =  A;'*  (1  +  ikOV. 

There  is  a  remarkable  resemblance  between  these  equations  and  the 
corresponding  results  involving  the  function  T  (§  39). 

53.  By  changing  q  into  c^  in  the  four  preceding  formulffi,  and  alflo  • 
in  the  corresponding  group  of  T- formulae  (§  39),  we  find 

2  2rT(m)g*-  =  A;»(l-fA;)»p, 
2Sr  (-1)*^— '^  T(m)  g*'»  =  y  (1-A;)*p, 
l  +  2Srr(n)g»''=(H.fc)»|t), 
l+2Sr(-l)"T(n)g*'*=(l-fc)»p, 

2  sr  Yim)  2*"*  =  ik'y  (1-A?)*p', 
22r  (-l)*^'"-^^  V{m)q^^  Aj'Aj*  (1  +  A:)*p', 
1-2  sr  F(n)  g*-  =  k'  (1-A;)»p«, 
1^2  ST  (-1)"  V{n)  g*»  =  fc'  (H-A;)»p'. 

54.  It  may  be  remarked  that 

1  +  24  sr  A  (n)  g*  =  (1  +  y)  p\         4Sr  A  (m)  g*-  =  lcp\* 

where  A  (n)  denotes  the  sum  of  the  uneven  divisors  of  n ;  so  that,  by 
combining  these  formulae  with 

y2-2y2Sr  F(n)g"  =  A;'(1  +  A;')*pS  2^2  Sr  F(m)g*"*  =  Vil-^hyp^ 

we  obtain  at  once  the  values  of  the  series 

Srv(n)g^     Sru(n)g»,     Sr  v  (m)  g~,     Sr  n  (m)  g", 

where  v  (n)  denotes  the  sum  of  the  divisors  of  n  which  =  1  or  7, 
mod.  8,  and  n(n)  denotes  the  sum  of  the  divisors  of  n  which  ^5  or 
7,  mod.  8. 

♦  Messenger  of  Mathematics ^  Vol.  xviii.,  p.  61. 
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The  function  V(n).     §§55,  56. 

55.  By  general  reasoning   of  the  kind  explained  in  the  note  on 
p.  186  of  Vol.  XXI.,  we  can  see  that,  if  p  and  q  are  relatively  prime, 

V  (pq)  =  r  ip)  r  (q). 

It  is,  however,  easy  to  obtain  an  expression  for  V(n)  in  terms  of  the 
prime  divisors  of  n,  which  affords  also  an  analytical  proof  of  this 
theorem. 

For,  if  n^  a%  where  a  is  a  prime  which  ^  1  or  7,  mod.  8,  then 

^.  .      o**^-l 

^w  =  — — T-; 

a — 1 
if  n  =^7^,  where  r  is  a  prime  which  =  3  or  5,  mod.  8,  then 

F(n)  =  (-l)'!^:^±i=li'. 

r-f  1 

and,  in  general,  if  n  =  a*¥c'' ...  7*8' f  ..., 

where  a,  6,  6,  ...  are  primes  which  =  1  or  7,  mod.  8,  and  r,  «,  ^,  ... 
are  primes  which  ^  3  or  5,  mod.  8,  then 

a— 1       0—1       c— 1 

y^^'-K-iy  8'*'-\-(^iy  f->^-K-iy 

•••        r+l  8+1  ^  +  1        •••' 


56.  From  §  52,  we  deduce 

,,,  ^        l~2SrF(n)(y"        ^  XVMq^^  . 

1-2  SrX-l)"  V{n)  g»       Sr  (-1)*^"-^^  F(m)  g**"  ' 

whence,  by  following  the  same  process   as   in    §  48,  we  obtain  the 
recurring  formulas 

F(m)+2F(m-l)+2F(m-4)+2F(m-9)  +  ...  =0, 

F(r.)+2F(r-2)  +  2F  (r-8)  +  2F(r-18)  +  ...  =  0, 

where,  as  in  §  48,  m  is  any  uneven  number,  and  r  is  any  number  =  3, 
mod.  4.   The  quantity  F(0),  when  it  occurs,  is  to  have  the  value  —  ^. 
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On  a  Certain  Class  of  Pla/ae  Quartxcs^    By  Prof.  6.  B.  Mathews* 

\^Read  Jan.  ^th,  1891.] 

A  qaartic  cnrye  of  the  most  general  kind  may  always  be  obtained 
88  the  envelope  of  the  first  polars  of  points  on  a  conic  with  respect  to 
a  fixed  cubic.  The  determination  of  the  cubic  involves  nine  condi- 
tions, and  that  of  the  conic  five  more ;  in  general,  therefore,  when  the 
quartio  is  given,  the  problem  of  finding  a  suitable  conic  and  cubic 
admits  of  a  finite  number  of  solutions ;  the  number  is,  in  fact,  sixty- 
three.  Suppose,  however,  that  the  8  invariant  of  the  cubic  vanishes ; 
then  the  canonical  equation  of  the  cubic  may  be  taken  to  be 


a!^+y*+«*  =  0 


(1); 


and  if 


aaj*+6y»-f  c«^  +  2/y«+25waj+2^ay  =  0 


(2) 


is  the  conic,  then  the  quartic  is 


=  0. 


or 


a  h  g  3? 

h  h  f  y" 

g  f  C  ^ 

«»  y»  «*  0 


(3), 


Now,  if  X,  fi,  y  are  any  three  constants,  none  of  which  is  sero,  the 
equation  of  the  quartic  may  be  expressed  in  the  form 

aX'      Kkn    gy\    Aaj"     =  0, 

hkfA       hfl^        fllV       fif^ 

gvk     f/iy      cv^      ya? 
\iif      fiff^      ysf     0 

and  hence  there  is  a  doubly  infinite  system  of  conies  and  cubics  from 
which  the  quartic  may  be  derived,  namely, 

aW  +  bfxy  +  cy*z^-\'2ffAyyz-^2gy\zx-^2hkfixy  =  0 (4), 

Xa;»+/iy'+K8»  =  0 VJ^^ 
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All  the  cables  (5)  have  the  same  Hessian,  * 

xyz  =  0. 

The  line  a;  =  0  cats  (4)  in  two  points,  given  by 

and,  combining  this  with    f»yiy'  +  >'i!?i«*  =  0, 

we  get  6i^-2/yV+cy*  =  0 .(6) 

for  the  equation  of  the  two  pairs  of  doable  tangents  to  the  qnartic 
which  go  throagh  the  point  (y  =  0,  is  =  0). 

Similarly,  cx*  —  2ga^a?'{-cLZ*  =  0, 

represent  four  other  pairs  of  doable  tangents. 
Observing  that 

where  A=i    a    h    g 

h     h     f 
g    f    c 

we  see  that  the  eight  points  of  contact  of  the  foar  tangents 

cy'-2fy'z'+hz'^0, 
lie  on  the  conic  Asx? -^  Ey^ -k- Oz'  =  0 (7). 

Similarly,  flaj*  +  JJy*  -f  ^^^  =  0, 

pass  each  throagh  eight  points  of  contact  of  foar  doable  tangents. 
In  order  to  find  the  other  doable  tangents,  pat 

cy*-2fy's?  +  bi'  =  c  (y'-my)(y'-mj»')    (8), 

then  the  conic 

—  Ac(y+mi0)(y-fm,«)  =  0 (9) 
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touches  the  qnartic  in  four  points,  and  will  represent  a  pair  of 
double  tangents  if 

2kA  0  0  =0. 

0  X'-f2flA— Ac  H^'  +  ^c)(mi+m,) 

0        A(X»-fAc)(^i+ni,)      (A«-Ao)mi»4-f2XG 

The  roots  X  =  0  and  X  =  oo   give 

(y-Hmiz)(y+m,«)  =  0    and     (y— miij)(y— m,0)  =  0. 
The  other  roots  satisfy  the  equation 

(mi— m,)«X*-8(G+flwi^)^'+{2Ac(mi+m,)*+8Acwim,-16Gfl'}X» 

+  8Ac  (Gf+J3wim,)  X  +  (tni— m,)»AV  =  0. 

Now  nil  +^j  ~  -^> 

12        b 
mim,  =  — ; 

c 

therefore  (wh-m,)«  =  ^  (/-  ^^g) , 

c 

C 

_  (/-  Vbc)(ch 4-(y-/Sc) 
c  ' 

and  2Ac  (mi+m,)'-h8Acmim,— IGGjET 

=  4A/-f  12Av^-16Gfl' 
=  -  12A  (/- v^6^)  + 16  ( A/-^  GH) 
=  -  12A  (/-  %/6^)  -le^J?' 
=  4  (/-  y/Vc)  {4F  (/+  v^57)-3A}. 

Thus  the  equation  for  X  becomes,  on  reduction, 

X*-4  (ch'\-gy/hi)  X»+2c  {4i^  (/+  V^)-3A}  X» 

-h4Ac  (c^+sr  v^ftc)  X+aV  =  0    (10). 

Putting  X  =  /ti  \/Ac, 
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"•"-       (-ir)-*^^('-i) 


Hence 


where  the  ambiguities  are  to  be  taken  so  that 

Va  ,  yh  .  »/c  =  ^abe. 
Solving  the  equation  for  /i,  we  obtain 


(12). 

It  is  found,  without  much  difficulty,  that 

X«+2ffX-Ac  =  2X  (v^6c+/)(  V^+flf), 

(X»-Ac)  mim,+2XG  =  2X  {'/hc^-f){'/ab-{-h)  ; 

and  finally,  we  obtain  the  equations  of  the  sixteen  remaining  double 
tangents  in  the  form 


v^here  the  ambiguities  of  the  inner  radicals  are  to  be  taken  so  that 

vhc  ,  vca.  '/ah  =:  ^abe. 
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February  12th,  1891. 
Prof.  GREENHILL,  P.R.S.,  President,  in  the  Chair. 

The  President,  having  informed  the  members  present  of  Dr.  Casey's 
recent  death,  called  npon  Mr.  Tncker  to  read  a  biographical  note 
which  had  been  drawn  up  by  an  intimate  friend  of  the  deceased. 
Dr.  Larmor  added  a  few  personal  reminiscences. 

Mr.  Tacker  communicated  two  notes  on  '*  Isoscelians,"  and  Mr. 
Heppel  read  a  paper  on  '*  Qaartic  Equations  interpreted  by  the 
Parabola."  The  Chairman  read  a  note  from  Mr.  W.  E.  Heal,  of 
Indiana,  on  "  the  Equation  of  the  Bitangential  of  the  Qnintic  "  (com- 
municated by  Prof.  Cay  ley).  Mr.  Tucker  read  an  abstract  of  a 
paper  by  Mr.  J.  Buchanan  on  ''  the  Oscillations  of  a  Spheroid  in  a 
Viscous  Liquid." 

The  following  presents  were  received  : — 

Cabinet  likeness  of  Dr.  Forsyth,  F.R.S.,  for  the  Society's  Album. 

'*  Proceedings  of  the  Boyal  Society,"  Nos.  295  and  296. 

<*  Educational  Times,"  for  February. 

'*  Journal  of  the  Institute  of  Actuaries,"  Vol.  xxix.,  Part  i. 

'*  Transactions  of  the  Eoyal  Irish  Academy,"  Vol.  xxix«.  Part  xiv. 

**  Proceedings  of  the  Koyal  Irish  Academy,"  3rdSer.,  Vol.  i..  No.  4  ;  Jan.,  1891. 

''  Annals  of  Mathematics,"  Vol.  y..  No.  4  ;  University  of  Virginia,  June,  1890. 

'*  Annual  Report  of  the  Smithsonian  Institution  to  July,  1888,"  8yo  ;  Washing- 
ton, 1890. 

**  Report  of  the  Superintendent  of  the  U.S.  Naval  Observatory  for  the  year  ending 
June  30,  1890,"  8vo;  Washington,  1890. 

**  Beiblatter  zu  den  Annalen  der  Physik  und  Chemie,"  Band  xnr.,  Stfick  12 ; 
Band  xv.,  Stiick  1. 

"  Atti  della  Reale  Accademia  dei  Lincei — Rendiconti,"  Vol.  ti.,  Fasc.  10,  11, 
e  12,  e  Indice  del  Volume. 

''BollettinodeUe  Pubblicazioniltaliane,  ricevute  per  Diritto  di  Btampa,"  No. 
122,  and  Index  and  Tavola  Sinottica  to  ditto. 

**  Journal  fiir  die  reine  und  angewandte  Mathematik,"  Band  cm..  Heft  3  u.  4. 

**Nyt  Tiddskrift  for  Mathematik,"  A.,  Vol.  i..  No.  8;  B.,  Vol.  i.,  No.  4; 
Kjobenhavn,  1890. 

**  Rivista  di  Matematica,"  Fasc.  i.,  Jan.,  1891  ;  Torino,  1891. 

**  American  Journal  of  Mathematics,"  Vol.  xu..  No.  2. 

*'  The  Mathematical  Magazine,"  Vol.  u..  No.  3  ;  Washington,  B.C.,  1891. 

'*  An  Introduction  to  the  Logic  of  Algebra,  with  Illustrative  Exercises,"  by 
Ellery  W.  Davis,  Ph.D.  (New  York,  Wiley  &  Sons) ;  presented  by  Mr.  Tucker. 

*'  Elliptic  Functions,  an  Elementary  Text-book  for  Students  of  Mathematics," 
by  A.  L.  Baker,  Ph.D.  (New  York,  Wiley  &  Sons) ;  presented  by  Mr.  Tu.ekftT« 

VOL.   XJJL — NO,   410.  N 
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Two  Notes  on  Isoscelians.    By  R  Tucker. 

[Read  Feb,  \2ih,  1891.] 

(i.)  With  the  in-centre,  0,  of  ABO  as  centre,  describe  a  circle  to 
cut  BO  in  D,  ir ;  OAmE,W\  AB  in  F,  F',  Then  the  chords  DIT, 
E^,  FF'  are  eqnidistant  from  0,  and  are  therefore  equal  to  one 
another ;  also,  AFE',  BDF,  OEIf  are  isosceles  triangles. 

The  lines  FE',  DF,  EBt  are  direct  Isoscelians .• 

The  lines  DJET,  EF*,  FD\  which  form  the  triangle  ajiy,  are  evidently 
parallel  to  the  sides  of  the  triangle  ^e^*  (^eC  being  the  in-circle). 

Hence  the  set  A'B'G'  (got  by  producing  DF\  FE",  ED')  and  the 
set  a/3y  are  inversely  similar. 

The  lines  Aa,  Bfi,  Oy  meet  in 

aa  («— a)  =  6/3  {s—h)  =  cy  (»— c), 

i.e.j  in  the  "  Oergonne  "  point  (0)  of  the  triangle  ABC.  But  A^j  Be, 
Oi  meet  in  0 ;  hence  the  set  A'B'0\  afiy  are  in  perspective  with  ABOy 
and  0  is  their  centre  of  perspective. 

Now  Z  aDc  =  90''—  0/2  =  Z  y, 

therefore  j3y  is  an  antiparallel  to  a  in  the  triangle  oDD',  and  J.d  is  a 
median  of  this  triangle ;  hence  it  is  a  Symmedian  line  of  the  triangle 
a/3y,  i.e.y  0  is  the  Symmedian  point  of  the  sets  A'B'0\  afiy ;  and 
therefore  all  the  circles  DD'EE'FF'  are  Tucker  circles  of  the  two  sets. 

(ii.)  If  F,  F'  are  the  permanent  centres  of  similitude  of  the  in- 
movable  triangles  abc,  a'h'c  of  the  triangle  ABO  (the  nomenclature 
and  the  figure  are  adopted  from  Proc,  Vol.  xvi.,  p.  185),  and  if  we 

^^  AcF  =  BaF  =  OhF  =  0  (say), 

Bcr  =  Ga'r  =  AVr  =  ^' ; 

then  FA  =  2psin0 


=  2p  sin  0    ^ 
^-4=:2p'8inf  J  ^^^^ 


and  6c  =  2jO  sin  ^, 

6'c'  =  2|o'  sin  -4. 


V 


.•  The  writer  proposes  to  call  the  Isoscelians  previously  discussed  by  him  Obligue 
celians. 


1891.]  Equation  of  Bitangential  of  the  Quintic.  179 

Now,  if  (a,  P,  y),   (o',  /3',  y')  are  the  trilinear  coordinates  of  F,  F'^ 

we  liave 

y  =  ^F  sin  F4c,     |3'  =  ^UT  sin  1^.16, 

,,       -  ^2^/3'       iS/3' 

therefore  -7--  =  -^--  =  ^  a  a 

-4F         y        /3y 

(because  F,  F'  are  isogonal  conjag^tes). 


Hence  a  a  -7=  a  -^  a  - —  ; 

AF       p        he 

that  is,  if  the  sides  of  abcy  ab'c    are  respectively  p,  g,  r,  p\  q\  r\ 

we  have  a:/3:y  =  -^:-^:  — , 

p       q       r 

and  a':i3':y'  =  ^:-^:  JL. 

p       5       r 


The  following  is  the  extract,  from  Mr.  HeaFs  letter,  which  was 
commnnicated  to  the  Society  by  Prof.  Cay  ley : — 

"  About  a  year  ago  I  wrote  you  giving  the  equation  of  the  Bitan- 
gential of  the  Quintic  in  the  form 

[297J37(n,  K,  <t>)^4>b6Hr  (n,  H,  0)-2OJ(n,  H,  0)]^ 

=  3025(4tf-9fl9)». 

I  showed  how  to  reduce  this  equation  by  the  well-known  formula  for 
the  square  of  the  Jacobian,  and  thus  found  the  equation  to  be 
divisible  by  H,  and  all  the  terms  except 

[(h)-H^ 

were  shown  to  be  divisible  by  H*, 

''  I  have  recently  found  the  following  equation,  which  shows  that 
this  expression  is  also  divisible  by  H^,     The  equation  in  question  is 

N    '1 
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where  tp  is 
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a. 

h. 

9, 

H.. 

^. 

h, 

b. 

/, 

fl,. 

2. 

9> 

/. 

c, 

fl.. 

R. 

fl,. 

H., 

H.. 

i« 

^r. 

«« 

I  have  not  been  able  to  prove  this  equation,  bat  I  have  no  doubt  of 
its  correctness. 


i( 


It  is  easy  to  show  that 

0 


and  I  have  tried  to  make  the  proof  of  eqnation  (A)  depend  upon  the 

"^^^"^  □  =  8  iee-9E,) 

(see  your  paper  on  the  bitangential  in  PhU.  TJrans,). 

*'  Accepting  eqnation  (A)  as  correct,  the  equation  of  the  bitangential, 
cleared  of  extraneous  factors,  is 

32400  (  ^  )  -f  3762OOVr6l-1674675^0«-116316O6  (  ^) 
-12592800  (  ?^)  +13899606  (  ♦  ) 
-h  r22O52250»-GO1425O0  (  *  )  +20516544^  ( tl) 

-962280  (  ^  \  +1480680  (  ^.)]  ^3^ 

+  [7144929  (  *^  )  -21939984  (  *  )  +16701816  (  *,'  )]  H«  =  0. 

"  A  remarkable  property  of  the  function  tp  is  that,  regarding  it  as  a 
quadric  function  in  ^x,^yj  ^z»  the  discriminant  vanishes,  or  it  breaks  up 
into  two  linear  factors.  I  am  now  workiug  to  prove  equation  (A), 
which  will  complete  the  proof  of  the  above  equation  of  the  bitan- 
gential." 
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The  Oscillatiojis  of  a  Spheroid  in  a  Viscous  Liquid. 

By  J.  Buchanan. 

[Head  Februari/  12M,  1891.] 

The  solution  of  the  prohlem  relating  to  the  motion  of  spherical  and 
cylindrical  pendulums,  which  perform  small  oscillations  in  a  viscous 
liquid,  was  obtained  by  Sir  George  Stokes  in  a  paper  published  in 
the  Camh.  Phil.  Transactions  for  1850.  In  a  joint  memoir  by 
Helmholtz  and  Piotrowski,  the  torsional  oscillations  of  spheres  and 
cylinders  have  been  discussed.  But  the  only  problems  relating  to 
the  motion  of  spheroids  which  have  been  solved  are  those  of  steady 
motion. 

The  equations  in  the  case  of  small  oscillations  are  analogous  to 
those  of  the  conduction  of  heat.  These  have  been  discussed  by 
M.  Mathieu  (Cours  de  Physique  Math,),  and  Prof.  C.  Niven  {Phil. 
Trans.j  1880).  Choosing  with  them  as  our  coordinates,  ^  the  azimuth 
of  the  meridian  section,  and  a  and  /3  the  parameters  of  the  confocal 
ellipsoids  and  hyperboloids  of  revolution  which  pass  through  the 
point,  the  velocity  round  the  axis  can  be  expressed  in  a  series  of 
terms  of  the  form 

€  '^'"^  .  '^k  (cos  /3)  .  n,  (Ac  cosh  a), 

where  k  is  determined  by  an  equation  whose  roots  are  infinite  in 
nninber.  The  function  &  is  expanded  in  a  series  of  associated  func- 
tions of  the  first  kind  of  the  first  order  and  odd  degrees ;  while  Q  is 
expressed  as  a  sei*ies  of  spherical  functions  of  Xc  cosh  a,  c  cosh  a  being 
the  polar  axis  of  the  spheroid,  and  also  in  terms  of  associated  func- 
tions of  the  second  kind.  The  couple  on  the  rotating  spheroid  is 
theti  obtained. 

Approximate  values  are  found  when  the  ellipticity  of  the  spheroid 
is  small ;  and  the  corresponding  equation  of  motion  of  the  sphere 
obtained.  When  the  spheroid  becomes  a  sphere,  the  results  agree 
with  those  already  known.  The  solution  for  a  spheroid  rotating 
steadily  is  next  written  down ;  and  from  it  iu  deduced  that  for  a 
disc. 

In    tho    second  part    of  the  paper   the   motion   of   a   spheroidal 
pendnlnni,   oscillating  along  its  axis,  is  discussed.     We  use  Stokes* 
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stream  line  fanction,  and  find  that  the  valne  of  ^  consists  of  two 
parts.     The  first  of  these  consists  of  terms  of  the  form 

€"**•*  •  sin  /3  sinh  aPl  (cos  P)  .  Ql  (cosh  a), 

where  P]^,  Ql  are  associated  functions  of  the  first  and  second  kinds  of 
the  first  order  and  odd  degree.  The  other  part  can  be  expressed  as  a 
series  of  terms  of  the  form 

e-^''« .  sin  /3  sinh  a^  Qa)  .  a  (17), 

where  5  and  Q  have  the  same  values  as  before.  The  resistance 
exerted  by  the  liquid  is  also  found,  and  the  motion  of  the  spheroid, 
when  the  ellipticitj  is  small,  is  considered. 

These  results  have  been  obtained  in  the  first  instance  for  a  prolate 
spheroid  ;  but  thej  are  applicable,  with  slight  alterations,  to  the  case 
of  a  spheroid  whose  axis  of  revolution  is  the  least  axis. 

Tornonal  Oscillations  of  a  Spheroid  in  a  Viscous  Fluid, 

1.  Let  ns  suppose  the  spheroid  to  be  suspended  in  a  viscous  fiuid 
by  means  of  a  torsion  fibre,  and  to  oscillate  about  its  axis.  If  the 
fluid  be  initially  at  rest,  or  move  in  annuli  ronnd  the  axis  of  symmetry, 
the  motion  will  always  be  in  annnli  round  the  axis. 

Starting  with  cylindrical  coordinates,  we  have 

u  =  0,     to  =  0, 

and  p  the  pressure,  and  t;  the  velocity  round  the  axis  of  symmetry, 
are  independent  of  ^. 

Neglecting  squares  and  products  of  velocities,  two  of  the  equations 
of  motion  give  ns 

dtr         *     dz 
where  Q  =  —  V—p/p  =  gz—pjp^ 

if  gravity  alone  act. 

These  equations  show  that  Q  is  independent  of  w  and  z^  and  by 
symmetry  it  must  be  independent  of  ^  ;  hence  we  must  take  Q  equal 
to  a  constant  or  zero. 

The  third  equation  of  motion  reduces  to 

(^-i)"  =  Tl <"• 
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-.There  v.  =  ^,+^  +  J_^, 

and  y  is  the  '*  kinematioal  coefficient  of  yiscositj." 

Since  the  flnid  moves  in  annuli  roand  the  axis,  we  might  put 

where  we"**"'  is  the  angular  velocity  of  the  flaid  at  distance  w  from 
the  axis ;  w  will  thus  appear  as  a  factor  of  t;  in  the  solation  of  the 
above  equation. 

2.  Let  us  take  as  our  standard  case  that  of  a  prolate  spheroid* 
Writing 

as  =  6  sinh  a  sin/3  cos 0,     y  =  c  sinh  a  sin  /3  sin  0, 


js  =  c  cosh  a  cos  j3, 


or  w  =  va'-Hy' =  csinha  sin/3, 

z  =  c  cosh  a  cos  fi 


;} 


«,  j3,  ^  form  a  new  orthogonal  system  of  coordinates — the  orthogonal 
surfaces  being  confocal  spheroids  and  hyperboloids  of  two  sheets  and 
planes  passing  through  the  axis  of  symmetry. 

Also,  if  u,  Vy  whe  the  velocities  along  the  normals  to  these  surfaces, 

u;  =  v  of  cylindrical  coordinates. 

Transforming  to  these  coordinates,  equation  (1)  becomes* 

d^uj  ,  cPw  .      J.1      dw  ,      J.  n  dw      I      1         .       1     \  .^ 
_  +  _+eotha-+cot^^-(^-^^^  +  ^« 

=  -^(0Osh'a-C08»l3)^  (2). 

V  at 

The  surface  condition,  when  the  fluid  sticks,  is 

t(7  =  WoWo^'^'**  =  csinh  ao  sin/3.  Wo*"**"' (^)> 

where  v^  a^  are  the  surface  values  of  v,  a ;  and  WoC"^'**  is  the  angular 
velocity  of  the  spheroid. 


♦  Cf.  Niven  **  On  the  Conduction  of  Heat  in  EUipsoids  of  Revolution,"  Fhil. 
Trans.,  Pt.  i.,  1880,  p.  122. 
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If  slipping  be  supposed  to  exist,  the  surface  condition  is 

BIw  —  c  sinb  a^  sin/3  .  WqC"^***]  =  tangential  stress  in  direction 

opposite  to  the  motion 

=  P^    (3)', 

where  B  is  the  coefficient  of  sliding  friction. 

If  the  fluid  extend  to  infinity,  we  have  the  additional  condition 
that  the  velocity  vanishes  there  ;  if  it  be  internal,  the  velocity  must 
not  become  infinite  at  the  origin ;  if  it  be  limited  internally  and 
externally,  another  condition  similar  to  (3)  or  (3)'  must  be  satisfied 
&t  the  other  bounding  surface. 

If  we  take  a  small  element  bounded  by  consecutive  pairs  of 
surfaces,  its  edges  are 

dsi  =  h'^da,     ds^  =  lir^dfi^     ds^  =  tareJ^, 
where  W  =  ^^^  = 


d  ( jjinr)        c*  (cosh*  a  —  cos'  /3  )  ' 

Then  uvw  are  the  velocities  along  the  edges  of  this  element,  and  if 

Pmm  represent  the  stress  on  the  face  a  in  the  direction  in  which 

a  increases, 

p^fi  represent  the  stress  on  the  face  a  in  the  direction  in  which 

/3  increases, 

or  represent  the  stress  on  the  face  fi  in  the  direction  in  which 

o  increases,  <&c., 

the  values  of  these  stresses*  are  given  by  the  equations 


I  (>  r  Vdv        u     dh"] 

,o   1  r  u      dtBT       V      dml 


(4), 


♦  Cf.  Ibbetson,  EUntieity,  p.  260,  eqns.  127. 
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and 


wheie 


P^  — 


Pfi4  = 


^•*='''^''di(^) 


(6), 


fi  :=  yp  :=  the  Coefficient  of  viscosity. 


3.  Assaming  the  time  to  enter  in  the  form  of  the  factor  c"^'**,  we 
can  satisfy  equation  (2)  by  writing 


w  =  e-^'"  .f(a)  .  P(/3)    (6), 


•where/,  F  are  solutions  of  the  equations 

f-^^^*4J--s-i^=<^'^'-«'^-^)^'' 

g  +eoth  a  f  -  -^  =  (/,-XV  cosh«  a)/,  ^ 


da' 


da      sinh'  a 


k  being  a  constant,  which  has  an  infinite  number  of  values  correspond- 
ing to  one  value  of  A. 

If  we  write  fi  for  cos  /3,  and  17  for  Xc  cosh  a,  these  equations  become 


ajv  drF     o    dF 
dfT  dfi. 


F 


l-^« 


=Z   (WfA^-k)  F\ 


XV 


ri'^X'c 


/=(fc-„^)/ 


,..  (7,  8). 


The  first  of  these  equations  can  be  satisfied  by  a  series  of 
associated  functions  of  the  first  order.  Denoting  by  Pj*> 
Heine's  associated  function*  of  the  first  order  and  n^  degree,   we 


*  Heine's  associated  function  of  the  m^  order  and  n^  degree  is  denoted  by  Fl^y 
and  ifl  equal  to  _  ,     .  ,^ -, 


2ft! 


dfi' 


m   * 


the  constant  being  so  chosen  that  the  coefficient  of  the  highest  power  of  /la  is  unity. 
If  we  use  the  notation  i?,  where 
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have*  ^pj  =  pj»'+^=^Pj-'. 

therefore        ,•!>?=  PT^+^^Mi^Z^PT 

L   «'-!       (n-l)'-l    p,-2  .Q, 

^4»'-14(n-l)'-l-*^     ^^'- 

Also,  since  the  valae  of  ti;  is  unaltered  when  />  changes  to  ir— /3,  and 
therefore  fi  into  —  fc,  it  must  contain  only  even  powers  of  /i,  and 
therefore  only  associated  fanctions  of  the  first  order  and  odd  degree. 

In  Heine's  notation  the  solutionf  is 

-or,  using  the  notation  F^  for  the  associated  function  of  the  m^  order 
and  n^  degree,  F^  being  equal  to 

this  becomes 


L  8.0  1.3...  2»— 1  -J 

(10), 

> 

this  is  connected  with  Heine's  function  by  the  relation 

j»«»  «  i«  ,  a** .«— ot!  w!  ^ 
"*  "  2»! 

fiunilarly,  if  (^y  =  (f»- 1)»«  ^ 

be  defined  as  the  associated  function  of  the  second  kind  of  the  m^  order  and  n^ 
•degree,  ^ 

With  this  notation  the  first  and  fifth  equations  in  Heine's  KugeUFunctionen^ 
{Vol.  I.,  p.  258)  become 


Jii+l)/ii?-(fi-m  +  l;Pr+i  +  (»  +  «)-Pr-i,l 
Jit  +  l)/^(K*-(t-m+l)CM  +  (»  +  m)Qr-i.J 


(2i 
(2, 

*  Heine,  JTMj^^^i^WMtf^iontfn,  Vol.  i.,  p.  258,  eqn.  1 . 
t  jPAii.  Tram.,  1880,  Ft  i.,  pp.  124,  125. 
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where  df^a^^  „.  a„  are  connected  bj  the  eqaations 


in  which 


1^101  =  j^K-^) 


a 


1^10^1  =  ^('fi-^)-ao 


•••  •••  •••  ••• 


Pr^\ar*l  =  j^,  (fr  — Aj)  — ^r-l 


_.  n«-l       (n-l)«-l 
^•^      4n«-l'4(n-l)»-l' 


ic^  =  n(n  +  l)-f  77 


2n«  +  2n-3      .,  ,  ^    .  i 

Trr  A  V,       n  =  2r+l. 


(2n-l)(2n  +  3) 


(11), 


The  eolation  of  the  equation 

(V-XV)g+2,|-;j^/=  (fc-,.)/. (8) 

can   be   expressed*   in  terms   of    a  series   of   spherical  functions, 
Sff,  <S^, ...,  iSn  •••9  where  8^  is  the  solution  of  the  equation 

^+l^+fl«!L^)^^«0   (12). 


The  solution  is 


/(a)  =  0(,|) 


(ly'-AV)*  r.      o    .    8       <^    .         .    1.2...n-fl    ^   g    .       1      /^Q^ 
1?  L  5         ,  1.3...  2n— 1  J 


where 


n  =  2r+l, 


and  the  coefficients  are  determined  by  the  same  set  of  equations  as 
before. 

If  the  fluid  extend  to  infinity,  we  take  the  solution 


8. 


=  1*  f  —  -^ 

\  n    dn 


1     eZ\»c-*' 


fl    dtjl      ij    * 


*  Fhil,  Trans.,  1880,  Pt.  i.,  pp.  128-130. 
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If  the  fluid  be  internal,  we  write 


g n  /  1    ^\-8in»y 


If  it  be  limited  externally  and  internally,  we  use  the  general  form  of 
S^j  obtained  by  combining  these  two  solntions. 

It  is  easy  to  show*  that 
\  ri  dfi/      Tf  L  2.tjy  2.4(-|-ii?)*  J 

=  (♦)"  «*'/-  (-in) 

(14). 

The  solution  of  equation  (8)  can  be  got  in  another  form  by  writing 
(  for  cosh  a.     In  this  case  the  equation  becomes 

(^-i)0+2i|-liri/=  (fc-^W)/ (15), 

which  is  of  the  same  form  as  (7). 

If  we  want  a  solution  which  vanishes  at*  inflnity,  i;his  will  involve 
harmonics  of  the  type  Q^.  Now,  since  the  relation  between  Q„,  Q„+i> 
Q„.i  is  of  the  same  form  as  that  between  /iPj,,  P^+i,  P«-i,  the  solution 
of  this  equation  is 

MO  =  4«.Gl-3^a.<3j  +  ...+(-l)'f-|-|^a,Q:+...] 

(16), 

where  n  =  2r-|-l. 

4.  Equations  (11)  have  been  discussed  by  Prof.  Niven  in  the 
memoir  already  referred  to.  There  it  is  shown  that,  treating  a^  as 
positive  throughout, the  series  of  coefficients  ao,ai, ...  a^ gains  r  changes 
of  sign  as  k  passes  from  —00  to  +00.  Hence  all  the  r  roots  of 
a,.  =  0  are  real.     Further,  all  the  roots  of  a^  =  0  lie  below  ic^ ;  and 

♦  Cy,  Lord  Bayleigb,  Sounds  Yol.  11.,  Chap.  xvii. 
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one,  and  only  one,  lies  between  k^  and  ic^.i.  Also,  each  of  the  equa- 
tions a^^i  =  0,  ar+2  =  0,  ...  has  one  root  between  each  pair  of  roots  of 
the  equation  a^  =  0.  Thns  each  of  the  coefficients  a^,  a^,  ...  vanishes 
once,  and  only  once,  for  certain  values  of  k  lying  between 
— 00 ,  *Co»  *i  •••»  +00 »  ^^^  ^^^  values  for  which  o^  vanishes,  when  r  is 
very  great,  converge  to  certain  definite  values.  In  the  neighbourhood 
of  these,  the  coefficients  converge  with  great  rapidity. 

Thus  the  values  of  k  are  all  real,  aod  are  the  roots  of  the  equation 

a    =0. 

QD 

For  these  values  the  series  of  coefficients  is  rapidly  convergent.  If 
kf,  ki,  ...  be  the  values  of  A;  obtained  from  this  equation, 

w=Se-**-«AJ>t(/.)Ot(i,) 

where  a^),  a,.],  ...  a^  are  the  coefficients  corresponding  to  the  root  kr» 
Rearranging,  this  takes  the  form 


^r    1.2...n— 1 

W  =   ' 


=  .-" %:;  (-1)' .  ,•;•••"     ,  [A,a^Q, (,)  +A, a,A  (.,)  +  ...]  Pi 

l.o...2n— 1 

• = .'--x:: (-ir . ^'^'""l^r^'-  ^^'~^'^'^  [260.^1+ *fcir«.+...]  ^^ 
=  e-'-  x::  x::  (-  ir .  ^-^^^^-^-i^^^K^-mr  ^^  tanh  as. .  pi 

(17), 

where  ?i  =  2r  -h  1,     m  =  2«  + 1, 

and  b,r  =  -4oOorao,+-4,ai,.au+...-|--4,.a^o^+...  . 

In  terms  of  associated  functions  of  the  first   and  second  kinds,  the 
solution  is 

•       ^-0  2..0  (-1)      ^^jj^^jj^ 6„(2«  .  P,...(18). 

At  the  surface  of  the  spheroid,  if  the  fluid  stick, 

M?  =  c  sinh  a^  sin  /Jw^^e"*'"*. 
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Hence  the  equations  which  determine  the  arbitrary  constants  are 
2fcoo'Si  ('?©)  +l*ioS^8  (%)  +  .••  =  CWo  cosh  Oo  ^ 


If  slipping  take  place,  the  surface  condition  is 

d  /  w 


B  [w— c  sinh  a^  sin/J .  ta^ .  e"^'"']  =  j?^  =  ypinrA  —  f  —  j 


yp  sinb  a^ d^  f     ^      \ 

c\/co8h'ao— C08*)3  c^^xsinhao/ 

If  a,  b  be  the  semi-axes  of  the  elliptic  section,  e  the  eccentricity, 

a  =  c  cosh  Oq,     b  =  0  sinh  a^     e=  sech  a^. 
Hence  the  above  may  be  written  in  the  form 

X  (,l)r   l'2»-^^tanhao  [2h^8,+tK8,-\'...']Pl  (ji) 
1.3  ...  2n— 1 

— c«o  sinh  Oo  sin  /3 

_       XVpb'       ^« .     ^^^1.2...  (n—1)      d^ 
Z?a  v^T^^y'^       ^  1.3...(2n-l)d^o 

x[-i-{26o.iSx-h|6i.iS,+  ...}]Pi(M).     (n  =  2r+l.) 

Now  (1— e*/!*)"*  can  be  expanded  in  a  convergent  series  of  even 
powers  of  /i,  and  we  have  already  seen  how  to  express  fi^Pni  A**-Pn  ••• 
in  terms  of  associated  functions  of  the  same  type  as  P„.  Hence 
(l  —  e*/Li*)~*  P„(/i)  can  be  expressed  in  terms  of  associated  functions 
of  the  form  p2r+i  (f)  ;  let  the  expression  be 

CroPi"l"C|.lP8"l"  •••    rCirPar+l'T'  •••  • 

Then  the  constants  are  determined  by  the  equations 
•^&ioS^i  W +16,1^8  (%)  +  .. . 

^sr(-irc./-ri{26o.«.+...]1 

, , ,  *••  ••■  ••.  •••  ...  ...  •••  ...  ... 

(20), 
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THe  corresponding  equations  involving  associated  functions  of  tli& 
type  Qn  (fo)  '^^7  easily  be  written  down  from  equation  (18). 

5.  We  get  the  couple  resisting  the  motion  of  the  spheroid  by  taking 
moments  about  the  axis  of  rotation.     This  gives 


<3f  =  -ffp^tiS.«r, 

where  the  integration  extends  all  over  the  spheroid,  t.6.,  from  ^  =  Q 
to  2x,  and  /3  =  0  to  IT.     Thus 

6?  =  -  p  ^vpmh  J-  C^)  md<p  .  h-'dli,^ 

=z  —2xy p\* e"*' •*  c* sinh* tu  5— 

dtit 


X  [i- J26„S,+ |to.'S.+  - }  ]       r(P5)'d^ 


I .  o  ...  Zn— 1  V 


where,  as  before,  n  =  2r  +  l. 


X  fiSn.i  +  Cn-l)  .^1*      (21)  ; 


6.  We  can  find  approximate  values  for  w  and  (?  when  the 
ellipticity  of  the  spheroid  is  so  small  that  terms  involving  the  cube 
of  X'c*  may  be  neglected.  Since,  when  e  =  0,  the  spheroid  becomes  a 
sphere  and  A;  =  n  (n-hl),  we  assume 

A;  =  w(n+l)+/i,XV+/ijXV+...  . 
The  equations  giving  the  ratios  of  the  coefficients  a^,  a^, ...  are 

XV  .^5^  =  *:,- A;-XV  .-^,  and  so  on. 

* 
•  Cf,  Phil.  Tram.,  1880,  Part  i.,  p.  128. 
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When  r  =  0,     n  =  1, 

and  the  first  approximate  valae  of  k  is  k^,  or 

1.2-l-IXV. 
A  second  approximation  is  got  from  the  second  equation  by  writing 

therefore  k^-Jc-  XV .  ^^  =  0, 

or  A.  =  ic     XV.-^, 

where,  in  the  term  multiplied  by  XV,  we  write  for  k  its  first  approxi- 
mate value. 

Now  pi  =  ^5-^,    K^-K^  =  10+  f^^V. 

Hence  the  second  approximation  to  the  value  of  A;  is 

and  the  ratios  of  the  coefficients  corresponding  to  this  value  are 

?ffl  =  5^=  IXV-^XV,  ^  =  -^.i^XV  =  ^ (22). 

a^     Pi^cr      10  3.5'  a^^      K^—k  10  280        ^ 

In  the  same  way,  when 

r  =  1,      n  =  3, 

the  first  approximate  value  of  k  is  ici, 

or  12+A^V; 

the  second  approximation  is  got  by  writing 

And  the  ratios  of  the  coefficients  are 


«.._  ,  P. XV-        4    .,,.        8       ,««    g,.       XV       XV         XV 
Oil"     «o-ifc~     5».7  3.6».7       '  a,,      K,-fc      18      3*. 6. 13 

(23). 

It  is  evident,  also,  that  A^^  differs  from  a  constant  by  a  term  of  the 
order  XV ;  Ai  is  of  order  XV ;  and  so  on.  Hence,  if  we  keep  terms  up 
^  A*i:*,  and  treat  a^  a^^  a^a^  unity,  the  equations  which  determine 
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the  coefficients  A^^  ^„  A^  are 

The  solutions  of  these  equations,  to  our  order  of  approximation,  are 
.        1  c«o  cosher,  r,       4       St^  .  16    2  S!       8        8r\\ 

(24), 

where,  in  the  expressions  for  iS„  iS,,  &c., ...  i|,  is  written  for  ij. 

To  the  same  order  of  small  quantities 
u,  =  2e---  tanh  a  [  {  ^  (S,+  ± o„5.+  ^a«S.)  +  A  A,a,,8,  j  PJ 

"^  5^  {'^•'^'^•+^>  y '•1.S.+ 1:^.«.}  ^.] (25). 

Also,  from  (21),  the  couple  is 

o  Xa 


8^ 
3 


=  — —irpXvtt^e-*''' .  b* 


VOL.  XXII. — NO.   411. 
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Now*  S,^,+  ?^  8,+  S»_,  =  0, 

therefore        Xa  (fif.S,-  S,S,)  -  2S,Sf,  =  -  5  [iSt + flj+  ^^1 , 
and  Xa(S,S,-S,S,)-4S,S, 

Hence  the  part  of  the  expression  for  0  within  the  square  brackets 
may  be  written 

8,     58,8,+Xa(^y  +  8\) 

«,  ^        xvst 

(26). 

The  terms  involving  e'  are  complicated,  and  would  be  troublesome 
to* evaluate ;  however,  if  we  refer  to  the  values  of  the  coefficients  a^, 
a^.  &c.,  which  we  have  obtained  [equations  (22)  and  (23)],  we  see 
that  the  numerical  factors  in  these  expressions  are  very  small.     Also, 

it  will  appear  afterwards  that  the  expression  - — ^— * p-^ ^ 

is  not  a  large  quantity.     Hence  only  a  very  small  error  will  probably 
be  introduced  if  we  neglect  the  terms  of  the  second  order. 
If  the  fluid  be  external,  equation  (14)  gives  us 

S,  (Xa)  =  -e-*" .  l±^,    8,  (Xa)  =  «-*«.  3±3tJ^«Xa)' 

Ad  AG 

Hence,  if  m  be  the  mass  of  the  fluid  displaced,  we  find  after  a  few 

b* 
reductions  G  =  2mytaa  e"*'"* .  — 

a' 

r3-h3iXa-KtAa)'      j4       6  H- 1 2iXa  -i-  6  (tXo)'  -h  f aa)'] 
L       "l+tXa  5  *"'  (l+tAa)'  J* 

2ir 

If  the  spheroid  make  small  oscillations  of  period  — ,  then 

n 


— \*y  =:  i 


in. 


•  Fhil,  Tram,,  1880,  Parti.,  p.  128. 
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and 


Thus 


and 


3-h3iAa-KiXa)*_3(l-frha)-htnia(3-h2nia) 
l-\'iXa  l-j-nitt-l-tnia 

_  3-h6nia+6n|a'-f2ti;a'-f2in^a«(l-hn,a) 
~  l  +  27ha  +  2nja'  ' 

6+12iXa-f6(aa)«-KiAa)' 
(l+t\a)" 


__        3-|-6tiia--nJa*+tnia(6-f  Gnja-f-nja') 


=  2. 


1  +  2»ia+  2inia  (1  -|-  n^a) 


_      3  -h  12n,o-h247?^ta'-h23n;a»-f  12n*a*-h2?iy -f  infa'(l  ■h4n^o-h2nfa') 
~    '  (l  +  2n,a)'+4n^a*(l+n,a)« 

Collecting  real  and  imaginary  parts,  the  conple  can  be  expressed  in 
the  form  Q  =  2mv«oe'"'.  ^  [£:+tni-f  e  (Z'-hinr)]  (27). 


When  e  =  0, 

the  spheroid  becomes  a  sphere,  and 

0  =  0,     a  =  00  ; 
so  that  c  cosh  a  :=  c  sinh  a  =r  r ; 

and  c  cosh  a^=  a, 

the  radius  of  the  sphere. 

The  solution  in  this  case  reduces  to 

i£^  =  w.  €"•*•*  .  — .  r  sm  0  .  ^*X   ( 

r  fi^i  (Xo) 

=  real  part  of  o^o^'^^rsin  d  .  f — V.  ^-M^.  e^^-') 

\  r  /     1+tXa 

=  real  part  of  0,0 r  sin 0.  (iL\\  l±!h!l±^.e«.(-- 

\  r  /     l-|-ri,a+tWia 

/  a  \»           €-•«-'> 
=  wo^ sin 6  . 1  —  J  .  - — 7r-r-% 

X  [{(l+n^ r) (!+»!«)+ ^h^*"}  cos  (w^+nj.  a^r) 

— ni(r— a)  .  am  (ja^t  -Vn^ .  a— T>j\ -^^^ 


■)+<[««-Hh(a-r)l 
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And  the  couple  on  the  spbere  is 

G  =  inpyu,,e'^  .  ^s  3-f3t\a-|-(tXa)'  ^  gmi^uioC^'  (JS:+ini)...(29). 

1+iAa 

7.  Writing  «o  ^'''*  =  3-*  so  that  0  is  the  angle  tnmed  through  from 

dt 

the  position  of  equilibrianiy  we  have 

=  [jr.+ez;+(L.+ei;)A]|. 

And  the  eqoation  of  motion  of  the  spheroid  is 

0    ' 
or  (Jn-LiH-elfO  5+  (JS:,+ej^O  d  +  J»J  0  =  0, 

where  J  is  the  moment  of  inertia  of  the  spheroid,  and  n^  is  what  n 
becomes  when  the  fluid  is  absent. 

The  solution  of  this  is 

6  =  A€'**Bm  (nt'\-a)f 

where  ^,  the  modulus  of  decay,  is  equal  to 

2-J+I/,+eL;      lf/6m+ni//2nja«(  K        '  M/bm'\'nL/2nyy 

If  the  viscosity  be  small,  w,  is  a  fairly  large  quantity,  and  nVj^n^a* 
is  small.  Hence,  since  this  is  multiplied  by  e,  it  might  be  neglected. 
Also,  i'/2a*  =  nlM^.    Hence 

*  __  J^     n  (3-|-n,a) 

"   2    'if (l  +  2nia  +  2n*a*)/6m  +  (l-|-Wia) 

f,       8       23-|-12n,a-|-2n?a')  , 
M  ^ -^  25 ^  •  32^20n,a-h4ny  1  (^PP«>--^^«1^)' 

and  the  ratio  of  the  increase  of  moment  of  inertia  to  the  moment  of 
inertia  about  the  axis  is 

=  ^  r l±!hIL +  1  e . ?±^b5— il  (nearly). 
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Taking  v,  for  water  in  C.G.S.  units,  =  '013,  cr,  the  density  of  the 
spheroid  (for  brass),  =  8,  we  get  the  following  results  : — 


T 

a 

— -  a  ratio  of  increase  of 
^     moment  of  inertia. 

8-1  as  time  in  which  vibration 
falls  to  0'^  of  its  initial  yalne. 

10  sees. 

1  cm. 

•0631-f0129e 

37-22—  7'4610esecs. 

2     „ 

•0321-1- -00716 

8510-15-5176 

3    „ 

•0214 +  -00476 

134-08-23-3996 

4    „ 

•0163 -f -00346 

183-88-31-6816 

20  sees. 

2    „ 

•0462 -f. -00516 

113-44-22-0796 

4    „ 

•0227 +  •00246 

257-4  -44-5436 

In  these  approximations  the  assumption  we  have  made  is  that 
terms  of  the  form  /i,XV  may  be  neglected.  Now  X',oc  nv'*,  is  a  fairly 
large  quantity  ;  e,g.^  if 

n  =  10,     X  or  ni  =  4*9, 

but  the  numerical  factor  ft,  is  small.     Thus  the  assumption  is  equi- 
valent to  taking  6,  the  ellipticity,  small. 

It  is  worthy  of  notice,  too,  that  jr/2n*a'  and  nL'/2n^a*  are  small 

quantities,  and  these  were  the  real  and  imaginary  parts  of  the  factor 

6S^S^+Xa{S]+S\)^  Ijy  ^Iji^jj  ^Y^^  gj^^^  ^^g  ^  (26)  were  multiplied ; 

XV  Sj 
hence  the  error  in  neglecting  the  small  terms  of  the  second  order  was 
probably  not  large.     We  see  that  the  tendency  is  to  produce  a  very 
small  increase  in  the  moment  of  inertia ;  and  an  increase  in  S ;  so  that 
the  oscillations  damp  more  quickly  than  for  a  sphere. 


8.  The  preceding  results  are  applicable,  with  slight  alterations,  to 
the  case  of  a  planetary  spheroid.     For,  writing 

tr  =  c  cosh  a  sin  /3,     2;  =  c  sinh  a  cos  /3, 

so  that  /3  is  still  measured  from  the  axis  of  the  spheroid,  the  equation 
of  motion  of  the  spheroid  becomes 


CPtO   .d^W    .  .      y       dAJO   ,        .ndto  \  1\ 

"TT  +  T^  -htanha  — -  +cot«--7—  I    .  ,  ■ r-r-) 

da*       d^  da  ^  dfl       \sm*B      cosh*a/ 


w 


=  —  (sinh*  a  -I-CO8*  B) 


dw 

at' 
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and  the  Borface  conditions  are 

ti7  =  6  cosh  a^  sin  /3  .  Wq*'*''*  > 
or  B  [ti7— c  cosh  o^  sin  /3  ia^  e"*'"*]  =  p^. 

Assuming,  as  before,  that  w(x:  e'^'*',  we  may  put 

ti;=S.-"'*./(a).i?'(/J), 

where  g^cot^    g-^-^    = -(^-hXVcos'/3)  2^, 

^,  H-tanha  ^  +  — 4- = -(^Vcosh'a-A;)/. 
oa'  (ki       sinh'a  ^ 

The  first  of  these  equations  is  the  same  as  (7),  except  that  the  sign 
of  XV  is  altered. 

If  in  the  second  we  put  {  =  Xc  sinh  a,  c  sinh  a  being  the  length  of 
the  polar  semi-axis  of  the  confocal  a,  the  equation  reduces  to 

(P+XV)f +2^1+^/=  (.-?)/. 

This  is  the  same  as  (8),  except  that  —XV  is  written  for  XV ;  hence 
the  solution  will  be  the  same  function  of  {  as  our  former  solution  was 
of  %  the  only  difference  being  that  in  the  equations  which  determine 
the  coefficients  a^  (h, ...  a^,  the  sign  of  >}(?  is  altered  throughout. 

When  the  ellipticity  is  small,  the  solution  is  of  the  same  form  as 
before ;  but  the  sign  of  e  is  changed.  The  effect  is  therefore  to  pro- 
duce a  very  slight  diminution  in  the  moment  of  inertia  about  the 
axis,  and  to  decrease  the  modulus  of  decay,  so  that  the  vibrations  do 
not  damp  so  quickly  as  for  a  sphere. 

9.  When  the  motion  is  steady,  equation  (2)  becomes,  on  writing  Z 
for  cosh  a  and  /i  for  cos  /3, 

If  we  put  a^-|-X  =  c^f',     6*-|-X  =  c' (i*-l), 

and  suppose  the  flaid  contained  between  two  confocal  spheroids  which 
rotate  with  angular  velocities  o^q,  ut^,  the  solution  is  easily  found  to*be 

te  =  cv[wi(A-A;)  +  <o^{A^-A)'\((A^-A,) (30), 
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where 


J.  (a'+X)»(i'+X)" 


and  X„  A^  are  the  values  of  A  at  the  oater  and  inner  spheroids:* 
The  coaple  resisting  the  motion  of  the  spheroid  is 


«  — f^--«-  =  -f"'33 


i. 


(31). 


The   corresponding  results  for  planetary   spheroids  are   got  hj 


writing 


Jo(a*+X)«(fc'+A)*' 


When  the  rotating  spheroid  degenerates  into  a  disc,  (  or  sinh  a, 
for  the  inner  spheroid,  =  0.     Hence 


w 


=  .  [«,  (tan-.^+^) +«.  (cot-^- ^);  ]/(tan-.i,+^J 


And  the  coaple  resisting  the  motion  is 


«i— «o 


n      16       . 


tan' 


f?+l 


If  the  fluid  be  unlimited  externally  w  |  =  0,  f|  s  oo ,  so  that 


IT 


u,  =  tra,o(cot-'i:-^J 


and 


(82). 


II.  Oscillations  of  a  Spheroid  along  its  axis. 

10.  Suppose  the  spheroid  suspended,  with  its  axis  horizontal,  by  a 
fine  fibre,  whose  length  is  great  compared  with  the  dimensions  of  the 
spheroid.  Then,  neglecting  the  effects  of  the  fibre  on  the  fluid,  we 
may  regard  the  centre  of  the  spheroid  as  performing  small  oscilla- 
tions along  its  axis  ;  while,  since  the  dimensions  of  the  spheroid  are 
small  compared  with  the  length  of  the  pendulum,  we  may  neglect  the 
effects  of  rotation. 


*  Cy.,  Basset,  Hydromeehaniciy  Chap,  xsii., '^.  *I%V^ ««..  ^. 
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If  the  motion  start  from  rest,  it  will  be  symmetrical  about  the  axis 
at  any  subsequent  time.  Denoting  by  u\  v  the  velocities  in  the  direc- 
tions in  which  m  and  z  increase,  we  have 

m    de  tr    dnr 

where  i^  is  Stokes'  current  function. 

Ifeglecting  squares  and  products  of  velocities,  the  equations  of 
motion  in  cylindrical  coordinates*  are 


dg        m   dm  \dt  I 

dm       m    dt\dt  /     ' 


\dz)       \dml       m    dm* 
and  Q  s=s— 2>/p+^w, 

if  the  axis  of  s  be  taken  along  the  axis  of  the  spheroid,  which  is 
horizontal. 

To  our  order  of  approximation  these  equations  are  the  same,t  if 
we  take  the  origin  at  the  centre  of  the  spheroid,  and  moveable 
with  it. 

Writing         w  =  c  sinh  a  sin  /J,     2  =  c  cosh  a  cos  j3, 

and  taking  as  our  standard  case  that  of  a  prolate  spheroid,  we  have 

(J  /?  \ 

cosh  a  sin  /3  ---  +  sinh  a  cos  /?  r- )  0 
dm  dzl 

s=s  — r-r :— ^^(sinhacosiS- coshasin)3 -f  W-f^— vD  )  ^, 

c  smh  o  sm  /3  \  dm  dz)\dt  I 

—  ( sinha  cos/3 cosh  o  sin  /3  -- )  Q 

\  dm  dzl 

=  — ^X^-^— 5  (cosha  sin/3 -^ -f  sinha  cos /3  ^  )  (-^  -  vD)  ,^, 
c  smh  a  sin  /3  \  dm  dzi  \dt  )^\ 


*  Cf,  Basset,  Hydrodynamics^  Vol.  n.,  p.  262. 

f  Cf.  Stokes,  Camb.  FhiL  Trans.,  Vol.  iv.,  Pt.  ii.,  p.  51. 
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or 


where 


^«= L_^  A/«[_,dU\ 

da       c  sinh  a  sin  /i  c2yi  \dt  / 

(2i3       c  sinh  a  sin  ^  (^  \  c2^  /     \ 


Eliminating  Q,  we  find 


The  solution  of  this  is 


(i,-i|)r*  =  o. 


^=^1  +  ^1, 


where  ipi,  ^,  satisfy  the  equations 


I>>^i  =  0, 


(»-tI)*.=»- 


Assuming  that  the  time  enters  in  the  form  of  the  factor  e'^*'*,  these 
reduce  to  _,        ^      r*^     v*x  •        /% 


or 


[ 


d*        d"  ..      d 

T-r+  ^755— COtha-— 

cia'      dIP  da 


-cotha-^ COt/J-r-j     1^1  =  0 

cot  i8  ^  +XV  (cosh»  a-oos'/3)]  if., 


=  0 


(33). 


The  pressure  at  any  point  of  the  fluid  is  given  hy 


-(ZQ  = 


c  sinh  a  sin  )8  dt 


si^'^-f^)  <»*)■ 


11.  To  find  the  surface  conditions,  we  must  resolve  the  velocity  of 
tbe  spheroid  along  its  axis,  in  directions  normal  and  tangential  to 
the  surface. 

Let  d  be  the  inclination  of  the  normal  at  P  to  the  axis  of  s^ 
and  p  the  perpendicular  from  the  centre  oii  ^e  VA^oi^T^Vt  "^"^.t^a  %X>  ^ 


202 
Then 
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j/       d^nnh^o^      ^ooeh^o,       <?    sinh*a^  coeh'a^      ^8iiih*«i,oo8h'a«^ 


~*=?^&^=**'^-'"*^'     ' 


■Ml ^  =   ,  fT< —  =  ^ cosh o^ain /5 ; 
er  nnn'  a. 


thflirefore* 


u  =  velocity  along  the  normal  to  a 


=  u8ma+©co8a=  —  foosa^-sina^^ 


(35). 


AIbo,       V  =  velooity  along  the  normal  to  /3 

=  tt'cog6-i,'8intf  =  — ifcoetf^  +  sinO^) 

tr  V  dz  am  J 


=  - A  # 


(36). 


If  the  spheroid  be  moving  along  its  axis  with  velocity  Fc"^'**,  and  the 
fluid  stick,  the  boundary  conditions  are 

us:      Fe-*''«cosa=    -Fe-*"'«.^sinhagCosi3, 
«  =  -  Fe-*''*sin6  =  -  Fc"^*^.  Ac  cosh  a^  sin /J, 

^  =  Fe"^'"*  (?  sinh  a©  cosh  a^  sin"  /3 


or, 


d± 
dp 


(37), 


^  =  Fe-*'-'  c«  sinh»  a^  sin  (3  cob  fi 


at  the  surface. 


If  slipping  take  place  at  the  surface  of  the  spheroid,  we  must  sub- 


*  These  expressions  might  be  written  down  without  going  through  the  trans- 
formation ;  for  2ir^  «>  flux  across  an^  area  bounded  by  a  stream  line.    Hence,  if 
P  be  a  point  on  a  stream  line,  P'  a  point  on  a  consecutive  stream  line  in  the  phuie 
passing  through  P,  and  the  axis,  2i^  »  2irtr .  PF*  (velocity  normal  to  FP^,   Then 
Bjr  Ukmg  /^perpendicular  first  to  a  and  then  to  iS,  we  get  the  above  expressions. 
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stitnte  for  the  first  of  these  the  condition 

— ;-^i -. — ^  (rr-  —  Fe"^'** .  c*  sinh  cl,  cosh  cu  sin'  )3 )  =  »^...(87a). 

C8mha^8in/3  \da  / 

If  the  flnid  extend  to  infinity,  we  have  the  additional  condition  that 
the  velocity  vanishes  there. 

12.  Taking  the  equation       D^|  =  0, 
and  putting  (  =  cosh  a,      fi  =  C08/3, 

we  can  write  it  in  the  form 

The  solution  of  this  may  be  written 

*.  =/.(0^i(/'). 

where  (i«_l)^  _„(„+!)/,  =  0.'. 

We  want  a  solution  which  vanishes  at  infinity,  hence  we  write 

«^,  =  SA.  (1 -/«')  ^  (^- 1)  ^  =  24.  Bin /3  flinh  o .  Pi  (m)  •  Qi  (O 

(38), 

where        Pl.(;.)  =  (!_;,«)»  ^,     Qi(^)  =  (^_l)»^. 
The  solution  of  the  equation 


may  be  written 


(D-X')  +,  =  0 

^,=/,(a).li',(/3), 


where  ^j,  /j  satisfy  the  equations 


^  -cot/3^  =  (XVoo8'/3-A:)  j;, 

|4-cotha^=  ()fc-XVoo8h'a)/,. 
ocr  da 


J 
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Writing  ri  for  Xc  cosh  a,  and  fi  for  cos  /3,  these  become 

(l-/'')^  =  (XVA.'-fc)J',    (39), 


(•»*-XV)^=  (fc-,')/, (40). 


Now,  since 


[(!-/*')  (0+*]  (l-/«»)»Pi  =  -  [«(»+l)-fc]  (l-/i')*Pi, 

and  /('P]|  can  be  expressed  in  terms  of  P«+ii  P),,  Pi.t  bj  eqoation  (9), 
equation  (39)  can  be  satisfied  by  the  expression 

*(/i)  =  Osin/3  [sPl-  ^  ajPl+ ... 


"-^<-^>i:3.:iL"-?)°-^-+-]' 


(2»-l) 

where  n  =  2rH-l, 

and  o^  Oi, ...  are  determined  bj  the  same  set  of  equations  as  before. 

Writing  /,  (,)  =  (iy»-XV)*/  (n), 

equation  (40)  reduces  to 

(,»-XV)|+2,g--^/  =  (W)/. 
This  is  the  same  as  equation  (8),  and  the  solution  is 

where,  as  before,  »  =  2r+l. 

Hence 

^,  =  2::"  e-*'-5,sin/3  sinh  aO,  (ij)  ^,  0*) 

=  X"e-(-l)',^|^;^{£^)  ain^  sinha  tanhu 

x[26„S,+|6„S,+...  +  ...]Pi 

_  S,.o  2..,  e       (-1)  2;^j         .  ^  b^ 

X8in/3sinhatanhoS,(i;)Pi(/i) (41), 


1891.]       Oscillations  of  a  Spheroid  in  a  Viscous  Liquid.         205 


where 


and 


»  =  2r+l,    wi  =  25-fl, 


We  might  obtain  the  value  of  \^f  in  terms  of  associated  functions  of 
the  second  kind.  For  if,  instead  of  the  substitution  17  for  Xc  cosh  a, 
we  put  C  for  cosh  a,  equation  (40)  becomes 


If  we  write 


/,(0  =  («'-i)»./(0. 


_n^  j.9/^ l-f=  (jfc-XW)/- 


(40a). 


this  becomes     (^-^)^+^f(-^_i 

Hence,  in  terms  of  associated  fanctions  of  the  second  kind, 


MO  =  Csinha  rOaQl—  gT  *iQ»+  ••• 


and  the  corresponding  valne  of  ^,  is 

^.  =  sr.7e--'(-ir;;^;;;[-_^>^  sin/3  sinha 
-2..o2..o€     (-1)    2;^^2;j^i ^- 


xsin/5sinhaOi,«)Pi(M)  (41a), 


where 


n  =  2r-fl,     wi  =  2«4-l. 


13.  The  arbitrary  constants  are  determined  from  the  surface  con^ 
ditioDS.     At  the  surface  we  have,  from  (37), 

^  =  - Fe-^''«  c^ sinh'  a^  cos  i3  =  -  Vt'^*^  c* sinh' Oo- Pj  (/*). 
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JScm^  mnee  P»,  Q*  *>*  ardioarf  zonal  1ianiioitic3  of  the  first  snd 
••ootid  kinds, 

•lid  th«  mrface  condition  becomes 

Hence,  eqaatiDg  coefficients  of  P|,  P^  ... ,  we  get 

=:iFc»8inha.  or  0 (42), 

according  as  r  is  or  is  not  equal  to  zero,  m  being  equal,  as  before,  to 
2f->-l,  andnto2r+l. 

If  there  be  no  slipping  at  the  surface,  the  other  condition  is 

^  :=  Fe-*'-* .  c*  cosh  oo  sin  fi .  l\  (fi). 

Now  «*•-  f-  =  2.1,.n  (n+1)  QMo)  •  (1-A*')*P10*) 


,-r-«^i-«r     Txy  2*"*^'*.n!  n— 1!  m!  m  +  1! 


X  f   [8inhaotanha^fif«.].(l-/i')*-Pi- 
And  -jj,  [  sinh  a  tanh  a  S^J] 

tti|Vf;  /L  i|J  *? 

Henco,  equating  coefficients, 

n(n-»-l)i4rQ«(W  +  (-l)  5..0 o^  f  9^  f ^^r 


2m!  2n! 


r  (  (^,^.i).(^.l)^|  ;b\.+  5^11^5^  J  =  Fc> cosh ao  or  0 

(43), 
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according  as  r  is  or  is  not  equal  to  zero ;  m  being  equal  to  2«+ 1,  and 
n  to  2r+l. 

If  we  take  the  second  form  of  ^j,  we  get 

«»■"  1^  =  S4, « («+ 1)  Q,  (^.)  (l-^')« Pi  (m) 
of 


n 


2m!  2n! 


X  b,^ .  Q,»  (i;>)  =  Fc»  cosh  oo  or  0 (43a), 

according  as  r  is  or  is  not  zero. 

14.  We  now  proceed  to  find  the  resist- 
ance exerted  by  the  liquid  on  the  spheroid. 
Let  Z  denote  this  resistance.  Then,  re- 
solving all  the  stresses  on  the  spheroid 
in  the  direction  of  the  axis  of  Zy  and 
integrating  over  the  surface  of  the 
spheroid,  we  have 

Z  =  j  [  (-2>..  cos Q-^jp^  Bin  0)  mdfp .  h-^ dfi. 

At  the  surface  of  the  spheroid,  from  (35)  and  (36), 

h      d\p  h     ddf 

w     dfi  nr     dfi 

therefore        p^  ^  ^^  \  d^  ^^^^  "*"  M  ^^^^ 

^Ldp\  w  '  d(i)       da\m  '  da/J 

=  !:Pl7f^.eot/J^-?J+coth«^ 
m    Idp  ^dfi      da*  da 

—  2c*^'  I  sin  fi  cos  fi-^—  sinh  a  cosh  a  j^  )  L 

since  --  =  —  hV  sinh  a  cosh  a,    --^  =  —  hV  sin  /J  cos  /5, 

da  dp 

-—  =  c  cosh  a  sin  /J,  --—  =  c  sinh  a  cos  /3. 

da  dp 

Making  use  of  equations  (33),  we  find 


206  Mr.  J.  Bwdnm  am  He  [FA.  12, 

And  the  marfMce  ralne  of 

Hence,  ei  ibe  eor£ace, 

=  ^  .^, . (44). 

Again,  from  (4), 

But,  at  the  sarfoce, 

da     h  d(i      da\m  dflJ      w  dfl'  da 

And  each  of  these  expressions  has  the  same  surface  valne 

Ve '  *■•*  c*  sinh  a^  cosh  a^  sin  0  cos  fi. 
Hence,  at  the  surface 

da      h  dft 

and  the  surface  value  o^ p^  is  —p (4^)* 

The  force  resisting  the  spheroid  is  therefore 
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from  ^  =  0to2ir,  )3  =  0toir;  therefore 


Now 


Z  =  2w  ^pcofie.vrh''dfi-\'2ir\^yp  Tif*,  flin  6 .  ^-^/J. 


\'p  cos  0  .  vfh'^  dP=  I  p  ,hc  sinh  a^  cos/S .  c  sinh  a,,  sin  (i.h'^dft 


=  c*  sinh 


sin  /3  COB  /3  c?/3 


inh^  Oq  I   p  si 
-ic»8inh««o  r^8in*i3(fi3. 


But,  from  (34), 
-dQ 

where 
therefore 


csinhoQsin/}  dt 


-('^^-^^ 


Q  =  ^p/p+gc  sinh  a  gin  ^  ; 

?  =  — ?  — QC  sinh  a  cos  i3 

p    d(i      dfi      ^  »^»H 


1  dP^r 

c  sinh  a  sin  /j  ciacl^ 


^c  sinh  a  cos^. 


And 


I    p  cos  6 .  ty/r  *  (f/3  =  —  Jf)c*sinh'a, 


=  —  Ipcsinhoo       3-^  dfi  =  iX* vpc sinh a^  I     -^ (2^. 

J^j  dadt  J_j  oo 


Also, 


1; 


i/r,  sin  d  . 


7i-'(Z/3 = r 


=  I  ^, .  0  cosh  tto .  sin  (id ft  =  c  cosh 


"•!-! 


'/'j^/*; 


Z  =  irpX'i'rcsitihaor'^(2/i  +  2ccosha^f*V8<^/'] (46), 


This  corresponds  exactly  in  form  with  the  known  result*  for  a 
spherical  pendnlnm. 


•  Cf.  Stokes,  Camb,  Phil,  Trans,,  Vol.  ix.,  Part,  ii.,  p.  SI. 

VOL.  xxn. — NO,  412.  1? 
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Since  4-,  =  Xl'  ^e-*-  (1  -;.')  ^  (^-1)  ^, 

where  n  =  2r+l, 

and      p|(l-/*')^"i/*=[PH(l-A*^)]']  +  2r^P.(?^==iorO, 

according  as  n  is  or  is  not  equal  to  unity ;    the  only  term  in    — 
which  does  not  disappear  on  integration  is  the  first.     And  " 

therefore  I     ~-^  dfx  =  l^^c"^''*  .  sinh  a,, .  Q^  ((^). 

Similarly,  the  only  term  in  ^,  which  does  not  vanish  is  that  contain- 
ing (1-,.')*P1  (m),  viz.  :- 

c-^'-^  8in/3  sinh  a  [2boeiSfiH-|h,o-Ss+  .•  ]  P\  (/i). 
Hence         Z  =  IjrpX'i'c"*'''  .  c  sinh  Oq 

X  [^jsinh  a^  Q,  (O  +cosh  Oo  (2boo  5,  +  f bjo  5^,+ ...)] 
=  l^rpX*  ye"*'''  c  sinh  o^ 

X  [  idoSinh  Oo  Q,  do)  +  cosh  Oo  {  \  TV  sinh  a^  -  ^o  Q1  ^Q  ]  ] » 
as  we  see  on  substitnting  from  equation  (42). 
Now*  Qi(0  =  fcoth-»f-l, 

Q\(()  =  (r-l)*^|^=  [(r-l)»cotb->C-^^^J; 

therefore  (i*- 1)*  Q,  (0-f  Q1  (0  =  cosech  a. 

Hence  J^  =  JwpX^i'c"*'''  .  c  ^A^-\-\Vc*Hinh^  Oocosh  a^l. 

15.  Let  us  suppose  the  ellipticity  of  the  spheroid  is  so  small  that 
terms  involving  \*c*  may  be  neglected.     Then  we  have,  approximately 

tanh  a  =  1  —  €,       sech^  a  =  2c, 

Q.(o  =  ;i,  +  ,V  '2:(o=-|-.^^-^(i+4,). 

•  Cy.  Bryan,  rrvc.  Camb.  Phil.  Soc.y  Vol.  vi. 
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To  find  Z  the  only  coefficnenfc  we  require  is  A^,    Remembering  that 
Jq,  Bq  differ  from  a  constant  by  a  term  of  the  order  XV  ;  A^^  Bi  are 
order  \V,  and  so  on,  we  have 

iV(^cosha,  =  A,coiha,Q\(:,)+2B,(iS,-\-ia,,S,), 
Fc^  cosh  a,=  2^oQi(«  +  2i?o(2^,  +  '?^:^^/S,) 

=  2A, Q,  (i^)  +  2I?o  [2S,-^'Xe  sinh  a„  tanh a^8^ 

+iaoi(4fif,+Aaflf,)]. 

Eliminating  Bq,  and  writing  for  Qi  (f,,),  Qi  (i^)  their  approximate 
valaes  in  the  small  terms,  we  get 

2^,  [«,  {<2,(f,)  -cothaoQl  (Q]  +JAc8inha,Q',(0'S, 

+  -^a,,  sect*  a,  (Sf, + i\a8t)  ] 

=  —  Fc'coslia4[|\csinhOotanhaoiS,  +  faj,  (iSj+iXoiS,)], 

A  [5,  + i\a  (1-fO -Sj  +  K,  (S,+iXa5«)] 


or 


ab 


where  a,  h  arc  the  semi-axes  of  the  principal  elliptic  section. 
Hence 
Z  =  I  npX^y .  €"*'"'  .c^A^-^-iVc*  sinh*  o^  cosh  a^] 

=  71. W  Fc---*  >^i-i^^  (1-  VO  S,+^\a,,  (28,^l\aS,) 
=  t/i \V  Fc- *"'' ^^i-"*^«^»-^tV^^^ {35fif,-h8Xag,-2XV^,} 
Writing,  for  shortness,  x  for  tXa,  this  redaces  to 


1033^+2253?  4-225) 
+  5aj*) 
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If 


-XV  =  tn,     fh  =  \Jgi 


then  X  =  iXa  =  n^a  (1  +i)  ; 

therefore 

5      I        2n,o^        '      2n|a'/J 

"     H-       2»»,a       5      \        2»,o//*      2»,o\        n^aJ 

+  9!L  efl  +  A^lFe'-, 
onja      \        n,a/J 

since  in  .  Fc  •»'  =  4  ( ^«**')  • 

If  we  put        1+2^  =  1^.       f(l-4^)  =  i^'. 

2nia  \        n^aJ  on,o  V        n^aJ 

and  Z'be  the  length  of  the  pendalnm,  sapposed  large  in  comparison 
with  a,  the  eqnation  of  motion  of  the  spheroid  is 

[M+Jrn  (L-eZ')]  e  +  im  {K^€K')  0  +  (lf-m)  -^6  =  0. 

V 

The  solution  of  this  is 

^  =  ilc"'  sin  (n<4-a), 

where       ^  =  1. , —E±lK^  ^ ?n(l±n,a) 

2      2Mlm^-L-€V       2n,a{9+(l+2M/m)2n,aj 

xri+   ^  c  f'^  +  ^i^  f  6rha~9  \1 

15       ll+n,a      9-|-2n,a(l-|-2Af/m)/ J' 

And  the  ratio  of  the  apparent  increase  of  mass  to  the  true  mass  is 
cM       1      m  ,r       -.-/N       w.    r,  .      9         6       /,         3 


"^-''■'=2T?['+^,-f'('-2~;)]- 


3f        2      3f 
Since  p  is  a  small  qnantity,  and  therefore  n^  a  fairly  large  quantity, 
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the  effect  of  the  second  term  of  the  equation  of  motion  is  small,  t.e., 
the  vibrations  are  damped  slowlj ;  e.g,j  taking  r,  for  water,  in  G.6.S. 
units  =  '013,  or  =s-  density  of  spheroid  =  8,  we  find 


r 

a 

8Jf 
M 

a-» 

2  sec 

5  sec 

2 
4 
2 

4 

•0753 --06696 
•0690-07096 
•0825- -06096 
•0725-07256 

5116-25-656 
103-98-53136 

80  06-37^356 
16410-81-356 

16.  The  corresponding  results  for  an  oblate  spheroid  are  easily 
found.     The  solution  of  the  equation  of  motion  is 

^  =  ^i  +  >/'i, 
where  ^i,  ip|  satisfy  the  equations 


And  the  pressure  at  any  point  is  given  by 

dt\da^      dS       ) 


-dQ  = 


c  cosh  a  sin  /3 


If  F6"^''*  be  the  velocity  of  the  spheroid  along  its  axis,  the  surface 
conditions,  supposing  the  fluid  to  stick,  are 

#  =  Ve-^'^ .  c*  sinh  Oo  cosh  a^  sin«  /3, 
da 

^  -  Ve-^'** .  c*  cosh'ao  sin  ft  cos  ft. 
dft 

Writing  f  for  sinh  a,  and  /i  for  cos  j3,  in  the  equation  for  if^,  we  get 

(f'+i)^'+0-M')^=o. 
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the  eolation  of  which  is 

yf>,  =  ^A:  e-»-  (1  _^«)  ^  (1+  ^)  ^ , 

where  P„,  q^  are  zonal  harmonics  of  /i  and  i^  of  the  first  and  second 
kinds. 

Writing,  in  the  equation  for  i//„  i  for  Xc  sinh  a,  and  ft  for  cos  /3,  we 
sec  that  the  solution  will  bo  the  same  fauction  of  £  and  ft  as  oar 
former  one  was  of  17  and  /i,  except  that  in  the  equations  which  deter- 
mine Oq,  Oj,  ...,  —XV  is  written  for  XV. 

The  force  resisting  the  motion  of  the  spheroid  is  now 

Z  =  irpX^y    c  cosh  a^  I      -~  dfi  +  2c  sinh  a^  I      ^fd/ji 

=  firpXV.e"*'''.  c  [^J-hi  Fie'  sinh  o^  cosh* «,,], 
an  expression  of  the  same  form  as  our  former  one. 


Thursday,  March  12th,  1891. 
Prof.  GREENHILL,  F.R.S.,  President,  in  the  Chair. 

Mr.  E.  Pamall  Culverwell,  M.A.,  Fellow  and  Tntor  of  Trinity 
College,  Dublin,  was  elected  a  member. 

Dr.  Hirst  drew  tlie  attention  of  the  members  present  to  the  loss 
the  mathematical  world  had  sastained  by  the  recent  death  of  Madame 
Sophie  de  Kowalevski,*  and  gave  many  personal  reminiscences.  The 
President  also  touched  briefly  upon  some  of  her  mathematical  work. 

The  following  communications  were  made  : — 

On  Cusp-loci,    which    are   enveloped    by  the  Tangents  at  the 
Cnsps:  Prof.  M.J.  M.  Hill. 


*  Bom  at  ^foscow  ir)/>7  December,  18/)3  :  died  10  Fob..  IROl.     A  short  account, 

with  a  list  of  hor  works,  is  given  in  the  Rnuiinmti  (hi  (Urroh  Matnnntiio  di  Palnmo^ 

Tomo  v.,  pp.  l'Jl-12S.     ^iiv iiUoXn tnrt,  Vol.  xuit.,  \^\^.  .S7o,  ;J7r>  (Feb.  19th,  1891). 
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On  the  Partitions  of  a  Polygon  :  Prof.  Cayley. 

Some  Theorems  concerning  Groups  of  Totitives  of  n :     Prof. 
Lloyd  Tanner. 

Mr.  Love  and  Prof.  Hill  spoke  at  some  length  on  the  Motion  of  a 
Liquid  Ellipsoid  under  its  own  attraction,  with  special  reference  to 
Four  Theorems  concerning  the  Surfaces  which  always  contain  the 
same  Particles. 

Dr.  Larmor  made  an  impromptu  communication  on  the  Collision 
of  Spherical  Bodies. 

The  following  presents  were  received : — 

**  Proceedings  of  the  Royal  Society,"  Vol.  xlix.,  No.  197. 

**  Educational  Times,"  for  March. 

**  Memoirs  and  Proceedings  of  the  Manchester  Literary  and  Philosophical 
Society,"  Vol.  iv.,  Nos.  1  and  2. 

**  Proceedings  and  Transactions  of  the  Nova  Scotian  Institute  of  Natural 
Science,"  Vol.  vii.,  Part  ui. ;  Halifax,  1889. 

**  Transactions  of  the  Canadian  Institute,"  Vol.  i..  Part  i. ;  Toronto,  Oct.,  1890. 

<<  Transactions  of  the  Connecticut  Academy,"  Vol.  vui.,  Parti.;  NAwhaven, 
1890. 

**  Annals  of  Mathematics,"  Vol.  v..  No.  6. 

<*  Bulletin  des  Sciences  Mathematiques,"  Tome  xv.,  Jan.,  1891. 

**  Bulletin  do  la  Societ6  Mathematique  de  France,"  Tome  xviii.,  Nos.  6  aad  6. 

<*  Beibl&tter  zu  den  Annalen  der  Physik  und  Chemie,"  Band  xv.,  Stdck  2. 

**  Archives  Neerlandaises  des  Sciences  Exactes  et  Naturelles,"  Tome  xxiv., 
4  and  6  Livr. ;  Harlem,  1891. 

'*  Annales  de  TEcole  Polytechnique  de  Delft,"  Tome  vi.,  2  Livr. 

**  Bollettino  delle  Pubblicaziuni  Italiane,  ricevute  per  Diritto  di  Stampa,"  Nos. 
123  and  124. 

«*Atti  della  Reale  Accademia  dei  Lincei— Rendiconti,"  Vol.  vii.,  Fasc.  1-4, 
Homa,  1891. 

**  Sitzungberichte  der  Eoniglich  Preussischen  Akademie  der  Wissenschaften  zu 
Berlin,"  xli.-liii. 

**  ActaMathematica,"  xnr.,  3;  Stockholm. 

**  Annali  di  Matematica,"  Tomo  xix.,  Fasc.  1 ;  Milano. 

<*  Theory  of  Differential  Equations,"  Pt.  i.;  "Exact  Equations  and  PfaiTB 
Problem,"  by  Dr.  A.  R.  Forsyth,  F.R.S.  Cambridge  tlnivendty  Press,  1890. 
(Presented  by  Mr.  Tucker.) 
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On  Node^  and  Oiisp-Loci,  which  are  enveloped  by  the  Tangents  at 
the  Cusps.  By  M.  J.  M.  Hill^  M.A.,  Sc.D.^  Professor  of 
Mathematics  at  University  College^  Londoa. 

[Read  March  12M,  1891.] 

Introduction, 

In  a  paper  entitled  **  On  the  c-  and  p-Discriminants  of  Ordinary 
lotegrable  Differential  Equations  of  the  First  Order/*  published  in 
Vol.  XIX.  of  the  Proceedings  of  the  London  Mathematical  Society^ 
pp.  561-589,  the  conditions  which  hold  when  the  curves 

/(a?,  y,  c)=0 

(where  /  is  a  rational  integral  indecomposable  fnoction  of  x,  y,  c) 

have  a  cusp-locus,  are  investigated. 

It   is   shown    further   that    when    these    conditions     hold,    the 

c-discriminant  of  - ,  v       zn 

/  («,  y»  c)  =  0, 

and  all  its  partial  differential  coefficients  of  the  first  and  second  order 
with  regard  to  x,  y,  vanish  when  x,  y  are  replaced  by  the  coordinates 
of  any  point  on  the  cusp -locus. 

It  follows  that,  if  0  =  0  be  the  equation  of  the  casp-locus,  C*  is  a 
factor  of  the  c-discriminant. 

It  is  shown  in  the  course  of  the  investigation  that  the  vanishing  of 
the  second  differential  coefficients  of  the  ^discriminant  with  regard 
to  Xf  y  depends  on  the  vanishing  of  certain  fractions,  all  of  which 

have  a  common  denominator,  viz.,   ^ ;    but  the  possibility  of  the 

vanishing  of  the  denominator  is  not  considered. 

The  object  of  this  paper  is  to  consider  those  cusp-loci  in  which  the 
above-mentioned  common  denominator  vanishes ;  and  it  is  shown — 

(1)  That  C*  is  now  a  factor  of  the  discriminant  instead  of  C* ; 

(2)  That  in  this  case  the  tangent  at  the  casp  always  touches  the 
cusp-locus,  so  that  the  cusp-locus  is  also  an  envelope. 

Geometrical  considerations  now  point  to  the  conclusion  that  if  a 
node- locus  exist  such  that  one  of  the  tangents  at  the  node  also  teaches 
the  node-locus,  then  if  the  equation  of  the  node-locus  be  ^  =  0,  N^ 
will  be  a  factor  of  the  discriminant.*  This  result  is  also  demon- 
strated. 


♦  The  author  is  indebted  to  one  of  the  referees  for  the  suggestion  that  this  case 
abouJd  be  invontjgated. 
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Art.  1. — To  prove  that,  when  —^  =  0  a<  every  point  of  the  cusp-locus, 

0*  is  a  factor  of  the  discriminant » 
Adopting  the  notation  of  Art.  4  of  the  paper  above  mentioned,  let 

where  a^,  a^,  ...  a^  are  functions  of  aj,  y,  not  c. 

Then,  if  {,  tj  be  the  coordinates  of  the  onsp  on  the  curve 

/(aj,y,  y)  =  0, 
the  conditions  satisfied  by  f,  17,  y  are 

/(«, '?,y)=0 (1), 


df  (i.  I?,  y)  _  /^ 

3/  (^1  ^>  y)  _-  0 


(2), 


(3), 


dl(k!Lyl^o (4), 

dy 

and  denoting  partial  differential  coefficients  with  regard  to  £,  17,  y  bj 
suffixes  onlj,  instead  of  by  d  as  above, 


fu'fth'  J  it 
^  /«T  •  /-nr  '  fn  - 

To  these  it  is  necessary  now  to  add  the  condition 


(6). 


(6), 


which  makes  the  denominators  of  the  second  differential  coefficients 

of  the  o-discriminant,  called  A  in  the  paper  above  mentioned,  vanish. 

The  discriminant  X  is  formed  by  eliminating  c  between  the  equa- 

'tions  ^ ,  X       /v  xMv 

/(aj,y,c)  =  0  (7), 

and  §L^^:J^iJ!)  =  0  (8). 

oc 

The  last  equation  gives  (w  —  l)  values  ior  c,  ^«kQ\i  o'l  '^Xsa.Ovi  *\^  >6»\!aa 
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function  of  x,  y.     If,  moreover,  one  of  the  roots,  C|,  be  such  a  function 
of  a;,  ^  as  to  make  at  the  same  time 

^/c^-y-^)  =  0 (9), 

96, 

and  5y(^.y.c,)^o (10), 

then  two  of  the  roots  of  the  eqnation  (8)  are  eqnal.     Now 

satisfy  the  equations  (9)  and  (10),  which  are  the  same  as  equations 
(4)  and  (6),  when 

Hence,  in  forming  the  discriminant  S,  it  most  be  borne  in  mind 
that  two  of  the  roots  of  (8),  say  C|  and  c,,  are  sach  functions  of  x^  y 
that  they  will  become  equal  whenever 

the  coordinates  of  a  cusp  on  any  one  of  the  curves 

/(«,  y,  c)=0, 

say  the  curve  /  (a?,  y,  y)  =  0. 

In  this  case  c^zizc^zs:.  y. 

The  discriminant  IS  is  now 

(C'^fi^^  Vj  Ci)/(«»  y>  Cj)/(«i  yi  c^)  ■•/(«,  y>  c«.,), 

which  will  for  brevity  be  written 

X  =  QJ(x,y,c,)f(x,y,c^), 

or  still  mCve  shortly  S  =z  Q  ,f^  ,f^. 

Now,  lot  h  denote  partial  difPerentiation  when  a;,  y  are  the  only 
iudopondent  variables,  it  being  supposed  that  c  has  been  expressed  as 
a  fuuction  of  a;,  // ; 

then  f^'  =  §6  +  %  |L. 

<^x       dx      vci  ^* 

iSf/'/ycc  Ty  tintisHvti  (S). 
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In  tike  raanoer  ^  =  ^f^, 

iy      Off' 

h        5y  ' 


therefore 


fS  _fQ 


=  S/./. 


«f-^' 


3z'        oxSe,  ^ 


3z'        Ca3c  ^ 

a.  a,, 


^  =  '-■-2/,./, 


7.+  |/.) 
[    (?!{,  + ilL^s) 

Cx  Ox 

+''a^  La^    a.a.,  f« 
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Now  when  «  =  {,     y=i?,     Ci  =  c,=:y; 

therefore  §^  =  |^  =  0, 

Ox       Ox 

dy       dy 
And  since  also  fi  =  0,    /,  =  0, 

it  follows  that,  in  general, 

S-o      «*-0      ^*-0      "*'®-0 

*-^'  ■^-°'  ■^-*^'  a^-^- 

(The  conclusion  will  fail  in  the  case  of  any  of  the  quantities  multi- 
plying/p/,,  ^,  ^,  becoming  infinite.   See  the  discussion  of  the  case 

Ox     ox 

of  the  node-locQS  below.) 

Similarly,  if  the  other  partial  differential  coefficients  be  worked  out 
up  to  the  third  order,  every  term  of  each  must  contain  one  of  the 

vanishing  quantities,  /j,  /^  |^,  |&,  -9&,  ^.      Hence    all   these 

Ox     ox     oy     oy 
differential  coefficients  vanish. 

Hence  S  contains  0^  as  a  &ctor. 
Art.  2. — To  investigate  the  geometrical  meaning  of  the  condition 

Be* 

By  means  of  (5),  /„/„-(/J'  =  0   (11). 

Substituting  from  (6),  it  follows  that 

Similarly,  /^  =  0. 

Now,  if  4-|-^5,  »?-h^»?  be  the  coordinates  of  the  cusp  on  the  curve 

/(»,  y,  y  +  ^y)  =  0, 
then  /„  a£  +/„  ^n  +/,,  ^y  =  0  ; 

this  becomes  /a^^+Zci^'/  =  ^• 

Hence  the  tangent  to  the  cusp-locus  is 

/.,(X-4)+/„(r-,)  =  0 (12), 

A"  and  F  being  cuiTent  coordiimteu. 
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Now  the  tangents  to  the  curve 

/(a!.y,y)  =  0 

at  {,  ,,  are     /„  (.Y-l)'+2/,.  {X-{,){Y-v)  +f„  (F-,)'  =  0. 

But,  by  means  of  (5),  these  coincide  with 

/„(z-{)+/,„(r-,)  =  o (13). 

Hence  the  tangent  to  the  curve 

/  («.  y.  y)  =  0, 

at  the  cnsp  (,  i?  on  it,  touches  the  cusp-locus  at  £,  rf. 

Conversely,  if  the  tangent  to  the  cusp-locus  is  always  the  tangent 
at  the  cnsp^  whose  equation  is  (13),  it  will  follow  that 

for,  if  f-f  ^£,  »?4-^»?  he  the  coordinates  of  the  cusp  on  the  curve 

/(«,y,  y+^y)  =  0, 

then  equations  (2),  (3),  (4)  must  hold  when  £,  ly,  y  are  replaced  by 
£  +  ^f ,  i;  4-  ^ly,  y  +  ^7  respectively.     Hence 

fJ^Hu^V-^Uh  =  0  (14), 

/N«+/^^'?-h/n^r=0 (15), 

U^i+fJfl-^fyyh  =  0     (16). 

But  these  relations,  by  (5),  are  equivalent  to  one  only.     Take  (14)  as 
this  one. 

Then  X=£-|-^£,     r=i7  +  5i;, 

must  satisfy  the  equation  of  the  tangent  (1  ). 

Hence  /«^«+/r,^'7  =  0 (17). 

Comparing  with  (14),  /^^  =  0. 

Now  (14),  (15),  (16)  are  equivalent  to  one  equation  only. 

Hence  /,^  =  0, 

Hence,  if  the  tangent  to  the  cusp-locus  is  the  tangent  at  the  cusp, 
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Now,  Bach  onsp-loci  do  not  occur  in  general,  hence  the  general 
theorem  given  in  the  paper  above  mentioned  is  not  affected ;  but  the 
analysis  is  now  complete,  the  consequences  of  the  vanishing  of  the 
denominator  in  the  second  differential  coefficients  of  IS  having  been 
investigated. 

As  the  cusp-locus  is  now  an  envelope,  it  is  apparent  that  the  factor 
G  appears  in  the  discriminant  three  times  because  0  =  0  is  a  cusp- 
locus,  and  once  because  it  is  an  envelope. 

The  above  theory  is  illustrated  by  Examples  1,  2,  and  3  below. 


Art.  3.  —  To  prove  that,  if  the  node-locus  he  also  an  envelope^ 

-^  =  0,  and  conversely. 

At  every  point  of  the  node-locus  the  equations  (14),  (15),  and 
(16)  hold. 

If,  now,  the  node-locus  touch  the  curve,  then  the  value  of  ^i?/^{, 
found  by  eliminating  ^y  between  any  two  of  these  equations,  must 
satisfy  the  equation 

Multiply  equation  (14)  by  ^£,  equation  (15)  by  ^17,  add  and  make 
use  of  the  above  ;  therefore 

therefore  f,^  ^^  +/^  ^1?  =  0 ; 

therefore,  from  equation  (16), 

Conversely,  if  /«  =  ^> 

then,  from  equation  (16), 

Hence,  from  equations  (14)  and  (15), 

Hence  Iri/c^  is  equal  to  the  value  of  the  tangent  of  the  inclination  to 
^he  axis  of  x  of  one  of  tlie  tangents  at  the  double  point. 
liuncv  the  node-Jocus  touches  the  curve. 
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Art.  4. — To  prove  that,  when  —  ^=^0  at  every  point  of  the  node^locuSy 

oc* 

N*  is  a  factor  of  the  discriminant. 


In  this  case 

Hence 

has  equal  roots  for  c. 


af_n   ^- 


=  0, 


Oc 


=  0. 


To  determine  ^r^ ,  t—  for  each  of  these  roots, 

ex    cy 

dxdc     So\  ^x 

dydc      d(?  h 


Hence,  unless  both 


dxdc  dydc 


all  along  the  node-locas,  either 


^c  Sc 

—  =  00 ,   or   —  =  00  . 

dx  cy 


Now,  in  the  case  of  the  cusp-locus  which  was    previously  in- 
vestigated,  fffd^^/d^^^ 


when 

and  therefore 

similarly, 


a;  =  4,     y  =  Tj, 

oxdc 


dydc 

when  «  =  £,     y  =  »?. 

Bat  this  is  not  the  case  with  the  node-locas ;  for,  if  these  conditions 
hold,  then  the  equations  (14),  (15),  (16)  reduce  to 

fJi+f,Jn  =  0, 
f,A+fJv  =  0, 

0  =  0. 
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Hence  UU-fl  =  0  ; 

and  this  is  the  condition  that  there  is  a  casp,  which  is  contrary  to 
the  supposition. 

Now,  taking  the  valaes  previoaslj  foand  for  Si  and  its  differential 

coefficients  in  Art.  1,  it  will  be  found  that  -r-^  occurs  for  the  first 

ox 
^S  ,  .         . 

time  in  -r-z  ;  hence  it  is  not  possible  in  this  case  to  assert,  at  first 

oar 

sight,  that  -r-r  vanishes. 

car 

The  coefficient  of  ^»  is         /,  ^^ . 
Hence  /,  ^  f^ 


^  ^oxoc,' 


dci 


at  a  point  on  the  node-locus  C|  =  c,.     Hence  this  is 

^  ^dxdci' 
— /i ^— • 


3cJ 

In  this  case  /  («,  y,  c)  =  0 

has  three  roots  equal  when  a;,  ^  is  a  point  on  the  node-locus.  Hence 
/  is  of  the  form  B  (c— yi)(c— y,)(c— y,),  where  yj,  y^  y,  are  functions 
of  x,  y  which  become  equal  to  each  other  when  x,  y  is  on  the  node- 
locus. 

N°''  ^  =  1^  (c-yOCc-rtXc-y.) 

oc      ac 
+  2?[(c-y,)(c-y,)  +  (c-y,)(c-y,)  +  (c-y,)(c-y,)], 

§^  =  ||(c-y.)(c-y.)(c-y.) 
+  2g[(c-y,)(c-y,)  +  (c-y.)(c-y,)  +  (c-y,)(c-y.)] 

+2Bl(c-y,)  +  (c-y,)  +  (c-y,)]. 


1891.]     Prof.  M.  J.  M.  Hill  on  Node-  and  Outp-Loei,  ^ 
Hence,  at  a  point  on  the  node-loons, 


225 


/    _ 


dfB 


dB 


^dJ      ^(''-^>'  +  6|^(«'-y)'+6i2(c-y) 


ERRATA. 


1 .  The  title  of  mjr  paper  should  have  been 

"  On  Node-  and  Cusp-Loci,  which  are  also  Envelopes." 

2.  The  evaluation  of  the  terms 

on  pages  226-227,  should  have  been  performed  thus : — 
q,  C2,  are  the  roots  of  ^^^^*  ^'  ^)  =  0, 

which  at  points  on  the  node-locos  become  equal  to  the  same  thing  as  7,,  y^,  73. 

Hence  /,  =  i?(<?2-7i)(^-72)  («s-7s) 

is  of  the  third  order  of  small  quantities,  at  points  on  the  node-locus. 

The  most  important  term  in    ^^  is  2J2  [(c, -7i)  +  (ci  — 73)  +  (<Ji— 73)].      It  is, 

therefore,  of  the  first  order  of  small  quantities,  at  points  on  the  node-locus.    Hence, 

at  points  on  the  node-locus,    /t/^      and   fJI^A*    vanish,  but   fJI^Y 

is  finite.  •  . 

ft 

July  Sth,  1891.  M.  J.  M.  Hill. 


(^y  L  \^ )  a«.ac     acj  dxdc,  dxd<»,'  \dxdcj  a^J 


VOL.   XJI/.— TO.  413. 


(^)" 


a., 

Q 


w 


(g)'l 
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The  first  term  vanishes,  by  the  previous  work.     The  second  term 
eontains  the  factor 

E(c-y) , 

which  vanishes  when  c  =  y, 

TBe  third  term  contains  as  a  factor 

w 

The  nnmerator  of  this  expression  is  the  prodnct  of 

S(c-yi)(c-y,)(c-ya), 

and  —  (c-yi)(c-y,)(c-y,) 

+  3H[(c-y,)(c-yO  +  (c-y,)(c-y,)  +  (c-yO(c-y,)] 

+  6^[(c-yO  +  (c-.y,)  +  (c-yO]+6E. 
The  denominator  is  the  cnbe  of 

g-^(c-y,)(c-y,)(c-y,) 

+  2g[(c-y,)(c-y,)  +  (c-y.)(c-y0  +  (c-y,)(c-y,)] 

+  2B  [(c-y,)  +  (c-yO  +  (c-y,)]. 
When  y{=^  yj  =  yt,  the  nnmerator  becomes 

and  the  denominator  becomes  the  cube  of 

|f(c-r)'+6^(c-y)'+6B(c-y). 
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Hence,  dividing  numerator  and  denominator  by  (c— y)*  and  then 
putting  c  =  y,  the  fraction  becomes  1/36^,  and  this  does  not  vanish. 

The  other  factor  of  the  third  term,      {^  ,  has  been  shown  above 

dxdci 
not  to  vanish  necessarily. 

Taking  for  /  the  form   B  (c— y,)(c— y,)(c— y,), 

it  follows  that 

5-5-  =  5-5-  (c-yi)(c-y,)(c-y,) 

dxoc      oxcc 

■^f[-^(->.)(-^.)-^(''-rO(c-r.)-|'(c-rO(c-r.)] 

+  ^  [(c-y.)(c-y,)  +  (c-y,)(c-y,)  +  (c-y,)(c-y,)] 

+  ie  [-  |l  (2c-y.-y.)-  ^^(2c-y.-y.)  -  ^  (2c-y,-y,)]. 
Hence  it  would  appear  that,  when 

c=yi  =  yi  =  ys, 

;r-^  would  vanish  also ;  but  this  is  not  necessarily  the  case,  for  yi,  y„  y, 

are  irrational  functions  of  x  and  y.  Hence  their  differential  coefficients 
may,  and  in  some  cases  do,  become  infinite  at  points  on  the  node-locus. 

does  not  necessarily  vanish  on  the  node-locus. 

In  like   manner  the  term  -^       ^    -^  may  not  vanish  on  the 
node-locus.  ^ 

Similar  remarks  apply  to  the  terms  containing  -r-^.     (This  point 

vX 

is  specially  considered  in  Example  4,  below.)     Hence  -r-j-  does   not 

var 

vanish   at   points  on  the  node-locus ;  bnt  5SP,  -r—   -r—    do  vanish  at 

ox     Oar 

,     points  on  the  node-locus.     Hence,  if  ^  =  0  be  the  equation  of  the 
node-locus,  N*  occurs  as  a  factor  in  tS, 

Q  2 
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Examples. 

1.  Consider  the  carves 

y*  =  {»-c)\ 

To  form  the  discriminant,  it  is  necessary  to  solve  the  equation 

3  (oj-c)'  =  0. 
This  has  two  eqaal  roots  c  =  a;. 

Hence  the  discriminant  X  =  y^. 

Now  ^  =  0  is  the  cnsp-locns. 

Moreover,  the  tangent  at  the  cusp,  ^  =  0,  touches  the  cusp-locns. 

Hence  the  occurrence  of  y*  in  the  discriminant  is  accounted  for. 

2.  Consider  the  curves 

(This  is  a  generalization  of  the  preceding  example.) 
The  cusp-locus  is  ^  (a;,  y)  =  0. 

The  tangent  to  the  cusp  at  any  point  £,  17  on  the  cusp^locus  is  also 
the  tangent  to  the  cusp-locus. 

The  discriminant  is  found  by  eliminating  c  between 

and  [^(«,  y)-c]«  =  0. 

It  is,  therefore,  *^  =  [^  («>  y)]*» 

3.  Consider  the  curves 

6  (c'aj— cyH-a)*  +  (oy— 2a)»  =  0, 
where  a,  h  are  fixed  constants,  and  c  is  the  arbitrary  parameter. 
The  equation  is 

c*(6a^)-hc»(y»-25a^)-|-c*  (6t/«-6ay»-|-2a6iB) 

-|-2c2/  {M-ah)  -ha'  (6 -8a)  =  0. 
Now  the  discriminant  of 
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is  4(12J:&-3BJD+0«)» 

Patting  y*— 4aaj  =  iy, 

12^^-3JBD+  0*  =  6  (6-6a)  i|« 

72.10^+ 950JD-27ilI>'-27JE?5'-20» 
=  6i?*  [i?  (-26«+18a6)-27ay]. 
Hence  the  discriminant  is 

45»(6-6a)»i|«-6V  [>J  (-26«+18a6)-27ay]' 
=  6V  [46(6-6(i)V-(l(-26«+18a6)-27ay}«]. 
The  second  factor  breaks  np  into  the  two 

fl  (-26«+18a6)-27ay  ±2iy6*(6-6a)», 
t.e.,  (y»-4aa;){-26«+18a6db26*  (6-6a)»}  -27ay. 

As  each  of  these  occurs  only  once,  they  correspond  to  envelope- 
loci. 

As  the  last  statement  is  not  obvions,  a  direct  proof  will  now  be 
indicated. 

If  /Sf  =  0,  T  =  0  be  two  curves,  then  they  will  tonch  if  it  be  possible 
to  find  values  of  x,  y  satisfying  at  the  same  time  the  equations 

as /ar^as/ar 

dx'  dx      dy  '  dy 
it  being  supposed  that  the  values  are  not  such  as  to  make 

p=o,  1^=0.  or  p:=o.  p:=o, 

ox  oy  ox  oy 

which  would  imply  that  the  point  was  a  double  point  on  the  curve 

8  =  0  or  T  =  0 
respectively. 

In  this  case  the  curves  are 

h  (c*aj-cy+a)«+(cy-2a)»  =  0 (18), 

y*-4a«-(flf  +  l)y«  =  0 (19), 

where  (flf+l){-26«+18a6±26*  (6-6a)»^  =  27a«. 
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Hence  it  must  be  possible  to  satisfy  at  the  same  time  (18),  (19)  aad 

2b  (c'a;~gyH-a)c*  _  —26  {(fx  —  cy-^'a)  c-h3c  (cy—2o)'         ^^hn 
4a  "  2gy  ^^"^• 


Hence 


therefore 


^Miffx-cy^a)  _.3c'(cy-2a)* 
4jo  2^cy  +  4a 


h  {(fx'-cy+a)  _  8  (cy— 2o)' 
a  gcy-^-^a 


(21); 


(22). 


Squaring  and  using  (18),  this  reduces  to 

9a«(cy-2a)+6(flfcy+2a)«=0 (23). 


From  (19), 


»=-^/4a; 


substituting  in  (22)  it  becomes 

6(^cy+2a)(-£sry*«cy  +  a)=3a(cy-2a)» (24). 

Therefore  it  is  necessary  to  show  that  (23)  and  (24)  are  satisfied 
bj  the  same  value  of  y ;  but,  observing  that  c  always  occurs  in  the  form 
cy,  it  is  possible  to  eliminate  cy  between  the  two  equations. 

Rearranging,  the  equations  (23)  and  (24)  become 

^g"  (cy)'+(46^+   9a)  a  (cy)-f  2a»  (26-9a)  =  0 (25), 

V(<^y)'+(%  +  12a)a(cy)» 

+4a*(-6^+26-12a)(cy)+8a«(6a-6)  =  0 (26), 

and  by  means  of  (25),  (26)  becomes 

(26^+3a)(cy)'+^(-46^-f  46-30a)  a  (cy)+Sa^  (6a-6)  =  0...(27). 
From  (25)  and  (27),  solving  for  the  ratios  (cyYia  (cy)  :  c? 

465r-f9a,  2  (26 -9a) 

-46sr  +  46-30a,    8  (6a-   h) 


-^W) 


2  (26 -9a),     hg^ 
8(6a-6),      26^  +  3a 

bg\  46gf+9a 

2hg+Say     — 46sf-f46— 30a 


-^  (acy) 


-7-  a' 


(28), 
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Hence 


25gF+3a,     -45sf+46-30a 


-A 


s 

V  > 


46^+ 9a,  26— 9a 

— 46flr+46-30a,    4  (6a-6) 

26 -9a,  6^ 

4  (6a— 6),     26^+3a 

[(60a6-86*)(^+l)-54a'][(46y+80a6^)(^+l)+27a*] 

+2[(46«-24a6)(^«+^^  +  6a6(^  +  l)-27a*]«  =  0; 

therefore         feOab-Sft'-  ^H  {Wg^^^Oahg-^-  ^'1 

L  gf  +  lJL  ^H-IJ 

+ 2  [(46«-  24a6)  ^ + 6a6  -  ^^1  '=0. 

Now  ^=:-26*+18a6±26*(6-6a)*. 
Sr  +  1 

Hence  the  last  equation  becomes 

[24a&  -46*  =F 46*  (6-6a)l]  [46y +30a6^- 26*+18a6  =fc  26*  (6-6a)*] 

+2  [(46*-24a6)  ^4-26»-12a6=F26»(6-6a)»]«  =  0. 
Dividing  out  by  4  (6— 6a),  it  becomes 

{6  =fc  6*(6-6a)»}  {26y +15a6^-6«4-9a6  ±  6*  (6-6a)*} 
=  (6-6a)  {26^  +  6=F  6*  (6-6a)»}«. 
This  reduces  to     (26*-24a6)(^+l)*+9a6  {g-¥l) 

=F  6*(6-6a)»  [26(^  +  l)*-9a(^  +  l)]  =  0; 

26'-24a6+9a6  (-^)  =f6*  (6-6a)*  [26-  -^1  =  0; 

therefore  3a  {26«-24a6  =F  26*  (6 -6a)*} 

+  {6±6*(6-6a)*}{-26«-hl8a6±26*(6-6a)*}  =  0; 
*.«.,  6a6«-72a'6  =F  6a6*  (6-6a)* 

-26»+18a6«  =fc   26»(6-6a)* 

=F   26;  (6 -6a)* 
+  26  (6-6a)>  ±  18a6*  (6-6a)»  =  0 ; 

therefore         =fc26*(6-6a)*  [-3a-f  6-6a-6+9a'^  =  Q. 


therefore 
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As  this  is  identically  satisfied,  it  follows  that  the  eqnations  (18), 

(19),  (20)  can  be  satisfied  by  common  values  of  x^  y.    The  common 

yalnes  of  y  are  given  by  equation  (28).     They  cannot  be  such  as  to 

make  the  differential  coefficients  with  regard  io  x^y  oi  Atax+gt^  =3l  0 

vanish,  for  this  curve  has  no  singular  points  ;  and  the  only  singular 

point  on  the  curve  (18)  is 

2a     ^_  a 


Now,  the  common  value  of  y^  given  by  equation  (28),  is 

2  (26-9a)  j  I 
-30a,     8  (6a- 6)    \l 


a 


46^+9a,  2  (26-9a)  j  #  j  2  (26-9a),       hg" 

-%+46-30a,     8(6a-6)     /|8  (6a-6),       2hg^'6a 


If  this  give   2^  =  2,  then 

26-9a,       hg" 
24a -45,    26^+ 3a 

46^+ 9a,  25— 9a 

— 26^+26-15a,     12a-26 

This  reduces  to  (24a6-46')  (^+ 1)*  =  0, 

which  is  not  true. 

Hence  the  common  value  oi  y  \a  not  the  y  of  the  only  singular 
point  on  the  curve  (18). 

Hence  it  follows  that  the  curves  (18)  and  (19)  touch,  which  was 
to  bo  proved. 

4.  Consider  the  curves 

aj»+«(y-c)-f(y-c)»  =  0. 
The  node-locus  is  9  =  0; 

the  tangents  at  the  node,  whose  coordinates  are 

a;  =  0,    y  =  c, 

are  x=s0,    aj+y— cssO. 

Hence  the  node-locus  coincides  with  one  of  the  tangents  at  the 
nodes.     Hence  the  node-locus  is  also  an  envelope. 

To  find  the  discriminant  S^  eliminate  e  from 

«'+aj(y-c)-f(y-c)»  =  0, 
»4-3(y— c)'  =  0. 
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The  two  values  of  c  saidsfying  the  last  equation  are 


Hence 


Hence,  ;b  =  0,  the  equation  of  the  node-locus  which  is  also  an 
envelope,  occurs  three  times. 

The  line  aj+^V  =  0 

outs  the  curve  where 

Put  y— c  =  ^iy ; 

therefore  i|»— 12?;  +  16  =  0 ; 

therefore  (iy-  2)»  (ij + 4)  =  0. 

Hence  «+ A  =  0 

cuts  the  curve  twice  where         >7  =  2, 

».e.,  y— c  =  |. 

Now  the  tangent  at  a;  =  ~  aV> 

t.e.,  (Z+^)  =  0. 

Hence  9+^  =  0 

is  the  ordinary  envelope. 

It  may  he  ohserved  in  this  case,  that 

Qy 
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9*/- 2 

-^  =  -1. 

dxdc 

^=-6(y-o). 
OyOc 

In  this  case,  then,  at  points  on  the  node-locns,  ^-^  does  not  vanish, 

thongh  ^-^  does. 
oydc 

Further,  the  values  of  c,  satisfying 


are 

c  =  y±\/— Jaj; 

therefore 

Be       , 

Henoe,  at 

points  on 

the  node- locus,  a;  =  0, 

T-  is  infinite. 
ix 

Now  take 

<5l  = 

•y+^Z    ix,    c^^y     •     ^x 

therefore 

^'-'->iki^ 

=  {<^+x(y-c,)  +  (y-c,y]  (_1)(+J  v^«-») 


=  (a^+i«V^^)(-l'/-ix-*) 


=  0  at  points  on  the  node-locns. 
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But  now  consider 

/  n^+  3"/.  ^jx\ 

=  [a!'+«(y-c.)  +  (y-c,)»]^  (2-iyr^»-«) 


=  («'+i«v/-ix)Jv/^»-» 

and  this  does  not  vanish  when  a;  =  0,  t.e.,  at  all  points  of  the  node- 
locus. 

Further,  solving  the  cubic 

«'  +  »(y-c)  +  (y-c)»  =  0 
for  c,  it  follows  that 


and  similar  expreseions. 
Hence 


r.  =  y-    V-T+VT+27      V-2-VT  +  27 


^•  =  y-"  V-T+VT  +  F?-"  V— 2~VT+27' 

where  <«;  is  an  imaginary  cube  root  of  unity. 


Now 


VT+27 


In/^^ 


27aj 
3» 
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Henoe 


therefore  y  —  ^  +  v/t"  "*" 


27 


V3» 


2  "•"    8    ■^■"/ 
as*  3*  .  27« 


~  3«  V  2    "^   8   ■^•"/ 

8»  \         2        "/ 


V-T    VT  +  27 

—  /    *L    ^  _3V_  \» 

~  \      31  ~  2         8       '") 

therefore  ^'  =  1   when  «  =  0, 

^«      J'       3»   \         2  ^     / 

therefore  y,  =  y  +  -gj-  (  —  -/— 3)  —  —  +  ...; 

therefore  -^  =  — i\/-l.a;-*— J+... . 

Hence  -^  is  infinite  when  «  =  0,  t.6.,  at  all  points  on  the  node-locns. 

ex 

This  is  the  result  to  which  special  attention  was  directed  at  the 
end  of  Art.  4, 
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On  the  Partitions  of  a  Polygon.     By  Professor  Cayley. 

[Jtsad  March  12M,  1891.] 

1.  The  partitions  are  made  by  non-intersecting  diagonals  ;  the 
problems  which  have  been  suocessivelj  considered  are  (1)  to  find  the 
nnmber  of  partitions  of  an  r-gon  into  triangles,  (2)  to  find  the  num- 
ber of  partitions  of  an  r-gon  into  k  parts,  and  (3)  to  find  the  nnmber 
of  partitions  of  an  r-gon  into  ^^-gons,  r  of  the  form  n  (p — 2)  -f  2. 

Problem  (1)  is  a  particular  case  of  (2)  ;  and  it  is  also  a  particular 
case  of  (3) ;  but  the  problems  (2)  and  (3)  are  outside  each  other ; 
for  problem  (3)  a  very  elegant  solution,  which  will  be  here  repro- 
duced, is  given  in  the  paper,  H.  M.  Taylor  and  R.  C.  Howe,  "  Note  on 
a  Geometrical  Theorem,"  Proc.  Lond.  Math.  Soc,  t.  xin.  (1882), 
pp.  102-106,  and  this  same  paper  gives  the  history  of  the  solution 
of  (1). 

The  solution  of  (2)  is  given  in  the  memoir,  Kirkman  **  On  the 
A?-partition8  of  the  r-gon  and  r-ace,"  Phil,  Trans.,  t.  147  (for  1857), 
p.  225  ;  viz.,  he  there  gives  for  the  number  of  partitions  of  the  r-gon 
into  k  parts  (or,  what  is  the  same  thing,  by  means  of  ^—1  non- 
intersecting  diagonals)  the  expression 

rr.fA;--2]*-^[r-3]*-^ 
[A;]*-»[A;-1]*-'        ' 

but  there  is  no  complete  demonstration  of  this  result. 

If  jk  =  r— 2,  we  have  the  solution  of  the  problem  (1)  ;  viz.,  the 
number  of  partitions  of  the  r-gon   into  triangles  is 


r-8 


=  [2r-4]''-'  -J-  [r— 2] 

The  present  paper  relates  chiefly  to  the  foregoing  problem  (2),  the 
determination  of  the  number  of  partitions  of  the  r-gon  into  k  parts, 
or,  what  is  the  same  thing,  by  means  of  A;^l  non-intersecting 
diagonals. 
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2.  Assuming  for  the  moment  the  foregoing  result,   then  for  ^=:  1, 
the  number  of  partitions  is  __  , 

f  f 3 

for  A;  =  2  it  is  =  -  ' 


for  A;  =  3  it  is 


2      ' 

r-f  1  .r.r—B.r— 4 
12 


9 


and  so  on.  As  a  simple  verification,  A;  =  2,  the  number  of  partitions 
is  equal  to  the  number  of  diagonals,  viz.,  this  is  number  of  pairs  of 
summits  less  number  of  sides,  that  is 

ir(r-l)-r,     =ir(r-8). 

For  convenience   I  give  the   Table    on   next    page,    which  is  a 
tabulation  of  the  functions 

ir^  =  a}»-|-  aj*-f  aj*-f     a^+.-.o^, 

17.  =  5a^4-21^4-../+^3^;^^-^^^'"-^a.-, 

*  4.3.2.3.2.1  ' 

rr  _  r+3.r+2.r4-l.r.r-3.r~4.r—5.r-6    ^ 

•  5.4.3.2.4.3.2.1  *' 

3.  And  in  connexion  herewith   I    give  the  Table  on   page  240, 
which  is  a  tabulation  of  the  functions 

F,  =  aj«+2*'+  Saf+  4«*...  +  l  ^af*>, 

F,=         4t;^-hl4a^4-32a^...-h2^"^^:/7-'^-^^^af^', 


X 

4).o.o.  ^ .  1 


48^      .^r+3.r+2.r+l.r-3.r-4.r-5.r-6       , 

5.4.3.4.3.2.1  ' 
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'"iisis 


M  "SO)  ■*«  t- w 


■*  ■*  U5  r.  O 


W*i[S(Ot^ODOJOi-ICJ 
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CO 


09 
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O) 


01^09  <0  00 
ts.  Q  aO  00  ^ 

O  t^  ^  >o 
'^OO 


00 
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4.  These  fanotions,  U  and  F,  are  particular  values  satisfying  the 
equation 

that  this  is  so  will  appear  from  the  following  general  investigation. 

5.  Taking  ar,  y  as  independent  variables,  denotinfi^  by  X  an 
arbitrary  function  of  x,  and  using  accents  to  denote  differentiations 
in  regard  to  a?,  we  require  the  following  identity  : 


=  J  x+^^(z')'+^(z«r +...}'. 


which  I  prove  as  follows.     Writing  U  to  denote  the  same  function  of 
u  which  X  is  of  Xy  I  stai*t  from  the  equation 

which  determines  u  as  a  function  of  the  independent  variables  x,  y. 
We  have         •  , 

U  {l-!/U')  =JT,    ^  (l-ylT)  =  1, 

where  the  accent  denotes  differentiation  in  regard  to  u  ;  hence 

du        rrdn       n — X  du  du       /  ^  du 

—  =  Uy  =    —    --,   or  say    y  —  =  (u-x)  — . 
ay  ax  y      ax  ay  ax 


Writing 


Ui  =  JtttZaj, 


and  therefore 


this  equation  may  be  written 


du^  _ 
dx 


y 


d^n^        du^ 
dxdy       dx 


du  dn 

u       — M— ic  -    ; 

ax  ax 


or,  integrating  with  respect  to  aj,  we  have 


dn,  I   s 

dp 


VOL,  XXII, — vo.  414. 
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2   du,     2  (u,  -^')      (wxY 
or  say  —  ^-* ^ = j —  t 

^  y    dy  y^  y" 

that  is,  2f(?^^Ili^)=^^V 

dy\     y     f  y' 

6.  But,  from  the  equation 

ws=  x-^-yUj 

we  have  u  =  a»+y^+  f^(^')'+  Y^(^T+..., 

and  thence     t*i  =  iaj«+yX,+ ^Z'+y^  (Z»y+..., 

if  for  a  moment  Xi  is  written  for  J  Xdx.  And  hence,  from  the  relation 
obtained  above,  we  have  the  required  identity 

=  {x+JL(Z.)'+j^3(^T+...}'. 

This  of  course  gives  the  series  of  identities 

2 


1.2 


X«     =X^, 


172.3  <^">'=  1^2  ^(^>' 


-iA4(^')''=iTf:3^(^>'+{o(^)T' 


or  8ay  X*     =  X*, 

(X»)'  =  f  X  (X')', 

(xr=iA:(X'y'+{(X'')']', 

anjr  of  ivhich  may  be  easily  verified. 
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7.  I  multiply  each  side  of  the  identity  by  c*,  and  write 


Ul=    X.    Xy 


F.  =  .'j?2^' 


^' = '^  r2  ^^^ ' 


Vt  =  a> 


4, 


1.2.3 


(py. 


^' = '  li-:^  (^•>"' 


F,  =  ar 


1.2.3.4 


(xr. 


^'  =  ^  r:^T4  (^*>"'     '^^  =  ^ 


8 


1.2.3.4.5 


(X*)"'. 


Wo  thus  obtain  two  sets  of  functions  [7,  F,  satisfying  the  before- 
mentioned  equation.     We  have 

and  it  will  be  observed  that  we  have,  moreover,  the  relations 
U,  =  ix  (x-'VJ,     U,  =  ix  («-'7,)',     U,  =  ix (x-'FJ ,  ... 


8.  In  particular,  if 
then  the  general  term 


in  X  is  af"  , 

in  X^  is    (r-8)  af, 


in  Z»  is 


1.2 


X  = 


1-x' 


the  first  term  occurring  when   r  =  3,  ... 


» 


»» 


9> 


>» 


r  =  4,  ... 


r  =  5, 


in  X*  is 


r— 3.r— 4.r— 5    ^. 


1.2.3 


a*. 


)? 


>» 


r  =  6. 


from  which  it  appears  th.it,  for  this  value  of  X,  JJi^  U^,  [7„  U4,  &c. 
have  the  before -mentioned  values  (No.  2),  and  farther  that  Fj,  F3,  F4, 
F5,  &c.  have  also  the  before-mentioned  values  (No.  3). 

E  2 


244 


Professor  Cayley  on  (he 


[March  1 2, 


9.  We  do  not  abHolabelj  require,  but  it  is  interesting  to  obtain,  the 
finite  expressions  of  these  functions.     We  iiavc 


1 
1 
1 
1 

1 
1 


.a5)«U,s=a,*(2-a?), 

•xy  U^^3f  (14-.14a;+6a:'-a;«), 

•xy  t75=a:^(42-48ar  +  27aj>-ai»  +  a;*), 
.«)"  [7<,  =  a^  (132  -  165aj+ llOaj'- 44a;»+ lOi* 


-^); 


\^xyV,^x'(l\ 


i-xy  F, 
\-xy  F5 

i-«rF, 


a:^(4-2dj), 
a^(14-12a;  +  3«'), 
a^(48-54a;  +  24c'-4a^), 

aj^'»  (105  -  220aj  +  132x«  - 40a^  +  6ir*), 


and  here  the  factors  in  (     )  satisfy  the  scries  of  relations 


1 
4-20- 


1', 

2(2-;r), 

14-12^  +  3^^  =  2.1  (5-4c+ar')  +  (2-ir)«, 
4R_54,.^-24i''-i.i*  =  2.1  (14-U;r-ha7-'-.r«)-h2(2-;r)(5-4j'  +  a^), 


corresponding  to 


r,  =  vl    v',  =  2r,r„  &c., 


given  by  the  bcfore-montioned  eq nation  (No.  7),  between  the  functions 
1'  and  U. 


10.  It  is  to  be  shown  tliat,  taking  F,,  U^^  TJ^^  ...  for  the  functions 
which  belong  to  the  partitions  of  the  r-gon  (assumed  to  bp  unknown 
functions  of  r  and  the  suffixes),   and  connecting  them   with  a  set  of 
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functions  Fj,  F„  F4,  ...  by  the  relations 

u,  =  ix  («-' r,y,   u,  =  J*  (X-' F,)',   r;.  =  i«  («-» vj,  &c., 

then  we  have  tbe  foregoing  identical  equation 
This  implies  the  relations 

Thus,  if  Ui  is  known,  tho  equation 

F.  =  17,' 

determines  F^,  and  then 

determines  Uf,  so  that  ^1,  17,  are  known ;  and  we  thence  in  the  same 
way  find  successively  17,  and  F,,  U^  and  F4,  and  so  on;  that  is, 
assuming  only  that  Ui  has  the  before-mentioned  value, 

1^1  =  aj»  +  aj*  +  a!*-|- ... -haj' ..., 

it  follows  that  all  the  remaining  functions  17  and  Fmnst  have  their 
before-mentioned  values.     But  the  function 

where  each  coefficient  is  =  1,  is  evidently  the  proper  expression  for 
tho  generating  function  of  the  number  of  partitions  of  the  r-gon  into 
a  single  part ;  and  wo  thus  arrive  at  the  proof  that  the  remaining 
functions  U,  which  are  the  generating  functions  for  the  number  of 
partitions  of  the  r-gon  into  2,  3,  4,  ...  /:,  parts,  have  their  before- 
mentioned  values. 

11.  Considering,  then,  the  partition  problem  from  tho  point  of  view 
just  referred  to,  I  write  A,,  Ur^  Crj  ...  for  the  uunibur  of  ^«*'ct\.^\siVL'^ ^'^^ 
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an  r-gon  into  1  part,  2  parts,  3  parts,  &o.,  and  form  therewith  the 
generating  functions 

Ui  =  A^af + A^z*       .••+       ArSf  ..., 
IT,  =  B^x*       ...+       BroT  ..., 

[7,=  C6aj*...+       Orfls"  ..., 

and  also  the  functions 

r  J  —  —J-'  ■Da'V  •••  "T*  JjfX         •  •  •  9 

4  r 

o  r 

where  observe  that  the  functions  Uy  V  are  such  that 

To  fix  the  ideas,  consider  an  r-gon  which  is  to  be  divided  into  six 
parts.  Choosing  any  particular  summit,  and  from  this  summit 
ditiwing  a  diagonal  successively  to  each  of  the  non-adjacent  r  — 3 
summits,  we  divide  the  r-gon  into  two  parts  in  r— 3  difEerent  ways  ; 
viz.,  the  two  parts  are 

a    3-gon     and     (r--l)-gon, 

4-gon    and     (r— 2)-gon, 


(r  — l)-gon  -  and  3-gon  ; 

say  any  one  of  these  ways  is 

an     a-gon     and  /J-gon,     a+/J  =  r— 2. 

Next,  writing  a  +  6  =  6, 

that  is,  a,  &  =  1,  5, 

2,4, 
3.3, 
4,2, 
5,1, 
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we  divide  in  every  possible  ivay  the  a-gon  infco  a  parts,  and  the 
/3-gon  into  b  parts  (so  dividing  the  r-gon  into  six  parts).  Observing 
that  A,  B,  0,  D,  JE?,  F  are  the  letters  belonging  to  the  nnmbers  1,  2, 
3,  4,  5,  6,  respectively,  the  nnmber  of  parts  which  we  thns  obtain 
(corresponding  to  the  different  valnes  of  a,  h)  are 

and  summing  for  the  different  valaes  of  a,  /3  (a+/3  =  r+2),  the 
whole  nnmber  of  parts  is 

=  coeff.  af^'  in  (U,U,'\'  U.U.-hU.U.+  U.U.+  U.U,), 

that  is,  in  (2  IT,  1^^-1-2  IT,  27^+1^). 

12.  To  obtain  the  whole  nnmber  of  the  partitions  of  the  r-gon  into 
six  parts,  we  mnst  perform  the  foregoing  process  successively  with 
each  summit  of  the  r-gon  as  the  snmmit  from  which  is  drawn  the 
diagonal  which  divides  the  r-gon  into  two  parts ;  that  is,  the  nnmber 
fonnd  as  above  is  to  be  multiplied  by  r.  We  thus  obtain  all  the  parti- 
tions repeated  a  certain  number  of  times,  viz.,  each  partition  into  six 
parts  is  a  partition  by  means  of  fi^e  diagonals,  and  is  thns  obtainable 
by  the  foregoing  process,  taking  any  one  of  the  ten  extremities  of 
these  diagonals  as  the  point  from  which  is  drawn  the  diagonal  which 
divides  the  r-gon  into  two  parts ;  that  is,  we  have  to  divide  the  fore- 
going product  by  10.     The  final  result  thns  is 

^  JV  =  coeff.  x"**  in  (2U,U^-^2IT,U,+  I7j), 
r 

where  —  JFV  is  =  coeff.  of**  in   F^; 

r 

we  thus  have  F^  =  2U^U^-^2U^U^-^  C^. 

13.  The  reasoning  is  perfectly  general ;  and  applying  it  successively 
to  the  partitions  into  two  parts,  three  parts,  &c.,  we  have 

V,  =  ul 

V,  =  2U,U,, 

V,  =  2U,U,-^Ul 

V,=^2U,U,^2U,U,, 
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where  any  function  V  is  related  to  the  corresponding  function  U  as 
above.     The  value  of  Ui  is  obviously 

[7i  =  aJ*+aj*+a:*-|-...  = 


l-«' 


and   hence  the  several   functions  U  and   V  have  the  values  above 
written  down ;  the  general  term  of  Uk  is 


rr4-At-2 


Ik] 


4-1 


*-l 


fcl3] 


k-1 


A;-li*-^ 


«': 


and  the  number  of  partitions  of  the  r-gon  into  k  parts  is  equal  to  the 
coefficient  of  x"  in  this  general  term. 

14.  In  the  investigations  which  next  follow,  I  consider,  without 
using  the  method  of  genei*utiug  functions,  the  problem  of  the  partition 
of  the  r-gon  into  2,  3,  4  or  5  parts  ;  it  will  be  convenient  to  state  the 
results  as  follows : 

Number  of  Partitions. 


2  parts       —     A, 


3  parts       —   2-4, 
4 


4  parts       -^(3il  +  2J3), 
o 


5  parts       ~(44+8Z?+2C); 

o 
where  the  capital  letters  refer  to  different  **  diagoual-tjpes,*'  thus : 


2  parts, 
or  1  diagonal. 

A 


3  })artd, 
or  2  diugonalB. 

A 


4  parts, 
or  3  diagonals. 

A  B 


/\ 


5  parts,  or  4  diagonals. 


<i 


B 


viz.:  if,  in  a  polygon  divided  into  k  parts  by  means  of  ^•-l  dia<?onals, 
wo  delete  all  the  sivles  of  the  polygon,  having  only  the  diagonal^,  then 
these  will  present  themselves  under  distinct  forms,  which  are  what  1 
call  **  diagonal-types'*;   for  instance. 


A=4, 
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there  are  the  two  types  A  and  B  shown  in  the  above  diagram  for 
foar  parts. 

15.  It  is  to  be  observed  that  we  have  sub- types  corresponding  to 
the  coalescence  of  the  terminal  points  of  different  diagonals ;  thus, 

^  =  4. 

Writing  now  A^  and  B°  to  denote  the  forms  withont  coalescences,  we 
have  the  sub-types  A°,  A\  A"  aud  J?^,  B,  B",  B'\  i?'",  as  follows : 

4  parts,  or  3  diagonals. 

A  A  A  B  B  B  B 

III  Al   N  A     A    A    A   A 

where  observe  that  under  A"  are  included  two  distinct  forms,  which, 
nevertheless,  by  reason  that  there  is  in  each  of  them  the  same  number 
(  =  2)  of  coalescences,  are  reckoned  as  belonging  to  the  same  sub-type. 

16.  The  numbers  called  A,  B,  (7,  &c.  have  values   which  may  be 
directly  determined.     I  write  down  as  follows  : 

1  diagonal    A  =  ^-~^, 

2  diagonals   A  = —  = ; (»*  +  !)• 

5  lb 

Calculation  is     r-2.r— 1  =  r'-3r+2 

-6  -6 


r^— 3r  — 4 
=  r— 4.r-f-l. 
3  diagonals 

r— 3.r— 2  r-l.r.r-f-1      ^ /r- 3.r— 2.r  — 1       r-.3\       r— 3 


A  = 


120 


V  t>  1/1 


r--3.r— 2.r--l.r.r-H      or-3.r-2.r--l      .r~3 
120  6  "'^       1 

r—3.r — 4.r — 5 


120 


(r»-h7r  +  2). 
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Calcnlation  is 

r— 2.r— l.r.r-hl  =  »^— 2t^—      r^-\-     2r 
-40.r-2.r-l  -.40r'  +  120r-  80 

+  120  +120 

■    II    ■  ■  r    ""ir  *  ■  <■■■■-       ■  I  I    ■  I     ■  1  r  I        r  ■      -       ■       r     -  -    i 

r*-27^-41r'  +  122r+  40 
=  r— 4.r— 5.r'  +  7r+2. 
r— 5.r— 4.r— 8.r— 2.r— 1 


JB  = 


r— 3.r— 4.r— 5 
120 


120 

(r-l.r-2) 


4  diagonals   A  =  r-3.r-2.r-l.r.r+l.r  +  2.r+3 
^  6040 

or— S.r— 2.r-l.r.r+l   ,  Q^-3.r-2.r— 1      ,  r— 3 
"^  120  "^^  6 ^"T 

=  '""^'''^5^040""^''"^^  (i^  +  18,^  +  65r): 
Calcnlation  is 
r-2.r-l.r.r+l.r  +  2.r+3  =  r^+3r»—     Sr^-   15r^+       4r'+      12r 
-126.r-2.r-l.r.r+l  -126r*+252r»+   1267^-    252r 

+  2520.r-2.r-l  +2520r«-7560r  +  5040 

-5040  -6040 


JB  = 


r« + 3r*-  131r* + 237r»  +  2650r*-  7800r 

=  r-4.r-6.r-6.r»+18r*+65r. 

r— 5.r— 4.r— 3.r— 2.r— l.r.r+1       r— 5.r— 4.r— 3.r  — 2.r— 1 

6040  120 

(r-l.r-2.r+7), 


r— 3.r — 4.r — 5.r — 6 


6040 

^       r  — 7.r— 6.r— 5.r— 4.r— 3.r— 2.r— 1 

6040 


r — 3.r-- 4.r — 5.r— 6 


(r-l.r-2. r-7). 


6040 

Calcalation  is     r.r+1    =zr^-\-r 

-42  -42 


r»+r-42 
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17.  To  explain  the  formation  of  these  expressions,  observe  that : 

One  diagonal. — There  mnst  be  on  each  side  of  the  diagonal,  or  say 

in  each  of  the  two  **  intervals  **  formed  by  the  diagonal,  two  sides ; 

there  remain  r— 4  sides  which  may  be  distributed  at  pleasure  between 

the  two  intervals,  and  the  number  of  ways  in  which  this  can  be  done 

=  — . 

Two  diagonals. — There  must  be  on  each  side  of  the  two  diagonals,  or 
say  in  two  of  the  four  intervals  formed  by  the  diagonals,  two  sides  ; 
there  remain  r  — 4  sides  to  be  distributed  between  the  same  four 
intervals,  and  the  number  of  ways  in  which  this  can  be  done  is 

r-3.r-2.r-l 


But  we  must  exclude  the  distributions  where  there  is  0  side  in  the 
one  interval  and  0  side  in  the  other  interval  between  the  two  diagonals ; 
the  number  of  these  is  that  for  the  case  of  the  coalescence  of  the  two 
diagonals  into  a  single  diagonal,  viz.,  it  is 

r-3 
"     1     ' 

and  thus  the  number  required  is 

r-3.r~2.r-l       r-3 
6  1    • 

18.  Three  diagonals,  -4.-r-There  must  be  on  each  side  of  the  three 
diagonals,  that  is,  in  two  of  the  six  intervals  formed  by  the  diagonals, 
two  sides ;  there  remain  r— 4  sides  to  be  distributed  between  the  same 
six  intervals,  and  the  number  of  ways  in  which  this  can  be  done  is 

_r— 3.r— 2.r— l.r.r-f  1 
""  120 

But  we  must  exclude  distributions  which  would  permit  the  coalescence 
of  the  first  and  se<'und,  or  of  the  second  and  third,  or  of  all  three  of 
the  diagonals.  For  the  coalescence  of  the  first  and  second  diagonals 
(the  third  diagonal  not  coalescing)  the  term  to  be  sabtracted  is 

r— 3.r-2.r-l      r— 3 
6  1     ' 

and  the  same  number  for  the  coalescence  of  the  second  and  third 
diagonals  (the  fir^t  diagonal  not  coalesciufr)  ;  that  is,  the  1««1-\sv(^w\.\q\wv^^ 
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nnmber  is  to  be  mnltiplied  by  2  ;  and  for  the  coalescence  of  all  three 
diagonals  the  number  to  be  subtracted  is 


r-3 


i     ' 
we  have  thus  the  foregoing  valae 

r— 3.r~2.r-l.r.r+l      o   r— 3.r-2.r-l  ,  ,  r-3 

"" — m ^- 6 "^^nf 

T^here  it  will  be  observed  that  we  have  the  binomial  coefficients  1,  2,  1 
with  the  signs  -h,  — ,  +. 

Three  diagonals,  J9. — There  must  be  outside  each  of  the  three 
diagonals,  that  is,  in  three  of  the  six  intervals  formed  by  the  diagonals, 
two  sides;  and  there  remain  r^6  sides  to  be  distributed  between  the  six 
intervals ;  the  number  of  ways  in  which  this  can  be  done  is 

_  r—S.r— 4.r-3.r— 2.r~l 

12U  ' 

and  there  is  here  no  coalescence  of  diagonals,  so  that  this   is   the 
number  required. 

19.  Four  diagonals,  A, — Tliere  must  be  on  each  side  of  the  four 
diagonals,  that  is,  in  two  of  the  eight  intervals  formed  by  the  diagonals, 
two  sides;  there  remain  r— 4  sides  to  be  distributed  between  the 
eight  intervals,  and  the  number  of  ways  in  which  this  can  be  done  is 

r~3.r— 2.r— l.r.r-fl.r-f2.r+3 

5040 

But  this  number  requires  to  be  corrected  for  coalescences,  as  in  the  case 
Three  diagonals,  A^  and  the  required  number  is  thus  found  to  be 

r— 3.r-2.r-l.r.r-H.r-f2.r-f3      »  r— 3.r— 2.r— l.r.r-hl 

5040  120 

or— 3.r— 2^r--l   ,  ,  r--3 

Four  diagonals,  B. — There  must  be  outside  of  three  of  the  diagonals, 
that  is,  in  each  of  three  of  the  eight  intervals  formed  by  the  diagonals, 
two  sides;  there  remain  r—6  sides  to  be  distributed  between  the 
eight  intervals,  and  the  number  of  ways  in  which  this  can  be  done  is 

m — o.r--4.r— 3.7-  — 2.r — l.r.  r  4- 1 

5040  ' 
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There  is  a  correction  for  the  coalescence  of  two  of  the  diagonals,  giving 
rise  to  a  form  sach  as  Three  diagonals,  JB,  and  consequeutlj  a  term 

_  r  — 5.r  — 4.r  — 3.r— 2.r-— 1 

120 

which,  with  the  first-mentioned  term,  gives  the  required  number. 

Four  diagonals,  C. — There  must  be  outside  of  each  of  the  diagonals, 
that  is,  in  each  of  four  of  the  eight  intervals  formed  by  the  diagonals, 
two  sides  ;  there  remain  r  —  8  sides  to  be  distributed  between  the  eight 
intervals,  and  the  number  of  ways  in  which  this  can  be  done  is 

r— 7.r~fi.r— 5.r-4.r— 3.r— 2.r— 1 

5040 

which  is  the  required  number. 

20.  In  the  expressions  of  No.  14,  A,  2A,  3^+2J9,  4A-f  8P  +  20, 
if  we  regard  the  terminals  of  the  diagonals  as  given  points,  then  (1) 
we  have  two  summits,  which  can  be  joined  in  one  way  only,  giving 
rise  to  the  diagonal-type  A ;  (2)  we  have  four  summits,  which  can  be 
joined  in  two  ways  only,  so  as  to  give  rise  to  the  diagonal-type  A ; 
(3)  we  have  six  summits,  which  can  be  joined  in  thi'ee  wa^s  so  as  to 
give  rise  to  a  diagonal- type  A^  and  in  two  ways  so  as  to  give  lise  to  a 
diagonal-type  B ;  and  (4)  we  have  eight  summits,  which  can  be  joined 
in  four  ways  so  as  to  give  rise  to  a  diagonal-type  -4,  in  eight  ways  so 
as  to  give  rise  to  a  diagonal-type  B,  and  in  two  ways  so  as  to  give  rise 
to  a  diagonal-type  0;  we  have  thus  the  linear  forms  in  question.  To 
obtain  the  number  of  partitions,  we  have  in  each  case  to  multiply 
by  r.  To  explain  this,  after  the  polygon  is  drawn,  imagine  the 
summits  to  be  numbered  1,  2,  3,  ...  r  in  succession  (the  numbering  may 
begin  at  any  one  of  the  r  summits),  and,  regarding  each  of  these 
numberings  as  giving  a  different  partition,  we  should  have  the  factor  r. 
But  in  fact  the  partitions  so  obtained  are  not  all  of  them  distinct,  but 
we  have  in  each  case  a  system  of  partitions  repeated  as  many  times  as 
there  are  summits  of  the  diagonals,  that  is,  a  number  of  times  equal 
to  twice  the  number  of  the  diagonals  ;  and  we  have  thus,  after  the 
multiplication  by  r,  t-o  divide  by  the  numbers  2,  4,  6,  8,  in  the  four 
cases  respectively. 

21.  We  hence  have  immediately 
Two  parts,  number  of  partitions 

r    .       r.r— 3 
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Three  parts,  number  of  partitions 

"2      ""  3.2.2.1  • 

Four  parts,  number  of  partitions 

r  ^Q  J  ,  Q7j\  __  r-|-2.r4-l.r.r  — 8.r— 4.r  — 5 

-  -  (3J  +2i?)  -  4.3.2.3.2.1  ' 

the  calculation  being 

3(r'  +  7r-|-2)=     3r^4-21r+   6 
+2.r— l.r-2         +2r*-  (Sr^-  4 


Sr'  +  lSr+lO 
=     5.r+l.r+2; 

Hve  parts,  number  of  partitions 

the  calculation  being 

4(r»-fl8r*-f65r)=-    4f^+72r«+260r 
+  8.r-l.r-2.r+7     +8r*-h32r'-162r-f  112 
+  2.r-'l.r-2.r-.7     4- 2r»-20t^-|-  46r-  28 


=    14/4-847^  + 154r+  84 
u=    14(r»+6r*4-   llr+6) 
=r    14.r+l.r+2.r+3. 


To  complete  the  theory,  it  would  be  in  the  first  instance  necessary 
to  find  for  any  given  number  of  diagonals,  A;  — 1,  whatever,  the  number 
and  form  of  the  diagonal-types,  A^  By  0,  (&c. ;  this  is  itself  an 
interesting  question  in  the  Theory  of  Partitions,  but  I  have  not 
considered  it. 

22.  Although  the  foregoing  process  (which,  it  will  be  observed, 

deals  with  the    diagonal- types,   without    any    consideration  of    the 

sub-types)  is  the  most  simple  for  the  determination  of  the  numbers 

A^  B,  6\  &c.,  yet  it  is  interesting  to  give  a  second  process.     Consider- 

j'ng-  the  6'eve2'al  cases  in  order  : 
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One  diagonal,  A, — The  diagonal  has  two  snmmits ;  we  must  have  on 
each  side  of  it  one  summit,  and  there  remain  r— 4  summits  which  may 
be  distributed  between  the  two  intervals  formed  by  the  diagonals. 

This  can  be  done  in  — —  ways,  or  we  have,  as  before. 

Two  diagonals,  A, — The  diagonals  have  four  snmmits ;  we  must 
have  outside  each  diagonal  one  summit,  and  there  remain  r—6 
summits  to  be  distributed  between  the  four  intervals  formed  by  the 

diagonals ;  this  can  be  done  in — - — '■ ways,  or  we  have  this 

value  for  A^,  But  the  two  top  summits  of  the  diagonals,  or  the  two 
bottom  summits,  may  coalesce ;  in  either  case  the  diagonals  have  three 
summits.  We  must  have  outside  each  diagonal  one  summit,  and  there 
remain  r— 5  summits  to  be  distributed  between  the  three  intervals 
formed  by  the  diagonals ;   the  number  of  ways  in  which  this  can  be 

j^      •                                            r— 4.r— 3 
done  IS  = , 

say  this  is  the  value  of  A\    And  we  then  have  A  =  A^-^2A\ 

=  T"*"    '^"J    •^~'  ,  as  before, 
o 

The  calculation  is  r— 5  +  6  =  r+1. 

23.  Three  diagonals,  A. — See  No.  15  for  the  figures  of  the  sub- types. 
We  have  ^  =  ^°  +  4.1'  +  4.1", 

where  the  coefficients,  4  and  4,  are  the  number  of  ways  in  which 
A'  and  J."  respectively  can  be  derived  from  A°  by  coalescences  of 
summits.  For  A°  the  diagonals  have  six  summits,  and  there  must 
be  outside  of  two  diagonals  one  summit ;  there  remain'r— 8  summits 
to  be  distributed  between  the  six  intervals  formed  by  the  diagonals, 
and  we  have 

Ao  ^r — 7.r— 6.r— 5.r — 4.r— 3 
A.    -^  _  _,  _ . 

120 

For  A'  the  diagonals  have  five  summits,  and  we  must  have  outside  of 

each  of  two  diagonals,  one  summit ;  there  remain  r— 7  summits  to  be 

distributed  between  the  five  intervals  formed  by  the  diagonals ;  we 

thas  have 

J,  __  r — 6.r— B.!*— 4.r-*8 

^ ~u  • 

For  A"  the  diagonals  have  four  summits ;  there  mu«t  b^  W3(fea?Afe^\^s>^o^ 
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of  two  diagonals  one  snramit,  and  there  remain  r^6  summits  to  be 
distributed  between  the  four  intervals  formed  by  the  diagonals ;  we 
thus  have 


,//      r  — 5.r— 4.r— 3 


^"  = 


6 

The  foregoing  values  give 


A       T  —  f^.r — 4t.r — 5  ^  •  ,  „    ,  o\ 
A= ^^ (r'  +  7r+2). 


as  bofi>re.     The  calcnlation  is 


r-6.r-7  =  r*-13r+  42 

+  20.r-6  -f20r-120 

+  80  +  80 


r*+    7r-f     2 

Three  diagonals,  B, — See  No.  15  for  the  figures  of  the  sub-types.  We 

have 

I?=B'  +  35'+3ir'-fI?'". 

For  B°  the  diagonals  have  six  summits,  and  there  must  be  outside 

each  of  the  three  diagonals  one  summit ;  there  remain  r— 9  summits 

to  be  distributed  between  the  six  intervals  formed  by  the  diagonals. 

We  thus  have 

T>o       r— 8.r  — 7.r— 6.r— 5.r— 4 

^= 120 • 

Similarly, 

p/  ___  r— 7.r— 6.r--5.r  — 4       yy,_  r  — 6.r~5.r— 4      j^^  _^  r  — 5.r— 4 
"  24  '  6  '  ■"  2 

XT                                 T>       r— 6.r— 4.r  — ?J.r— 2.r  — 1 
Hence  B  = ^-^ , 

as  before.     Tlie  calculation  is 

r-0.r-7.r-8  =  r»-2lrHl4Gr-336 

-^-U.r-G.r-V  -hl5r-19r>r+C30 

+  GO.r-G  -h   60r-3GO 

+  00  +   00 


=  r  — l,r-2.r— 3. 
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24.  Four  diagonals,  A. — The  figures  of  the  Buh-tjpea  of  4,  B,  0  pai; 
he  supplied  without  difficulty.     We  have 

^  =  ^° + 6^'  + 1 2^" + HA'", 

where  I  remark  that  the  numerical  coefficients  1,  6,  12,  8  are  the 
terms  of  (1,  2)'.     We  have 

Ao  _r  — 9.r— 8,r— 7.r"-6.r~5.r— 4.r— 3 


5040 

-       Q    ^^1 


r  — 8.r— 7.r  -6.r— 5.r— 4.r— 3 


^"  = 


720 
r— 7.r— 6.r— 5.r— 4.r— 3 


120 
A-^ 


i.,  r  — 6.r— 5.r— 4.r— 3 


24 
and  thence    A    ^  r-3.r-4^-5.r-6  ^^^^^^^^^^^ 

as  before.     The  calculation  is 

r_9.r-8.r-7  =  r»-24j-*  +  191r-  504 

+42.r-8.r-7  +42r«-630r+2352 

+  504.r-7  4-664r-3528 

•+•1680  +1680 


7^  +  18r4-  65r 
Four  diagonals,  B.  — We  have 

B  =  J5°+55'+95"+7ir"+25»\ 

where  the  coefficients,  1, 5, 9,  7, 2,  are  the  terms  of  (1,  1)'  (1,  2).     Wo 

have 

J.O  _  r—lO.r— 9.r— 8.r--7.r— 6.r"-5.r— 4 

"■•  5040 

TY    —  r— 9.r— 8.r  — 7.r— 6.r— 5.r— 4 

"■  720  ' 


jr  = 


r— 8.r— 7.r— 6.r— 5.r--4 


120 


r— 7.r— 6.r— 5.r— 4 


B'^  ^ 


•      24 

r—Q.r — 5.r  — 4 


6 
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and  thence      B  =    *"' '   ""^/./T"   '  "    r—l^r— 2.r+7 

604U 

as  hefore.    The  caloalation  is 

r-10.r-9.r-8.r-7  =  r*-34r»+431r«-2414r+  5040 

+  35.r-9.r-8.r-7         +35r»-840r*  +  6685r- 17640 

+378.r-8.r-7  +378r»-5670r+ 21168 

+  1470.r-7  +1470r- 10290 

+  1680  +  1680 


r*+  ^  -  31/-*+     71r-       42 
=  r-3.r-2.r-l.r+7. 


Four  diagonals,  0. — We  have 

c  =  o°+4a'+6cr'+4cr''+i(?\ 

where  the  coeifficients  are  the  terms  of  (1,  l)^    We  have 

r-U.r— 10. r-9.r— 8. r- 7. r-6.r— 5 


0°  = 


cr  = 


0"  = 


C"'  = 


0*-  = 


and  thence      C  = 


6040 

r— lO.r— 9.r-8.r--7.r— 6.r-5 

720  • 

r-9.r~8.r-7.r-6.r-5 
120 

r-8.r-7.r-6.r— 5 
24 

r— 7.r — 6.r— 5 
6 

r— 7.r— 6.r— 5.r— 4.r— 3.r— 2.r— 1 

5040 


1  omit  the  calculatioD,  as  the  equation  is  at  once  seen  to  be  a  particular 
case  of  a  known  factorial  formula. 

25.  We  may  analyse  the  partitions  of  an  r-gon  into  a  given  Dumber 
of  parts,  accoiding  to  the  nature  of  the  parts,  that  is  the  numbers  of 
the  sides  of  the  several  component  polygons.  It  is  for  this  purpose 
convenient  to  introduce  the  notion  of  *^  weight*' ;  say  a  triangle  has 
the  weight  1,  thcu  a  quadrangle,  as  divisible  into  two  triangles,  has 
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the  weight  2,  a  pentagon,  as  divisible  into  three  triangles,  has  the 
weight  3, ...  and  generally  an  r-gon,  as  divisible  into  r-'2  triangles, 
has  the  weight  r— 2.     It  at  once  follows  that,  if 

W  =  W'\-w\   or  =  W'\-w'+tD'f  Ac, 

then  a  polygon  of  weight  W  ia  divisible  into  two  polygons  of  the 
weights  w^  w\  or  into  three  polygons  of  the  weights  w,  v)\  w'  respec- 
tively ;  and  so  on.  Thns  the  2-partitions  of  an  8-gon  (weight  =  6) 
are  15,  24,  and  33  ;  the  3-psLrtitions  are  114,  123,  222,  and  so  on.  Of 
course  the  number  of  the  partitions  15,  24,  33,  is  eqnal  to  the  whole 
number  of  the  2-partitions  of  the  8-gon,  that  is  =  20 ;  the  number  of 
the  partitions  114,  123,  222,  is  equal  to  the  whole  number  of  the 
3-partitions  of  the  8-gon,  that  is  it  is  =  120 ;  and  so  in  other  cases. 
It  is  easy  to  derive  in  order  one  from  the  other  the  numbers  of  the 
partitions  of  each  several  kind  of  the  polygons  of  the  several  weights 
2,  3,  4,  5,  6,  <&c. ;  and  I  write  down  the  accompanying  Table  (No.  26), 
facing  page  260,  the  process  for  the  construction  being  as  follows : 

27.  The  first  column  (2  parts)  is  at  once  obtained.  For  a  polygon 
of  an  odd  number  of  sides,  for  instance  the  9-gon  (weight  =  7), 
imagining  the  summits  numbered  in  order  1,  2,  ...  9,  we  divide  this 
into  a  triangle  and  octagon,  or  obtain  the  partitions  16,  by  drawing  the 
diagonals  13,  24,  ...  81,  92  :  viz.,  the  number  is  =  9.  In  the  Table 
this  is  written,  16=9;  and  so  in  other  cases.  Similarly  we  divide  it 
into  a  quadrangle  and  heptagon,  or  obtain  the  partitions  25,  by  drawing 
the  diagonals  14,  25,  ...  82,  93:  viz.,  the  number  is  again  =  9;  and 
we  divide  it  into  a  pentagon  and  a  hexagon,  or  obtain  the  partitions 
34,  by  drawing  the  diagonals  15,  26, ...  83, 94 :  viz.,  the  number  is  =  9, 

and  here    .  9  +  9  +  9  =  27, 

the  whole  number  of  2-partitions  of  the  9-gon.     For  a  polygon  of  an 

even   number  of  sides,  for  instance  the  10-gon   (weight  =  8),  the 

process  is  a  similar  one,  the  only  difference  being  that  for  the  division 

into  two  hexagons  (that  is,  for  the  partitions  44)  each  partition  is  thns 

obtained  twice,   or  the  namber  of  such  partitions  is  JIO,  =  5 ;  the 

numbers  for  the  partitions  17,  26,  35,  44,  thus  are  10,  10,  10,  5;  and 

we  have 

10+10  +  10  +  5  =  35, 

the  whole  number  of  the  2-partitions  of  the  10-gon. 


28.  To  obtain  the  second  column  (3  parts) — suppose,  for  instance, 
the  3-partitions  of  the  9.gcn ;  these  are  115, 124, 133,  23^.    W^  i^\A.'»a. 

s2 
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the  number  of  the  partitions  115  from  the  terms 

16=9    and    25  =  9 

of  the  first  column :  viz.,  in  16,  changing  the  6  into  15,  that  is,  dividing 
the  polygon  of  weight  6  into  two  parts  of  weights  1  and  5  respectively  ; 
this  can  be  done  in  eight  ways  (see,  higher  up,  15  =  8  in  the  first 
column),  and  we  thus  obtain  the  number  of  partitions 

9x8  =  72; 

and  again,  in  25,  changing  the  2  into  11,  that  is,  dividing  the  polygon 

of  weight  2  into  two  parts  each  of  weight  1 ;  this  can  be  done  in  two 

^ays  (see,  higher  up,  11  =  2  in  the  first  column),  and  we  thus  obtain 

the  number  of  partitions 

9x2  =  18; 

we  should  thus  have,  for  the  number  of  partitions  115,  the  sum 

72+18  =  90, 

only,  as  it  is  easy  to  see,  each  partition  is  obtained  twice,  and  the 
number  of  the  partitions  115  is  the  half  of  this,  =  45.  And  by  the 
like  process  it  is  found  that  the  numbers  of  the  partitions  124,  133, 
233  are  equal  to  90,.  45,  45  respectively ;  and  then,  as  a  verification 

we  have  45+90+45+45  =  225, 

the  whole  number  of  the  3-partitions  of  the  9-gon. 

29.  The  third  column  (4  parts)  is  derived  in  like  manner  from  the 
second  column  by  aid  of  the  first  column  ;  and  so  in  general  each  column 
is  derived  in  like  manner  from  the  column  which  immediately  precedes 
it,  by  aid  of  the  first  column.  And  we  have  for  the  numbers  in  each 
compartment  of  any  column  the  verification  that  the  sam  of  these 
numbers  is  equal  to  the  whole  number  (for  the  proper  values  of 
k  and  r)  of  the  A;-partitions  of  the  r-gon. 

It  might  be  possible,  by  an  application  of  the  method  of  generating 
functions,  to  find  a  law  for  the  numbers  in  any  compartment  of  a  column 
of  the  table ;  but  I  have  not  attempted  to  make  this  investigation. 

30.  In  the  table  in  No.  2,  the  numbers  1,  2,  5,  14,  42,  Ac,  of  the 
diagoual  line  show  the  number  of  partitions  of  the  triangle,  the  quad- 
rangle, the  5-gon,  ...  r-gon  into  triangles :  viz.,  these  numbers  show 
the  number  of  partitions  of  the  r-gon  into  r  — 2  parts,  that  is,  into  tri- 
angles ;  and,  for  the  r-gon,  writing 

&  =  r-2, 


I 

of  ways  in  which  this  can  be  dono  is  P.Fi^c*,  wad  i^^&V^Ny^^sKiuv^v^ 


kiiiaai^waarfH 


of  wajs  in  which  this  can  be  done  is  FJf^^\  vds^  \\»ia\f^  \s^tiq\m2»^ 


C  0 


^■* 
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the  number  is  _  [2r~41''~* 

If,  as  above,  taking  the  weight  of  the  triangle  to  be  1,  we  write 

r— 2  =  w, 
then  the  nnmber  is  _  [2w]*"' 

viz.,  this  is  the  expression  for  the  number  of  partitions  of  the  polygon 
of  weight  w,  or  (u;H-2)-gon,  into  triangles. 

31.  The  question  considered  by  Taylor  and  Bo  we,  in  the  paper 
referred  to  in  No.  1,  is  that  of  the  partition  of  the  r-gon  intoj^-g^ns,  for 
p,  a  given  number  >  3 ;.  this  implies  a  restriction  on  the  form  of  r, 
viz.,  we  must  have  r— 2  divisible  by  jp— 2.  In  fact  (generalizing  the 
definition  of  w),  if  we  attribute  to  a  p-gon  the  weight  1,  and  accord- 
ingly to  a  polygon  divisible  into  w  p-gona  the  weight  tOy  then,  r  being 
the  number  of  summits,  we  must  have 

r=:(2?— 2)w  +  2. 

In  particular,  if  ^  =  4,  or  the  r-gon  is  to  be  divided  into  quadrangles, 
then  r  is  necessarily  even,  and  for  the  valaes 

w  =  1,  2,  3,  ... , 

we  have  r  =  4,  6,  8,  ... . 

32.  To  fix  the  ideas,  I  assume  ^  =  4,  or  consider  the  problem  of. 
the  division  of  the  (2M7-|-2)-gon  into  quadrangles.     Writing 

we  take  at  pleasure  any  one  side  of  the  (2^(;-|-2)-gon,  making  this  the 
first  side  of  a  quadrangle,  the  second,  third,  and  fourth  sides  being 
diagonals  of  the  polygon  such  that  outside  the  second  side  we  have  a 
polygon  of  weight  a,  outside  the  third  side  a  polygon  of  weight  6, 
and  outside  the  fourth  side  a  polygon  of  weight  c.  Any  one  or  more  of 
the  numbers  a,  b,  c  may  be  =  0  (they  cannot  be  each  of  them  =  0 
except  in  the  case  ti;  =  1).  The  meaning  is  that  the  corresponding  side 
of  the  quadrangle,  instead  of  being  a  diagonal,  is  a  side  of  the 
(2w  i-  2)-gon,  viz.,  there  is  no  polygon  outside  such  side.  Suppose  in 
general  that  P„  is  the  number  of  ways  in  which  a  polygon  of  weight 
w  can  be  divided  in  quadrangles,  and  let  each  of  the  polygons  of 
weights  a,  6,  c  respectively,  be  divided  into  quadrangles,  the  number 
of  ways  in  which  this  can  be  done  is  P^PfrPc ;  and  it  is  to  b<&  islq<as.^^ 
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that,  if  for  inntanoe  a  =  0,  then  the  number  is  =  P^Prt  ^^i^»  the 
formnla  remains  tme  if  onlj  we  assome  P,  =  1.  The  number  of 
partitions  thus  obtained  is  iPJP^„  where  the  sammation  extends  to 
all  the  partitions  of  tr— 1  into  the  parts  ctj  b,  e  (zeros  admissible  and 
the  order  of  the  parts  being  attended  to).  And  we  thus  obtain  all  the 
partitions  of  the  (2u7  +  2)-gon  into  to  parts ;  for  first  the  partitions  so 
obtained  are  all  distinct  from  each  other,  and  next  every  partition  of 
the  (2u^-f  2)-gon  into  u)  parts  is  a  partition  in  which  the  selected  side 
of  the  (2tr +2).gon  is  a  side  of  some  one  of  the  qnadiUngles.     That  is, 

we  have  P,,  =  iPJPtP^  (o,  5,  c  as  above) ; 

and  it  hence  appears  that,  considering  the  generating  f  anction 

we  have  /  =  1  +«/*• 

The  reasoning  is  preciflelj  the  snme  if,  instead  of  a  division  into 
quadrangles,  we  have  a  division  into  jo-gons;  the  onlj  difference  is 
that  instead  of  the  three  parts  a,  &,  c,  we  have  the  p—1  parts  a,  6,  c  ... , 
and  the  equation  for/  thus  is 

33.  Writing  for  a  moment 
and  cfxpanding  by  Lagrange's  theorem,  we  have 

viz.,  after  the  differentiation,  writing  u  =:  1,  we  have 

p    ,  [(p-l)u^]-' 

whore  it  will  bo  recollected  that  for  the  number  of  sides  of  the  polygon, 
we  have  r  =  (p— 2)  m;+2. 

In  the  case  of  the  partition  into  triangles,  jp  =  3,  and  we  have  the 
before  mentioned  value 

[2icy-'  -7-  [wy'\     ti?  =  r-2. 
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Thursday,  April  9th,  1891. 

Major  P.  A.  MACMAHON,  R.A.,  F.R.S.,  Vice-President, 

in  the  Chair. 

Mr.  J.  Rose-Innes,  B.Sc.  London,  B.A.  Camb.,  was  elected  a 
member. 

The  following  commanication  was  made : — 

The  Analytical  Forms  called  Trees,  with  Applications  to  the 
Combinations  of  certain  Electrical  Quantities,  and  to  the 
Compositions  of  Multipartite  Numbers :  Major  Macmahon. 
(Mr.  Walker  in  the  Chair.) 

A  discussion  followed,  in  which  Messrs.  Kempe,  Hammond,  and 
S.  Roberts  took  part. 

Mr.  Kempe  spoke  on  the  flaw  in  his  proof  '*  On  the  Map-colour 
Theorem,"  which  had  recently  been  detected  by  Mr.  P.  J.  Heawood, 
and  showed  that  a  statement  by  the  latter  at  the  close  of  his  paper 
failed.*  He  further  stated  that  the  subject  had  long  engaged  his 
attention,  and  that  he  was  still  unable  to  solve  the  question  to  his 
satisfaction. 

Mr.  Tucker  communicated  a  paper  by  Mr.  Culverwell,  "Com- 
pounded Solutions  in  the  Calculus  of  Variations." 

The  following  presents  were  received  :— 

"  Educational  Times,"  for  April. 

''  Transactions  of  the  Cambridge  FhiloBophical  Society,"  Vol.  zv.,  Part  i. 

**  Proceedings  of  the  Cambridge  Philosophical  Society,**  Vol.  vii.,  Part  iii. 

**  CEuvres  Completes  de  Chri&tiaan  Huygens,"  Vol.  iii.,  4to;  La  Haye,  1890. 

'*  Bulletin  des  Sciences  Mathdmatiques,"  Tome  zv.,  Feb.,  1801. 

**  Bulletin  do  la  Society  Mathematique  de  France,**  Tome  xix.,  Nos.  1  and  2. 

**  Atti  dcUa  Healo  Accademia  deiLincei — Kendiconti,'*  Vol.  vii.,  Fasc.  6  and  6, 
Iloma,  1891. 

**  HciblHtter  zu  den  Annalen  der  Physik  und  Chemie,**  Band  xv.,  StiLck  3 ; 
Leipzig,  1891. 

**  Rendiconti  del  Circolo  Matematico  di  Palermo,"  Tomo  y.,  Fasc.  i.  e  ii. 

**  Bollettino  dello  Pubblicazionl  Italiane,  ricevute  per  Diritto  di  Stampa,'*  Nos. 
125  and  126,  and  two  parts  of  Index. 

*  cy.  Hoc.  Land.  Math.  Soc.y  Ay^enAix^lQ  \vA.. xM., 
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«  Berichte  fiber  die  Yerhandliingen  der  Koniglich-Sachsischen  (^esellBchaft  der 
Wissenschaften  ssu  Leipzig,'*  1890,  ni.  and  iv. ;  Leipzig,  1891. 

'*  Jornal  de  Scienciaa  Hathematicas  e  Astronomicas,"  Vol.  x.,  No.  1. 

« Jahrbuch  iiber  die  FortBchritte  der  Mathematik,"  Band  xx.,  Heft  2  ; 
Jahrgang  1888,  Heft  2. 

A  number  of  pamplilets  by  Dr.  L.  Kroneeker,  yiz. — 

Offprints  from  the  <^' Sitzangebericfate  der  KOniglicb-Preussiscben 
Akademie  der  WiBsenschaften  za  Berlin,"  1888,  Art.  zvi.,  zriii. ;  1889, 
Art.  yi.,  z.,  xItw,  zviii.,  zix.,  zxz.,  zxxi.,  zlii. ;  1890,  Art.  vi.,  vii.,  ziv., 
zvi.,  xzvi.,  zzviii.,  zxx.,  zzzvi.,  zl.,  xlviii.,  liii. ;  1891,  Art.  ii.,  iii.  From 
**  Crelle's  Journal,"  Band  c,  Heft  4 ;  ci.,  4  ;  cii.,  3  ;  oiv.,  4 ;  ct.,  2.  And 
**  Festschrift ....  Mathematischen  OeselUchaft  in  Hamburg  1890"  (Uber 
die  Dirichletsche  Methode  der  Werthestimmung  der  Ghiussschen  Beihen) ; 
Leipzig,  1890. 

Also  a  number  by  M.  A.  Mannheim,  viz. — 

Offprints  from  '*  Rendiconti  del  Gircolo  Matematico,'*  Tomo  iii.  (1889, 
10  liarzo). 

<<Compte6  Bendus,"  10  F6v.,  24  F^y.,  3  Koy.,  1  Deo.,  1890;  2  F^t., 
2  Mars,  1891. 

**  Journal  de  r£cole  Polytechnique,"  lx«  cahier,  1890. 


Stability  of  Orbits.    By  Mr.  A.  G.  Greenhill. 

[Head  May  lOth,  1888.] 

1.  The  discnssion  of  the  stability  of  a  circular  orbit  described 
under  a  central  force  is  given  in  Section  ix.,  Book  i.,  of  Newton*8 
Principia  ;  and  it  is  there  shown  that  if  the  force  is  proportional  to  a 
single  power  of  the  distance,  represented  by  /Jir**~^^  the  apsidal  angle 
in  the  circular  orbit,  when  slightly  disturbed,  is  v/n^ ;  so  that  n  must 
be  positive  for  the  apsidal  angle  to  be  real,  and  for  the  orbit  to  be 
stable. 

Representing  as  usual  the  reciprocal  of  r  by  m,  and  the  central 
force  P  by  /uw"*,  then  for  the  circular  orbit  to  be  stable,  m  must  not 
be  greater  than  3. 
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This  is  easilj  seen  from  a  comparison  of  the  velocity  in  the  ch*onlar 
orbit  with  the  velocity  acquired  under  the  attraction  from  an  infinite 
distance ;  for 

Cvel.)'  in  circle  Tr         t»— 1 


(vel.)'  from  infinity       f *  p  ,  2 


So  that,  if  m  =  3,  the  velocity  in  the  circular  orbit  is  equal  to  the 
velocity  from  infinity;  if  m>3,  the  velocity  in  the  circle  is  greater 
than  the  velocity  from  infinity,  and  the  body  if  slightly  disturbed  can 
recede  to  an  infinite  distance  ;  but,  if  m<3,  the  body  if  slightly  dis- 
turbed will  not  be  able  to  recede  to  any  finite  extent,  and  the 
disturbed  orbit  will  cut  the  circular  orbit  at  regalar  intervals,  and 
consequently  be  a  stable  orbit,  6.^;,  the  orbit  of  the  Moon  relatively 
to  the  Sun. 

When  m  =  2,  the  orbit  is  of  coarse  a  conic  section,  with  a  focus  at 
the  centre  of  force,  and  the  apsidal  angle  is  ir ;  and  when  m  =  —  1, 
the  orbit  is  an  ellipse,  with  its  centre  at  the  centre  of  force,  and  the 
apsidal  angle  is  ir. 

2.  In  a  circular  orbit  of  radius  a,  described  with  mean  angular 
motion  n,  under  a  force  to  the  centre  varying  as  the  m^  power  of  the 
distance,  we  may  put 

P  =  n^a  {rjaY  ; 

or  expanding  in  powers  of  (r'^a)/a,  and,   neglecting  squares  and 

higher  powers, 

P  =:  n'a-f  wi»*  (r— o)  ; 

so  that,  if  P  =  ^  +  v  (^— o)> 

m  s  v/n',  and  the  apsidal  angle  is 

ir/(34-m)»=9r/(34-i'/n«)*. 

And,  generally,  if  we  have  P=fr,  and  expand  P  in  powers  of  r— a, 

P  =  fa+(r-a)fa  +  ..., 

and  the  apsidal  angle  is 

ir/(3  +  ara/fa)*. 
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3.  As  an  illnstration,  consider  a  particle,  weighing  m  grammes, 
describing  a  circle  of  radins  a  centims.  on  a  smooth  horizontal  table, 
with  mean  motion  n,  by  beiog  attached  to  one  end  of  a  fine  thread, 
which  passes  through  a  hole  in  the  table  at  the  centre  of  the  circle, 
and  supports  another  particle  weighing  m'  grammes ;  so  that 

mn^a  =  m^g  (dynes). 
Now,  if  slightly  disturbed, 

r^dSldt  =  h=a\ 
and,  by  the  principle  of  energy, 

J  (m+m')  r'^  +  ^T^y—mg  (l—r)  =  ImaV^m'g  (Z— a)  (ergs), 
I  denoting  the  length  of  the  thread. 

Therefore    i  (m-\-mO ^  %+im "^ ^mrfar  =  fmaV, 

T       air  IT 

(the  only  real  solution  of  which  is  r  =  a,  dr/dS^  =  0), 

and  !?LH?^'^  =  -r(^-l)f54---l); 

m      d^^  \  a         /  \     a'        a         / 

and  putting  r/a  =  1  +p, 

and    neglecting  squares    and    higher    powers  of  p  in  the  slightly 
disturbed  orbit,  ,    - 

-;;r  dy=-^' 

so  that  the  apsidal  angle  is  irv^{(m+m')/3m} 
(Thomson  and  Tait,  Natural  Philosophy,  §§  319,  350). 

4.  As  another  similar  illustration,  take  the  case  of  a  particle 
moving  on  the  interior  of  a  smooth  vertical  cone  with  vertex  down- 
wards. 

With  columnar  cylindrical  coordinates  r,  6,  z, 

r^d^jdt  =  h, 
and  i'r»  +  \7^y  +  i  «« +  ^z  =  gz^, 

Zq  denoting  the  height  above  the  vertex  of  the  cone  of  the  plane  of 
zero  velocity. 
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If  a  denote  the  semivertical  angle  of  the  cone, 

r  =s  « tan  a  ; 

and  l^'eec'  a  +  ^  —  cot'  a +gr«  =  gz^ 

z 

or  l^'z'  sec'  a  =  —  ^2;'  (z—z^)  — ^A'  cot'  a  =  —  gr  (^— ^i)  (^--^j)(^— ^»)> 

Rappose,  2j,  ;23,  denoting  the  level  of  the  tw^o  circles  between  which 
the  motion  takes  place,  so  that 

«o>^i>«>^j>«a; 
and  by  the  theory  of  equations, 

so  that  ir,  = ?i-^i-,    ij.  =s  ^±^i£i±^  ; 

while  5fijz;,«r|  =  —  ^k*  (cot  aY/g, 

Then  «  sec'a  =  -^+  i^  cot' a  =  -  (/  (l  +  ?5^«^  . 

BO  that  (Px?/c^<*  =  0, 

when  «•  s  —  2a^z^z^  =:  — ^-2- . 

«i  +  «j 

When  a?!  =  5?„  2^0  =  l^i»     ^1  ==  —  i«i, 

and  the  particle  will  be  describing  a  circle ;  and  then 

^zV  sec'  a  =  —  flr  («— 2fJ'  («-f  ^Zi), 

and  z  sec'  «  =  —  ^(l— -%); 

so  that,  if  —  =  l+f>, 

•  • 

where  p  is  small,  p  z^  sec*  a  =  —  Sgpy 

and  the  small  oscillations  will  synchronize  with  a  simple  pondulnm 
of  length  r^Zi  sec' a. 
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In  the  piojeciioii  of  tlie  motion  on  a  horisontal  plane 

|f*C0TOC»o+|T*5»-f  <y  (r— r«)cota  =  0, 

or  iA*co«ec»a^=:-^(r-r.)cota-AAV 

=  -^oota  (r-ri)(r-r,)(r-rj, 
where  r,>r,>r>r,>r,. 

In  the  circular  orbit,  slightly  distorbed,  put 

then  ^•  =  1^1,    t-,=:— Jr,; 

and  i^t'  cosec*  a  —  a=  -  ^  cot  a  (r- rj'  (r  +  \r^), 

while  J^  =■  nrj,     g  cot  a  =  nVj ; 

80  that  Jr;oo«eb»ag  =  -t^  (r-rj'(r+|r0  ; 

and  rJcoBeo*a^  =  -r  (r-ri)(6f*— rfj-rj); 

80  that,  putting  r/ti  a  1  +  cr  in  the  slightly  disturbed  circular  orbit, 

cosec'  a  -r^  =  —  3ff, 

and  the  apsidal  angle  is        ^w  \/3  sin  a. 

By  changing  the  sign  of  g^  we  obtain  the  equations  of  motion  of  a 
particle  on  the  outside  of  a  vertical  cone  with  vertex  upwards  ;  so  that 

Jrjcosec'a  —  =  r^Cr-rO'Cr+^i). 

and  the  motion  in  the  circle  is  now  unstable. 

Integrating,  we  find  for  the  unstable  motion  below  the  circle 


-J  sin  a  =s  I 

Jr  r(r-«r,)x/(2r+ri) 


=  Js-'-VI^.-^""'-/-^ 
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For  the  unstable  motion  above  the  circle 


^sma=      — ri-— - 

Jo^(n-0\/(n 


+  2r) 


2r 
2r 


+  an  infinite  constant. 


The  apsidal  aDgle  for  a  very  elongated  orbit  has  been  investigated 
by  Whewell  {Trans,  Gamb.  Phdl.Soc)  ;  he  shows  that  the  apsidal  angle 
is  the  l/-v/(3— »)  of  the  apsidal  angle  in  a  very  nearly  circular  orbit. 

5.  If  It  =  8,  the  apsidal  angle  given  above  becomes  infinite,  and  in 
this  separating  case  the  orbits  are  Cotes's  spirals,  the  equations  of 
which  are,  by  gradually  increasing  the  velocity  at  given  distance  from 
the  ongin,  included  in  the  forms 

(i.)  r  cosh  m&  =  a ; 

(ii.)  r  exp  mS  =  a,  the  equiangular  spiral ;  the  orbit  in  which  the 
velocity  is  that  due  to  infinite  distance;  so  that  a  body,  slightly 
disturbed  from  the  circular  orbit,  recedes  in  an  equiangular  spiral 
either  to  an  infinite  distance,  or  to  the  origin  ; 

(iii.)  r  sinh  mS  =  a ; 

(iv.)  rm3  =  a,  the  reciprocal  spiral,  and  then  dr/dt  is  constant ; 

(v.)  rsin  mS  =  a,         (Cayley,  British  Association  Report^  1862.) 

For  values  of  n  greater  than  8,  the  circular  orbit  becomes  unstable, 
and  it  will  be  interesting  to  investigate  the  orbits  for  n  =  4,  5,  6, 7,  ... 
which  the  body  will  be  found  ultimately  describing,  when  slightly 
displaced  from  the  circular  orbit. 

6.  Denoting  by  a  the  radius  of  the  circular  orbit,  then  (i.),  for 
n  =  5,  the  body  will  be  found  ultimately  describing  the  orbit 

an  =  tanh  \  v/2^,     r=:  a  coth  |  ^2^, 

outside  the  circle,  or 

au  =  coth  J  y25,     r  ^a  tanh  \  ^2  ^, 
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inftide  the  circle,  according  to  the  direction  of  the  initial  slight 
disturbance  ;  both  orbits  having  the  asymptotic  circle  av  =  1,  r  =>  a^ 
correspondinjs:  to  5  =  oo  ,  an  infinite  nnmber  of  revolutions. 

To  prove  this,  we  have  from  the  ordinary  differential  equation  of 
motion 

with  P  =  fiu*, 

also,  in  the  circular  orbit, 

h*  =  t7»a*  =  nV  :=  Pa*  =  fi/a\ 
or  fijh*  =  a' ; 

80  that,  putting  au  =  a;, 

Integrating, 


*©+^)  =  *'*+^' 


and  0  is  determined  from  the  condition  that 

—  =  0,    where    x  =  1; 
therefore  C^  =  i> 

and  ^,  =  i,«_ »'+ J  =  i  («•- 1)'. 

g  =  ±^y2(a:'-l). 
P'or  the  orbit  ontside  tbe  circle,  since  x*  <  1,  take 


tlx 


J    1  — a; 
or  X—  tanh  J  -/2  ^,     r  =  a  coth  J  ^2  B. 
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Similarly,  for  the  inside  orbit 

or  a;  =  coth  i  v/2  ^,    r=a  tanh  i  y2&. 

7.  With  n  =  4,  we  shall  find  the  body  ultimately  describing  either 

coflh^  — 2  cosh  ^4-1  ,,,  .  .,        ,..v 

au  =  — -— — -,     r  =  a  — — - — -  (the  outside  orbit)  : 
cosh  ^H- 1  cosh  ^—2  ^  ^  ' 

oo8h5-|-2  cosh  1^  —  1  /.,     .     .,        ,..x 

or         au  =  — — - — -,     r  =  a  — -— — -  (the  mside  orbit), 
cosh^— 1  cosh  ^  +  2^  ^ 

For,  now  <?u  ,  fi     , 

and  h*  =2  /i/a, 

80  that  (au  =  a)  _  -j.^;  =  a:*; 

subject  to  the  condition  that  dxjdS^  =  0,  when  a;  =  1 ; 

^^^^^i^-^-^h  =  J  (aj-l)n2a5+l), 


d^ 
ilx 


=  =fcjy3(a;-l)  y(2a;  +  l). 


d^ 

In  the  outside  orbit,  a;  <  1, 

d^  >v/3 


dx       (1-a;)  v^(H-2dj)' 


3  ^  f  y3^5 ^  2  sinh-» . /1±^ 

J  (l-ic)  v^(i-h2a;)  V2-I 

=  2  cosh  ""\/- — -  =co8h"*,-i^: 
V2— 2aj  l-«' 


2ic 
2a; 


«^  ^^^*^  cosh  ^  =  ?±^, 

1— a; 

cosh  ^—2 
or  aw  =  aj  =  — -— . — -. 

cosh  ^  -f  I 
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Id  tbo  ioDer  orbit,  x>lf 

J  (x^l)  y(2 


v/(2aj+l) 


V2«-2  V2a;-2 


s=  cosh 


,«  +  2 

»  — 1 
co8h5-f2 

aUSZXSS    p-r r. 

oush  1^—1 


8.  When  P  =  fiu\ 


^W    1  /*       5 


*CS+*')=*'^+^ =***+*• 


if  Hubjoci  to  tho  condition  that  dx/dS  =  0  when  x=l ; 


dir* 
c 


S«  =  i  (^-3*'+2)  =  J  (»'-!)'  (x'+2). 


,U 


v/3'j^  =  ±(x»-l)^/(»'+2). 
For  tbo  outside  orbit,  **<  I, 

d&  ys 


iv» 


(f*      (1-J^)  'v/(2+«*) 


3  =  cosh-'  ^.fjl".^'^^  =  8"ih-'  ^.y^~, 

1—4: 

,  ,        ,      oa8b23-l        ,        tCosb'2^  +  2 
cosb  2:^  +  2'  fosb  2^-1" 
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For  the  inner  orbit,  aj'>l, 


*  «      cosli 
or  aV  = 


2^  +  1       •_    ,  coBh  2^ -^2 
2^-2'  ^  cosh  2^  +  1' 


9.  For  nz=e,  P  =  ^t**,  we  find 

60  that  elliptic  functions  will  be  required  in  the  equation  of  this 
orbit. 

We  reduce  this  integral  to  the  Weierstrassian  form  by  putting 

and  choosing  k  so  tbat        2aj*  -h  4i5*  +  6a;  +  3 

=  TfV  {4(«+A;y+24(«H-A;)»  +  108(«+;t)  +  162} 

the  term  in  t^  being  made  to  disappear;  and  therefore 

i  =  -2, 
and  then  fifj  =  —  60,     fifs  =  — 10, 

A  =  ^-27^,  =  -218700, 

J-fl'J    -80  r      1    _     1 


Then 


d&  3v/3<) 


d«        =fc:(«-6)v/C4**+00*+10) 


the  upper  or  lower  sign  being  taken,  according  as  the  disturbed  orbit 
is  inside  or  outside  the  unstable  circular  orbit. 
VOL.    XXII. — NO.   416.  T 
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Denoting  by  ej,  p„  e^  the  roots  of  the  cubic 

S=4«»-f60«-|-10  =  0, 


then  the  real  root        e,  =  -  H  v^lOO-2  v^lO), 


while  cj  =  - 1  («  yiOO  -  2««  VlQ) , 

e»  =  - 1  («» ?/l00-2«  yiO), 
w,  ftf'  denoting  the  imaginary  cabe  roots  of  anity. . 
Again,  patting  e  =  16«'ic'', 

27c  81 ' 

from  which  we  find     c  =  H  yiOO+2  v^+3). 

Patting         8  ^fpu^    and     pt?  =  5,    p'v  =  9VlO, 
then     3^[3v^Ju^lf.^Wu.^    !.(«-.) 

or  -  e^'*  =  ^i!^>  e- 

the  equation  of  the  orbit. 

I  have  not  yet  been  able  to  verify  a  conjecture  that  t;  is  an  aliquot 
part  of  the  real  period  w,  of  these  elliptic  functions. 

10.  With  n  =  8,     P  =  fjiu\ 

we  obtain,  with  the  same  notation  as  before, 

d^x  ,     __    « 

in  the  unstable  orbit,  in  which 

dxld&  =  0, 
when  X  =  1; 

and  then     T^,  =  |  (2^^  -  7^^  +  5) 

so  tlint  tho  eon-esponding  integral  tor  the  orbit  is  hyperelliptic. 
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8.  Generally  for  any  even  valne  of  n,  say 

in  the  circular  orbit,  -j^  +aj  =  x^'\ 

and  mtegratmg.      ^,  =  ^-^^  ~«^  +  l-  ^—^. 

(2m-l)g 

The  equation  is  simpler  for  an  odd  value  of  n  ;  for,  if 


(Px  , ^,„., 


^-^       ,.,        1 

or  w^,==(a^-l)«(»»-'-*+2aj»--«+3ar^--«+...+(m--2)a^  +  m-l]; 

a  fonction  of  »?  only. 

The  cases  of  m  =  1,  2,  3  have  already  received  consideration. 

11.  With  P  =  /.«•, 

g  =  i(ai'-l)'(««+2<r'+3), 

±2dx 


)(«*- 


*°**  ^      J(a*-l)v/(a!*+2a^+3)' 

To  reduce  this  elliptic  integral  to  the  Legendrian  and  Jacobian 

form,  we  pat 

a?    _l-g 
v'3      l+«' 

then         «,«+ar'+3  = ^^^j^j, i_  =  12^^_^, 

With  4*  —  ^'^""^       *:'»  =  ^^"*"^      4A-'*  =  *  • 

.  a;(2a;  dx 

and 


v'3  (l+^y 

so  that      y3  ^  =  I  -— — — — --- — - — ,.,  .    .,^^  =     — ;i — \ — . 


T  2 
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Patting  jzr  =  en  tt, 

so  that  ar*  =  yS  ^-^^ ; 

1-f  en  u 

then       y3^=f -±^ =f    /o^/^"!:'/V^fr 

\         1+cnt*        / 


"v/3  +  lJv 


_3-:y3_\^ 

-^enu-2+v^3/      ' 


leading  to  elliptic  integrals  of  the  third  kind ;  and  the  npper  or 
lower  sig^  is  to  be  taken,  according  as  the  inner  or  outer  orbit  to  the 
unstable  circle  is  considered. 

If  /3  denotes  the  modular  angle  of  these  elliptic  functions, 

sin^2/J  =  41.^=1, 

'  sin2/3iiyi,    cos2/3  =  ic''-K>=:>/i 

If  we  put  2  —  v/3  =  CD  V, 

3-^3 


then 


8nt;  =  t/3(v/3— 1),     dnr  =        ,;", 


and  y35  =  ±h(^3-l)«+-^(5^^^^i^^]; 

(.  -/a  */3  J  cnw— cnv  ) 

m 

and  here  again  it  is  reaRonable  to  conjectare  that  v  is  likely  to  be  an 
aliquot  part  of  the  real  period  K. 

12.  In   the  reduction    of  these    integrals  to  the   Weierstrassian 
form,  we  put 

then  at*-f2a!'+3  =  ^(25+l)'-|-2. 


and 


dx  _  3  v/6  ds 


v/(a:^+2*'-K3)  y/S    ' 

where  S  =  4s'*+15*— 19, 

so  that  //.  =  -  15,     (7,  =  19,     A  =  -  2  x  3^ 

^  T       '-^1  '''  7     1  ^9" 

and  J  =  "^  =  - — -       ,/—  1  =  —  - — —  . 

A        2x8'  2x3^^ 
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Then  in  the  inner  orbit,  in  whioh  x,  and  therefore  «,  is  ultimately 
infinite,  we  pat 

60  that  ^=fiv^*, 


9 


_    A 


and  if  we  put  pv  =  t> 

then  p'v  =  —  9, 

and  y65=f=£^. 

a  canonical  integral  of  the  ^Atr(2  ^tn(2,  in  Weierstrasa's  notation,  fio  that 


v/B  ^  =  log—) (e- 

<r  (v— u) 


i»r« 


13.  Another    substitution     to    employ    in    the    reduction  to  the. 
Weierstrassian  form  is 

so  that  X  and  t  are  infinite  together  as  in  the  inner  orbit ;  and  then 

12(^+1)  12(^+1/   ' 

with  ^J=30,    ^i  =  26,    A'  =  2'x3^ 

and  r^^-^ 

But  this  value  of  J'  is  derived  from  the  preceding  value  of  J  by 
means  of  Klein's  quadric  transformation 

j_(4r-l)'      j._  (4r--l)'         ,_ 
•^-      27r      '     *^-      27r'      '     ''  "  ^' 

by  taking  r  =  f ,     r'  =  |. 

With  this  second  snbstitntion, 

*"^*-  12  0  +  1)    ' 
.^+20^+3=  (^  +  l).  +  2=[?^^t^\'. 
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and  r=4,^-5rj^-gr,  =  12a^(^+l)', 

y/T=2ySx(t+l). 


or 


dx        _     d<     _  ysd^ 


And  ^,^^2^»-8^-19^(^-2)>>V 

6(^  +  1)  3(^+1)     ' 

so  thafc  ^  =  T— = — 


J  {(^-2)«-y}y!r' 

and  wben  oi*  =  1, 

*  =  2±|y6,     y/T  =  6v/3±9^/2. 
Patting  5  =  pu,     y/8  =  —  p'u ; 

and  pv,  =2+fv/6,    p^j  =  6  >/3  +  9  ^2, 

pr,  =  2-f  ye,    p\  =  6v/3-9y2, 

then  ye^  =-.  [  f-£i^  +  _ei!i_)  dv, 

the  snm  of  two  elliptic  integrals  of  the  third  kind. 

14.  The  above  is  the  snbstitntion  for  the  inner  orbit,  in  wbich 
fl;^>l  ;  bnt  for  tho  enter  orbit  the  corresponding  snbstitntion  is 

a/-  'v/3  v/(3  +  2^+ic*H:3  +  K 
,t ^  , 

jnaking  t  infinite  when  a;  =  0. 

Then  c^  -    18  0  +  1)    =  .MAL+IT. 

,,     ,  _  2<'  +  16t+5 


1888.]  Mr.  A.  G.  Greenhill  on  Stability  of  Orbits.  279 

*        2^-2<-13* 
80  that  now 

n^r  2dx f*      IS y^ (t-h I) dl 

Jo(i-^')'/(^  +  2a!*-faj*)       J    (2^-20^-31)  v^T' 

reducible  as  above  to  the  sum  of  two  elliptic  integrals  of  the  third 
kind. 

15.  These  two  last  sabstitations  are  particular  cases  of  the  general 
theory  of  the  reduction  of  differential  elliptic  element  dx/^X,  where 

as  quoted  bj  Biermann,  in  Prohlemata  qusedam  mechanica  functionum 
ellipticarum  ope  soluta,  from  Weierstrass's  lectures. 

The  substitution  is 


8 


=  (  ^^-/^)'-^"  (.x  +  yr-bix+y)-c, 


80  that  8  replaces  the  arbitrary  constant  in  Euler's  integral  of  the 
«^''**'°°  dx/^X=dy/VY; 

and  now  each  of  them  is  equal  to  ^ds/^S,  where 

/S  =  4«'— sr,8— gr,, 
gTa  =  oe— 46£i  +  3c*,     g^=^ace'^2bcd—acP  —  eV''C*; 

so  that  now  v—to  =  I   —-tl  =  l    — rn, 

and  8  ^=  p  (v—w). 

In  our  application,  we  have 

a  =  1,     6=0,     c  =  i,     ei  =  0,     e  =  3, 

so  that  ^*  ~  Y  '     ^'  ~  27  ' 

and  in  the  inner  orbit  we  take  y  infinite,  and  in  the  outer  orbit  we 
make  y  zero. 
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16.  Again,  for  P  =  /i«", 

and  this  is  reduced  io  the  Weierstrassiau  form  by  patting 


when 

dx jds 

ids 

by  choosing  /c  =  —  1 ; 

and  then  g^  =  —20,    gf,  =  —  40  ; 

Now  1  — iC*  =  — -T» 

*— 1 

80  that  .5         f  / 1  I     4!    \    i<h 


-\{^-ih) 


an  elliptic  integral  of  the  third  kind. 
If  we  put  s  =  pti, 

and  pv  =  5, 

then  p'i;  =  4v/l0; 

and  the  integral  is  reduced  to  Weierstrass's  canonical  form. 

17.  To  illustrate  the  case  of  a  stable  orbit,  take 

w  =  2,    P  —  /iw' ; 
then  in  the  circular  orbit 

the  only  solution  of  which  is 


'=■■  %-"■ 


/he  orbit  being  stable. 
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For  an  orbit  slightly  disturbed,  we  must  have 


^,  =  e»-(l-aj)«, 


where  e  is  a  Biiiall  corLstant ;  and  if  we  assnme 

(l-aj)«  =  e»co8»n^, 

then  ^,  =  e*  sin'  n$ ; 

and  therefore  n  =  1,  and  the  apsidal  angle  is  tt  ;  also 

at*  =:  iP  =  1  ~  c  cos  &, 
the  polar  equation  of  a  conic  section ;  all  well  known  results. 

18.  We  notice  the  square  factor  («  —  1)'  and  another  factor  which, 
is  always  positive,  in  the  value  of  dsfjdy  in  these  unstable  orbits ;  the 
vanishing  of  the  square  factor  corresponding  to  the  unstable  circular 
orbit. 

In  all  these  orbits,  in  which  »  >  3,  the  circle 

r  =  a,     or     au  =  1, 

is  an  asymptotic  circle  of  the  orbit,  and  the  circle  is  attained  or 
departed  from  appreciably  only  after  an  infinite  number  of  revolutions. 

In  the  discussion  then  of  the  case  in  a  central  orbit,  where  it  is 
supposed  that  at  a  certain  point  the  centre  of  curvature  of  the  orbit 
coincides  with  the  centre  of  force,  and  in  answer  to  the  question  as  to 
what  takes  place,  whether  the  body  will  move  in  the  orbit  or  the 
circle  of  curvature,  wo  notice  now  that  such  a  point  can  only  be 
attained  asymptotically  after  an  infinite  number  of  revolutions. 

For  a  stable  case  of  the  circular  orbit,  the  centre  of  curvature 
cannot  coincide  with  the  centre  of  force,  unless  the  orbit  is  circular 
to  begin  with  ;  thus,  for  example,  when  n  =  2,  the  centre  of  curvature 
of  an  ellipse  cannot  coincide  with  a  focus,  unless  the  ellipse  is  a 
circle. 

19.  For  a  single  centre  of  force  the  simplest  orbit  is  the  circle,  and 
we  consider  the  stability  or  instability  of  the  circular  orbit,  under  a 
single  central  force  to  the  centre. 

But  given,  for  instance,  Euler's  problem  of  the  two  centres  of  force 
attracting  or  repelling  according  to  the  Newtonian  law,  then  confocal 
ellipses  or  hypcrbolus  with  foci  at  the  centres  of  {otc»  ''wvW  Vi^  ^Ca.^ 
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eoor6haiiten  «  or  ^.  defined  b^ 

^  -*-  ly  =  if  cosh  f'«  — tJ  - 
bein^  eofMtaat  aloa^  these  orbctii. 

Bat  wiih  polar  crwrdiaateA.  the  degemerate  ca^e  where 

z-^iy  =  ff  eip  (^-ri5>, 

then  f  or  r  is  eoiutaiit  aloc^  the  concentric  elrctilar  c-rbisF.  and  S 
alon^  the  rectflinear  radial  arhhs. 

The  corresponding  eqnatioBS  erf  SMnion  hare  been  inTcstigated  in 
an  article  in  the  FrortedimgM  rj  the  Lmdcu  MailumaHcal  SfJcieiy^ 
VoL  xi^  So.  162,  and  it  will  be  interes^ting  to  examine  this  inresti- 
gation  in  its  relaticfn  to  the  question  of  staliilitj,  as  thereby  a  new 
classification  of  the  different  orbits  can  be  obtained. 

20.  First,  howerer,  let  ns  deiemnne  the  canditiooB  uider  which 
an  ellipse  or  hjrperbola,  or  portion  of  an  eQipae  or  hjperbola,  can  be 
described  freel j. 

Bj  a  well-known  theorem  (Sjlrester's  ''Astronomical  Prolnsions," 
PhQ,  Mng,^  1866),  if  one  and  the  same  orbit  can  be  described  freelj 
nnder  different  forces,  it  can  be  described  nnder  all  these  forces 
acting  simnltaneoDslj,  with  Telocity  eqnal  to  the  sqnare  root  of  the 
snm  of  the  squares  of  the  separate  Telocities ;  and  the  direction  of 
an  J  force  can  be  rerersed,  if  we  treat  the  oorrespondiDg  sqnsred 
relocitj  as  negative. 

Familiar  instances  occur  with  oonfocal  ellipses,  which  can  be 
described  under  forces  to  the  foci  S,  S',  Taiying  inrerselj  as  the 
STjuare  of  the  distance,  the  forces  acting  separately,  or  in  conjunction, 
and  we  m«y  also  add  a  force  to  the  centre  O,  varying  as  the  distance. 

By  a  proposition  in  Frost's  Newton^  Prop.  VI.,  Theorem  V.,  the 
prefigure  on  a  particle  in  a  smooth  elliptic  tube,  moving  nnd^r  forces 
to  the  ffxn  S,  S\  varying  inversely  as  the  square  of  the  distance,  is 
jjiver«e1y  proportional  to  the  radius  of  curvature;  but  this  pressure 
in  filwflyK  zero,  and  the  particle  will  thei-efore  describe  the  ellipse 
frecjiy  without  constraint,  if  the  forces  are  equal  at  the  point  where 
the  ve^Kjify  is  7xto,  one  force  being  attractive  and  the  other  repulsive. 

ConHcr|nently  a  particle,  placed  anywhere  upon  the  curve  (a  circle) 
wh(jre  the  forces  are  equal,  will,  starting  from  rest,  proceed  to  oscillate 
jj)  t})c  arc  of  an  ellipse. 
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Suppose,  for  instanee,  the  forces  are  of  eqnal  strength,  that  is,  equal 
at  eqaal  distances ;  then  a  particle  placed  anywhere  upon  the  line  OB 
bisecting  8S'  at  right  angles,  will  proceed  to  oscillate  on  the  arc  BAJB^, 
of  an  ellipse,  having  S  and  8'  as  foci,  if  the  force  to  8  attracts,  and 
from  8"  repels. 

But  if  both  attract  or  both  repel,  the  body  will  either  oscillate  in 
the  straight  line  BOS',  or  will  be  driven  off  from  J^in  a  straight  line 
to  infinity. 

Also,  if  projected  from  any  point  in  the  line  joining  88*,  at  right 
angles  to  88",  with  the  velocity  from  infinity,  the  particle  will  describe 
a  hyperbola. 

Generally,  if  the  forces  at  8,  8'  are  not  of  eqnal  strength,  bnt  both 
attract,  or  both  repel,  a  particle,  placed  anywhere  on  the  circle  where 
the  forces  are  eqnal,  will  oscillate  in  the  finite  arc  of  a  hyperbola,  if 
both  forces  attract,  bnt  will  move  off  to  infinity  on  the  hyperbola,  if 
both  repel. 

Thns,  if  the  same  hyperbola  is  described  by  a  particle  under  an 
attraction  to  one  focns,  or  a  ropnlsion  from  the  other  focns,  the 
velocities  are  equal  where  the  forces  are  eqnal. 

Two  attracting  spheres  at  8,  8"  may  be  considered  as  the  centres  of 
force  at  8,  ff ;  bnt  if  one  force  is  repulsion,  it  may  be  supposed  that  a 
solid  homogeneous  sphere,  whose  centre  is  at  8,  has  had  excavated 
an  excentric  cavity,  with  centre  at  8^,  provided  the  strength  of  the 
repulsion  is  less  than  that  of  the  attraction. 

If  A  denotes  the  mass  (in  grammes)  of  the  solid  homogeneous 
sphere,  and  P  the  mass  excavated,  U  the  constant  of  gravitation,  r,  s 
the  distances  of  a  point  P  fix)m  8,  8^,  then  a  particle  projected  fromP 
in  the  direction  bisecting  the  angle  8P8\  with  appropriate  velocity, 
can  be  made  to  describe  a  hyperbola. 

By  bringing  8  and  8*  close  together  to  0  so  as  to  make  the  cavity 
only  slightly  excentric,  we  may  imitate  the  action  of  a  molecule  at  0, 
which  has  a  potential  partly  gravitational  and  partly  magnetic. 

If  the  potential  is  entirely  magnetic,  a  particle,  placed  anywhere  on 
OB,  will  oscillate  on  a  semicircle  BAB\  with  centre  0. 

We  proceed  now  to  investigate  the  stability  of  this  kind  of 
motion. 

2 1 .  Motioih  under  two  Newtonian  Centres  of  Force, 
Euler,  "Memoires  de  Berlin,"  1760; 
Lagrange,  "  Mccaniqno  Analytique,"  t.  ii..  Chap.  in. ; 
Legendre,  "  Fonctions  EUiptiques,"  t.  i.,  p.  411  ; 
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JiU^fhi,  **  lieeturen  on  Dynamic*,"  OetammdU  Werhe; 

KPmif^nYmr^er,  **  DiMertatio  de  moto  pnncti  Tersns^^dno^fiza  centra 
aUra4rti,''  BerfA'mi,  IfifrJ; 

C%j\ej,  **  Collected  Workis"  VoL  iii.,  ThU.  Mag.,  18o8j  Bri*.  J«oc. 
JUj^^i,  1 862 ; 

fiyUtrtUsr,  **  Antronoroical  Prolasions,"  PAtZ.  lfa<^.,  1866. 

We  begin  by  patting 

ar+iy  =  ccoeb  (^+i^), 

•o  that  X  ^  c  cosh  ^  cos  3,    y=^e  sinh  ^  sin  •& ; 

and  we  ane  d,  f  as  the  variable  coordinates ;  and  now  if  ^  is  constant 
and  d  varies,  the  particle  describes  an  ellipse  with  fixed  foci  8,  8'  at 
(:k  c,  0),  and  scmiaxes  c  cosh  ^,  c  sinh  ^,  and  excentrieity  sech  f ;  and 
i  is  the  excentric  angle  or  excentric  anomaly  of  the  particle. 

Conversely,  if  ^  is  constant,  and  0  varies,  the  particle  describes  a 
con  focal  hyperbola,  of  semiaxes  c  cos  ^,  c  sin  •&,  and  excentrieity  sec  ^ ; 
and  the  variable^  T^^Jt  ^  analogy,  be  called  the  hyperbolic  excentric 
anomaly. 

By  putting  d  =  n/  or  ^  ss  nt,  we  obtain  ellipses  and  hyperbolas 
described  under  a  central  force  to  the  origin,  varying  as  the  distances. 

Now,  using  «,  and  «,  to  denote  the  arcs  of  the  ellipse  and  confooal 
hyperbola,  wo  have 

^*i  -  5"^  ■\-ij':=^(f  (cosh«  ib  sin»  ^  +  sinh*  0  cos*  5) 
d^     Oy     dy  r         I 

=  0*  (cosh*  ^— cos' ^)  ; 

^'    3^'    9^"^ 

huH  tlio  Ha  1110  value,  namely  the  Jacobian 

j^  d  i^y  y) 

For  \v(«  mny  put 

.1-  -f-  iff  =  r,     a*— t*/  =  «',     0-f-t^  =  t(?,     ^  — t^  =  tr', 

MO  ( liat  r  —  r  oo«h  ir,     --  =  c  sinh  tr ; 

iiml  tlum,  by  tho  thoory  of  coujugaic  fuuctionR, 

,/  =  r'  sinh  w  aiuh  w'  =  c^sinh  (^4- 1-^)  sinh  (f  —  i^) 

=  ir'  (ci>8h  2^  -cosh  2t^)  =  ic*  (cosh  2^ - coe 2^) 
=  r'^((Vsh'^-coa'^). 
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22.  Now,  for  a  particle  of  unit  mass   (one  gramme),  the  kinetic 
energy  (in  ergs.)  is 

r=i(iVy)=i(i;+i;) 

=  y"  (cosh'<^-co8*^)(^'+^')  =  jr(4^'+ii*). 

Denoting  by  r  and  s  the  distances  (in  centimetres)  of  a  point  from 
the  foci  (dbc,  0),  then 

0-f  r  =  2ccosh9,     «— r  =  2ccos<^, 

I. 

or  r  =^  c  (cosh  ^  —  cos  ^),     »  =  c  (cosh  0  +  cos  <^)  ; 

and  now  denoting  by  A,  By  or  rather  by  Ac^JC,  Bc^/G  the  attracting 
masses  in  grammes,  or  by  -4c',  Be*  the  strength  of  the  Newtonian 
centres  of  force,  G  denoting  the  gravitation  constant  in  C.G.S.  units, 
then  the  gravitation  potential  (in  ergs.) 

17=  ^c»r-^-h^cV»  =  —ir^ r  +  —T^ R- 

cosh  0 —cos  -^      cosh  ^  -f  cos  ^ 

We  may  introduce  centres  of  force  at  0,  S,  5*,  attracting  as  the 
distance,  by  adding  terms  ar-f /3«  to  U;  and  we  may  suppose  the 
particle  projected  so  as  to  describe  a  tortuous  curve  in  space ;  but 
these  generalities  do  not  materially  alter  the  solution. 

With  o-hj8  =  0,  the  additional  field  of  force  is  a  uniform  field,  like 
that  due  to  gravity,  if  S8'  is  vertical. 

23.  The  Lagrangian  equations  of  motion  are  now 

dt  a^    3^    3^ ^^^' 

A  ^_?I  =  ^_?  (2). 

^t  3^     3^      3^ 

leading,  with  our  coordinates,  to 

(cosh' ^— cos' S)  •^  +  sin^cos^(^  —  ^')-fbinh^cosh^  2^^ 

_   3F  _  _         ^sin^                      J9sin^  .^ 

c«3^  (cosh  ^ -cos  ^)«      (cosh  ^-fcos^)' ^  ^' 


•     • 


i2         -2, 


(cosh' ^— cos' ^)  9 H- sin  ^ COS  ^  .23^— sinh  ^cosh^  (3  — ^  ) 
_3F     _  i4  8inh0  B  sinh  0 


_  ._   (4\ 

3^  (cosh^— cos  ^)'      (cosh  0  +  COS  •&)' 


^ 
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J  'eod.'f -«*«  :-;(--*+  f'j  =  — T-^^ ^  +  — r^^ i+fl; 

whfsre  n  IB  Max  arhAj-urj  sonsuxit ;  or 

r=  c^m? W, 

U»e  eqaatjon  of  eiteiigj. 

24.  To  obuus  EoIer^B  Bocond  ixit^grd  of  equations  (3)  and  (4),  we 

moltiplj  (3)  bj  sinb'^.c',  (4)  bj  eixr-r.f^  snbtrMst  mxid  integnte; 
and  then 

}  (oofili*f-eoe'^)(Bmh'f5'-Bii'c^^ 

=  J(|^BmbV^-^aii*^^)  +^=  r+E: (e), 

where  Kis^n  arbitiwj  eonstaai,  and  F  ia  a  tumedxm  sucb  that 
and  then  we  read! I j  find  that 

y -  OPS  ^  OQgh  ^  —  1  J.  008  ^  W>sb  #  •♦"  1  xyx 

oosh^— co«^  coshf+cos.? 

8o  that  F  =  J  cos  ASP-B  cos  AS'P, 

where  ASP,  AS'P  are  the  true  anomalies  of  the  point  P  from    the 
pei'ibelioo  A  about  S  and  the  aphelion  A  about  S'. 

25.  From  equations  (5)  and  (6),  we  find 

i  (cofeh*^-cofl«  ^)*  ^'  =  {Uc'^-^H)  sin'  ^  +F+^ 

=  {A-B)  cos  ^  -H  cos" ^  -\'H+K (8), 

i  (co8h>-co8*^/^'  =  (f^c-*+H)siDh'0-F-X 

=  (A-\-B)coship-\-HcoHh^f-U-JiL (9), 

HO  that,  by  division, 

tiiu    diiTcrciitial  equutioii   of  an    orbit,    an     equation   iu  -which   the 
viu  ijiljlt?H  lire  Hupuratttd. 


COS 
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Ealer  employs  new  variables  u  and  r,  which  will  be  found  to  be 

such  that  ^      , .  X     1-  1  ^ 

u  =  tan  J^,     V  =  tanh  |0, 

Euler's  p  and  q  being  c  cos  -^  and  c  cosh  ^. 

But  in  Legendre's  notation  {Fonctifins  Elliptiques,  t.  i.,  p.  412)  q 
and  p  are  used  to  denote  tan  ^^  and  tanh  \if>,  and  the  troe  anomalies 
ASP,  AS'P  from  perihelion  about  S  and  aphelion  about  <S'  are  given 

^^  tan  M'Sf-P  =  q/p,     tan  ^^S'P  =  pq. 

We  shall  eraplo^r  Legendre's  notation 

* 

q  =  tan  |^,    p  =  tanh  J^  ; 

.  d^  2  ^^  2 

and  now  =  ,^_       -f- =  z j; 

O^       l+g        dp       1— p' 

3  =  1^,    c»H,  =  |±^, 

so  that  equation  (10)  becomes  transformed  to 

or  ±  '^''-  =  ^ 

(Legendre,  i*".  £.,  1. 1.,  p.  413),  where 

p  =  (A+B)(i-p*)+n{i+py-in+Kxi-p'y, 
Q  =  iA-B){i-q*)-nii-^y-r(n+K)a+qy, 

or  P=(A  +  B){l-p*)+4Hp*-K(l-py, 

Q=(A-B)(l-q*)+iH^+K(l  +  q'y, 

so  that  onr  ff  and  K  are  the  20  and  C  of  Legendre. 

The  functions  P  and  Q  being  of  the  fourth  degree  in  p  and  q,  the 
differential  relation, 

rfpVP  =  dq'IQ  =  dfiS 

gives  p  and  ^  as  elliptic  functions  of  the  variable  parameter  B  ;  nnd 
by  the  elimination  of  R  'we  obtain  the  equations  of  an  orbit  as  a 
relation  between  p  and  q,  and  thence  between  d  and  ^. 
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26.  To  obtain  the  time  t  in  the  orbit,  we  hftTe,  from  eqnAtions  (8) 
and  (9), 

<i^ \d^  _    ^df 


{A-k-Bjooshf-hHooah^f-H—K 
=  dB^f  sappose ; 
di  =  f  cosh*  ^—008*  b)  dB  =  (sinh*  ^  +  sin'  b)  dR ; 

^  ,  f    V      ^P    .  f    V     _^ 

asfloming  that  dq/dt  is  positive  at  the  start,  or  that  the  exoentric 
anomaly  ^  is  increasing. 

27.  Legendre  devotes  125  more  pages  to  the  discnsssion  and 
r.lassification  of  the  different  cases  of  the  orbits  which  may  arise. 

Let  ns  begin  by  considering  the  stability  of  an  elliptic  orbit  abont 
two  centres  of  force  in  the  foci,  both  attracting. 

Considered  as  moving  in  the  ellipse  with  velocities  v  and  v'  nnder 
the  centres  of  force  taken  singly ;  then 


A&_Al 

r         2a 


1    •  .^   ^C/  J\C 


•        ^         ,         2a' 

and  therefore  in  the  orbit  nnder  the  forces  combined,  we  have  the 
velocity  V  given  by 

IF*  =  i  {y'^v'^)  =  ic» (cosh* ^-008*3) (3* +  9') 

Ac"  ^Br?      A^B   . 
r  «  2a 

80  that  ZJ  =  —  (ii  +  i?)  c/2a  =  -  4  {A-^-B)  sech  /3, 

if  a  •=  c  cosh  fi 

iM  the  Keiiii-major  axin  of  the  elliptic  orbit. 
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Also  df/dt  =  0  when  ^  =  j3,  so  that 

(A-^-B)  co8h/J+JTco8h'j3-J3"-E'=0, 
OP  H-^K  =2  l(A+B)  cosh  fi; 

and  now 

I  (cosh« 0 —cos* J^)« ^*  =  - |(il  +  B) (cosb ^ - cosb j8)» seeb /J  ; 

and  the  negative  sign  shows  that  this  elliptic  orbit  is  stable,  the  only 

real  solation  being 

^  =  /3,     ^  =  0. 
At  the  same  time 

i  (co8b>~cos»  ^yh^  =(A-'B)  cos*  ^-fl"  cos*  ^-^H-^K 

=  I A  (cosh  ft  +  cos  ^y  sech  ft  +  ^B  (cosh  /3 — cos  3)'  sech  /3 ; 
or,  with  ^  =  /3, 

d^  _       A  sech  /3  J9secbjg 

dl*       (cosh /3— cos  ^)*      (cosb /3  + cos  ^)*' 

(f^ cosh/3 


(Z^*      ^  (cosh  /3 -cos  ^)  -*+i3f  (co«h  /3  +  C08  ^)-*' 

1-fg*  1+9* 

cosh  9  =  ^,,     cosb/3  =  j^,, 

we  find  this  changes  to 

^^icA±JL       (^>"4-^)'(l-}-&V)* 
rfg*  (1-6*/  ^(l-f6*g*)*-fJ5,(6*+9*)*' 

which,  on  patting  a?  =  := — r^,  becomes 

^  =  4(1+^  g'(^-6') 

rfz*  1-fc*      (l-6»«)t.l  +  i^«*/ 


dz         ^         ^Vl-fc*  y[(z-6*)(l-6*2)(^  +  -Bi5*)}' 
giving  ^  as  an  elliptic  integral  of  the  second  kind. 

28.  We  notice  that  the  condition  that  tlie  elliptic  orbit  ^  =  /3  is 
described,    is  expressed   by   the   appearance  of  the   squared    factor 
(cosh  <j>  -  cosh  py  in  the  expression  of  {d^jdty ;  and  this  condition  ia 
VOL.  XXII.  —  NO.   417.  u 
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of  urirversol  application,  even  when  only  a  portion  of  the  ellipse  is 
described  ;  and  when  a  hyperbola  or  a  portion  of  a  hyperbola  is 
described,  tlie  corresponding  condition  will  be  expressed  by  the 
pi-esence  of  tlie  squared  factor  (cos  ■^— cos  a)'  in  (d^/dt)*  for  the 
hyperbola  ^  =  o. 

29.  Suppose  the-centre  of  force  at  S*  becomes  repulsive,  we  change 
the  sign  of  B,  afid  now 

I  (coRh*^-cos*^)«^  =:  (^+B)coR^  — JT  cos*^  +S-\-K, 

i  (cosh*  ^-co8»  By  ^'  =:(A'-B)  cosh  ^  + JTcosh*  i^-H-K; 

and  if  the  ellipse  ^  =  /3,  or  a  portion  of  it,  is  described,  then 

(cosh*  0 — cos'  By<fi  =  —  (  4 — J5)  (cooh  /3 — cosh  ^)'  sech  /5, 
since  JT=--^(^—  2?)  Fcch  /3, 

H-^K^      i(A-B)QOBhl5; 

and  (oosh*  '(>  —cos'  -&)'  B 

=  A  (cosh  fi + cos  By  sech  /3 — J5  (cosh  /3 — cos  By  sech  /3. 

Now  dBjdt  =  0,  and  the  velocity  is  therefore  zero,  where  B  =  a,  so 
that 

A  (cosh/3+coso)'— JP(co8h/3— cosa)'=  0, 

or  Ar'^  =  B8-\ 

that  is,  where  the  forces  are  equal,  as  we  have  already  proved. 

We  shall  find  it  convenient  to  represent  the  equal  values  of  these 
forces  at  the  point  (a,  /9)  where  the  particle  is  placed  at  rest,  and  then 
allowed  to  move  under  the  attractions,  by  Mc'^y  so  that 

A  =  M  (cosh  /3— cos  a)', 

B  :=  M  (cosh  )8+ cos  o)' ; 
and  now 

i  (i4-f  B)  =  M(cosh^/?  +  co8»a), 

J  {A-B)  =  - 23f  cos  a  cosh /?  ; 

/f  =      ilfcosa, 
H-^  K  =  —M  cos  a  cosh  />, 

7i  =  —  3/cgs  CI  (cosh''  /5  -f- 1 ) ; 
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and 

I  (cosIl*^— cos'^)'^'  =  2if  cosa  (cosh /3— cosh  ^)', 

I  (cosh*  ^— cos'  ^y  3*  =  2M  (cos  ^-  cos o) (cosh*  /3— cos  a  cos  ^)  ; 

so  that 

:fc  dip  ^ v/(cos  g)  d^ 

cosh />— cosh  0       y[(cos^— cosa)(cosh'/3— cosacofl^)} 

is  the  difEerential  equation  of  the  orbit ;  bnt,  unless  cos  o  is  positive, 
the  only  solution  is  ^  =  /3. 

30.  If  B  is  greater  than  A^  the  particle  P  oscillates  on  the  smaller 
half  of  the  ellipse,  and  now  the  positive  sign  in  the  equation 

*  2 

^  (cosh*  ^  -  cos'  ^)  ^  =  ^  (B—A)  (cosh  fi — cosh  9)'  sech  j3, 

shows  that  this  orbit  is  unstable. 

In  this  case  cos  a  is  positive;  and  now,  putting 

l_g«  i_a' 

eosh^=l±j\    cosh/3=l±|, 
we  obtain 

±dp yCl  —  a*)  dq 

6'-i>*"  v/[(a'-g'){a'-|-26*+a'6'  +  (l  +  2aV+6*)2'}]' 
Putting  q='  a  cos  x»  we  find  that 


^-p*      Vl  +  o»  1  +  6'     -/(l-f'aia'x)' 


=1= 


,tanh*»  cos'ia      t^^-i_2_ 

or  a       ,_,-tL=— f——c/ en     -*-, 

coth      I        /(cosh/^)  a' 

where  «.=    1±22^±^,. 

(l  +  a')(l  +  t'/ 

The  upper  sign  gives  the  difitarbed  orbit  tending  toTrards  tbe  centre 
of  the  system  ;  and  then 

Idtanh-'^-^     """'*"     den-' -3-, 
b  b        v/(co8h)8)  a 

or  tanb-'-g-=      "1^ -cn-' ^L+g, 

o       2  v/«:osb  /j  o 

u2 
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M  the  equation  of  the  disturbed  orbit,  in  which  q  therefore  oscillates 
between  ±  a,  or  ^  between  ±  a. 

Similarly,  in  the  oater  disturbed  orbit,  reaching  to  infinity, 

coth-»^= ^^ en-' -2-+ a 

b       2v^(co8h/3)  a^ 

With  B  less  than  A,  the  paiticle  P  oscillates  on  the  larger  half  of 
the  ellipse,  and  the  negative  sign  in 

I  (cosh*  ^-cos*  ^)V'  =  -I  (^— B)(coBh/3— cosh^)*  sech/S 

shows  that  the  orbit  is  stable. 

Now,  the  only  solution  is  ^  =  /3  ;  and  then 

2^Mt=  {—, coBh'/3-coH'^ ^^ 

J   \/[(cos^— co8a)(co8h'/3— cosacos^)] 

which  gives  •&  as  an  elliptic  fonction  of  ty  by  elliptic  integ^ls  of  the 
first  and  second  kind. 

When  ^  =  B,  the  particle,  if  placed  anywhere  at  rest  on  the  con- 
jugate axifl,  will  proceed  to  oscillate  in  the  confocal  ellipse ;  and  now 

cos  0  =  0,     J3"=0,     JK"=0,     9=0,     0=/3; 

J                              o    /ij-i      f  cosh'/3— cos*^  jcv 
and  2  ^Mt=  I  rr- — r d^. 

J       y  (cos  ^) 

31.  Generally,  when  JET  =  0,  the  velocity  is  that  due  to  a  fall  from 
infinity ;  and  now,  with  two  attracting  centres 

i  (cosh''  *  -  cos*  ^)  a'  =  (.1  -  B)  C08  ^  +  K, 

^  (cosh*  9 —cos*  5)  9*  =s  (^  +  B)  cosh  ^ — X" ; 

and  changing  the  sign  of  B  changes  the  corresponding  centre  of  force 
to  one  of  repulsion. 

The  difEerential  equation  of  the  orbit  is  now 

(?g| 

(1-^)  {A^B-K-\-(A^B  +  K)p'] 

=  V 

(i-\-q'){A''B  +  K'-(A-B-K)q']' 

Suppose,  in  addition,  that  A  =  B ;  then 

ihf      _  Kdp^ 


O-hfy       ^l  -ir)]2A  - K-^i'lA-^ K) ir->^  ' 
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BO  that  tan" ^9  is  an  elliptic  integral  of  p,  the  form  of  the  integral 
depending  on  the  constaat  K;  and  simplifications  occnr  when 

32.  Snppose,  for  instance,  that  the  orbit  cuts  the  line  SS'  beyond 
S  or  ST  at  right  angles ;  then  ^  =  0,  when  ^  =  /3,  and  ^  =  0 ;  and 

then  K  =  2A  cosh  fi ; 

but,  as   this  condition  is  independent  of  the  valae  of  •&,  it  merely 
expresses  the  fact  that  the  orbit  touches  the  ellipse  ^  =  i3. 

Then  ^^      = cosh  ft  dp^ 

(l  +  g»)«      (l-p*)(2cosh>  i/jy-2  8inh»  i/i)' 

d  tan"*  q:s:  i\  d  (dn'^p), 
or  p  =  dnX(^— a), 

or  tanhi^  =  dnX  (^— a)  ; 

and  Xa  =  B",   if   ^  =  0  when  3  =  0,   ^  =  /3 ;   also 

K  =  tanh  jtft,     K  =  seoh  ^/3. 

If  the  orbit,  instead  of  reaching  to  infinity,  touches  the  ellipse  ^  =  y  > 
then  we  shall  find,  for  the  orbit, 

tanh  i^  =  tanh  iy  dn  X  ('^— a), 
with  K  =  tanh  i-/3/tanh  ^-y. 

Generally,  if  ^  lies  between  ft  and  y,  so  that  y  >0>/3,  and  ^  =  0 
when  0  =  /3 ;  and  when  0  =  y,  then  H  is  negative,  and 

^  (cosh*  ^— cos' 3)'^  =  —  JET  (cosh  y— cosh  ^)  (cosh  ^— cosh /J), 

and  then  -4  -f-  B  =  —  JJ  (cosh  ft  4-  cosh  y ), 

JT+ i^  =— H^  cosh /3  cosh  y  ; 

i  (cosh'  ^— cos'  3)'  y  =  2^  cos  3- fl"  (cosh  /3— cos  3) (cos  y — cos  3), 

so  that  an  additional  condition  connecting  A  and  H  is  required  in  the 
general  case. 

If  this  condition   is  ^  =  0  when  3  =  0,  we  obtain  the  preceding 
result. 
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33.  For  a  hyperbolic  orbit,   ^  =  a,  described   continually  in  the 
same  direction,  taking  A  as  attracting  and  B  as  repelling, 


w  = 

A<? 
r 

A^ 
2  cos  a 

!«''  = 

r 

+  ^'^  ■ 

2  cos  a ' 

so  that,  with 

F'  = 

*'+e^ 

J  (cosh' 0— cos' 

^K^+9) 

A 

B 

—       ,  ^  ,  ^+t(il  +  B)Beca; 

cosh  ^  —  cos  '7      cosh  ^ + cos  -^ 

so  that  JU  =  i  (2I  +  jB)  sec  o. 

Also,  from  the  condition  that  •&  =  0  when  •&  =  a, 

0=  (^  +  B)cosa--.J3'co8*a+J3'+JK'; 
so  that,  now, 

i  (cosh'  ^-  cos'  ^)  ^'  =  —  J  (^  +  B)  (cos  ^-  cos  a)»  sec  a, 

as  we  might  have  inferred  directly ;  and  the  negative  sign  shows  that 
this  hyperbolic  orbit,  described  with  continuous  motion,  is  stable. 

34.  When  a  finite  portion  of  a  hyperbolic  orbit  ^  =  a  is  described 
under  two  attractive  forces,  we  have 

Hco8h'^-cos'^)«d'=  (^-B)co8^-flcos'5+fl'+JS' 

=  —  ^  (-4  —  B)  (cos  ^— cos  a)'  sec  a  ; 

and  now,  with  cos  o  positive,  we  have  B  greater  than  -4,  since  the 
attractive  forces  are  equal  at  the  point  ^  =  o,  0  =  )8,  where  the 
particle  P  is  instantaneously  at  rest ;  and  then  with 

A  =^  M  (cosh  /3  —  cos  a)', 
J5  =  3f  (co8h/3  +  cosa)', 

h{A-B)  =  -  21f  cos  a  cosh  /3, 

*  2 
we  have      \  (cosh'  0— cos"  ^)  ^  =^  3/ cosh  j8  (cos  ■^—cos  a)^, 

t 

80  that  this  finite  orbit  is  unstable. 
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With  the  above  valaes  of  H  and  JST^  viz., 

fl"  =  I  (A-B)  sec  a,     Zr+ ^  =  -  A  (2I  - B)  cos  a, 

I  (cosh'  ^  -cos'  ^y  i'  =  (^  +  B)  cosh  ^  +•  ff  cosh'  ^  -  jff—  K 

=  2-4  cosh  <t>'\-^  (A —B)  (cosh  ^ —cos  a)'  soc  a 

=  23f  (cosh  /3 — cosh  0)  (cosh  fl  cosh  0 — cos'  a) ; 

and  now  a  calculation,  similar  to  that  already  given,,  will  lead  to 
the  relation  connecting  q  =  tan  |d,  and  an  elliptic  function  of 
p  =  tanh  J0. 

35.  If,  with  id  =  J?,  the  particle  is  projected  fi*om  any  point  between 
S  and  8'  perpendicularly  to  S8\  or  normally  to  any  ellipse- given  by 
0  =  /3,  with  velocity  from  infinity,  then  ^  =  0,  when  ^  =  o ;  so  thai 
iL  =  0 ;  and  then  d^  =  0  always,  and  the  particle  will  proceed  to 
describe  the  hyperbola  5^  =  a  ;  and  then  *" 

o  /A  i  —  fcosh'^  — cos'g  j^ 
J      y(co8h  ^) 

an  elliptic  integral  of  the  second  kind. 

36.  When,  under  a  repulsion  from  both  centres  of  force,  the 
particle  P,  placed  at  the  point  where  the  forces  of  repu^iion  are 
equal,  is  driven  off  on  the  infinito  arc  of  the  hyperbola  :^  =:  a , 
starting  from  ^  =  /3,  then 

^  (cosh' ^- cos' ^)»^  =  (I?-^)co8:^-J2'co3':^+H+X 

=  — I  (2?— -4)  (cos  J&— cos  a)* see  a, 

and  this  infinite  hyperbolic  orbit  is  therefore  stable,  since  B  is  greater 
than  A,  if  cos  a  is  positive. 

In  the  complicated  discussion  of  the  different  cases  that  arise  in 
the  general  orbit,  the  classification  is  thus  simplified  by  grouping  the 
different  kinds  of  orbits  round  these  portions  of  elliptic  and  hyper- 
bolic orbits,  each  as  a  central  particular  case. 

37.  Cartesian  ovals  are  given  by  the  relations 

Zr+tjw  =  constant, 

or  L  cos  ^  +  If  cosh  ^  =  constant ; 

and  the  forces  requisite  to  make  a  particle  move  in  a  Cartesian  oval 
can  be  investigated  in  this  manner.     (Sylvester,  Phil,  Mag,,  1866.) 
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38.  When  the  foci  8,  S'  are  brought  close  together,  the  potential 
of  A  and  B,  if  of  opposite  signs,  will  be  partly  gravitational  and 
partly  magnetic,  and  the  potential  may  therefore  be  written 

IT  = /ir"  * -f- »'r"' cos  ^, 

if  r,  ^  are  the  polar  coordinates  of  P. 

The  original  elliptic  coordinates  f,  ^  now  degenerate,  so  that 

x+ty  =  c  exp  (^-f  t.^), 
and  ^  thns  becomes  the  vectorial  angle  of  polar  coordinates,  while 

r  =  ce*. 
Writing  u  for  1/r,  then 

and  the  equations  of  motion,  in  polar  coordinates,  are 

cPu        _.  JP T_  A* 

d^  _  T^  dlogh  _   T_ 

d^        «»'    ^        d^     "^fcV' 

80  that  ^  +u  =  ^  -^^g-^  ^, 

and,  since  P  =  —  —  =  u^-r—  =  /itt*+2i^*cos3^, 

or  du 

therefore  onr  equations  of  motion  are 

d%        u    .  2vii       f.  .    V    du  .    p. 
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From  these  equations  we  find 

USJ"       I  db       d^    Us*        / 
=  (^+2v«co8&+.sin&g)g-Ksmd(g+«') 

=  /i  — -  +2vii  -—  cos  :^—  vu^  sm  ^ 
d^  d^ 

d  /       ,      2        r.\       dU 
SO  that,  integrating, 

^^'  (i  +«')  =  ^+^' 

the  equation  of  energy  ;  and 


Therefore  ^'  +  u'  =     ^"^^     , 

d^  (7+rcosd 


or 


rftt»  d^ 


a  differential  equation,  in  which  the  variables  are  separated. 

Pnt  -;= =  IT,      rr —  =  «  , 


then 


d^  1  dS' 


so  that 


0-fvcos^       0+v  l-ic'sin^i^' 

l-ic*sin|^       H+fAu-Cu* 
_        Pdu^ 

on  putting  2G/fA  =  l,     and    4Cfly/i*  =  e»-l. 

Integrating,  cos  ^ =       Xi     ^^  •  a  i  ax 

=  2v^(l-^ic')i?»(P,r), 
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or  -=l  +  eco8{2y(l-iK*)2!'(i5,  c)}, 

tke  'equation  of  the  orbit,  reducing,  when  v  =  0  and  k  =  0,  to  tlie 
ordinary  elliptic  orbit  . 

r 

This  would  be  the  Earth's  orbit,  if  we  suppose  the  Sun^s  potential 
is  partly  magnetic,  or  if  the  Sun's  strata,  while  still  spherical,  were 
in  parts  arranged  slightly  ezoentrically. 

39.  When  the  potential  is  entirely  magnetic,  fi  =  0  ;  and 

P  =  2va»  cos  3,     T  =  —  vu^vLn  S. 
Snppose  the  initial  conditions  such  that  0  ss  0  ;  then 

\V  =  V  cos  ^, 
so  that  d^Jdt  =  0  when  ^  =±^jr. 

Now  _+«  =  ___  _=«  +  itau^^, 

5^/5^  =  ^*'^*' 

ai^d,  integrating,  -r^  =  2I  sec  ^. 

^'*''        ^  =  rf^i ;??  =  * « d^i = *  di^= ^"^ 

so  that  drjdt  is  constant,  and  the  particle  approaches  or  recedes  from 
the  centre  0  at  a  constant  rate. 

The  equation  of  the  orbit  is  given  by 

ait  =  I  -/(sec  ^)  d^, 

where    •  a=^l/^Ay 

60  that  au  is  connected  with  ^  by  elliptic  functions. 
In  the  particular  case  where  -4  =  0,  we  can  put 

u  =  constant,     or     aw  =  1 ; 
and  now  the  particle  oscillates  on  the  semicircle  from  ^tt  to  —  |t,  and 

nt=^\  yCseo  ^)  d^, 

on  putting  n^  =  2y/a*, 
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40.  Generally  in  an  orbit  in  which  the  radial  velocity  dr/dt  is 
constant,  and  equal  to  V  suppose,  then 

du/dt  =  -  Vu\ 

while  d^/dt  =  h, 

so  that .  h  du/d^  =  —  F ; 

and,  differentiating  logarithmically, 

d  logr  h ^u  idu 

d  log  h  du  _  _^  d^ 
^^  ~d3~(i^'"      d^' 

80  that  P  =  ^'u'  in  the  orbit. 

41.  By  placing  SS'  vertical,  and  supposing  S^  to  recede  vertically 
downwards  to  an  infinite  depth,  while  the  strength  B  is  proportion* 
ately  increased,  we  obtain  a  field  of  force,  partly  dne  to  gravity,  and 
partly  to  an  attracting  centre  at  8, 

For  example,  a  particle  placed  on  the  horizontal  line  throngh  iS,  at 
a  distance  such  that  gravity  and  the  attraction  of  8  are  equal,  will, 
when  let  go,  oscillate  on  the  arc  of  a  parabola,  with  concavity  up- 
wards, from  one  end  of  the  latus  rectum  to  the  other,  the  forces  being 
at  S. 

Denoting  this  latus  rectum  by  4a,  the  strength  of  the  attracting 
centre  at  /S>  will  be  4^a' ;  and  now,  at  distance  r  from  the  focus,  the 
velocity  will  be 

-^— 4gfa-2^rj, 


^( 


the  square  root  of  the  difference  of  the  squares  of  the  velocities  in  the 
free  paths. 

Such  a  state  of  motion  might,  perhaps,  be  carried  out  experimentally 
by  drops  of  water  liberated  in  the  neighbourhood  of  an  electrified 
sphere. 

42.  In  the  general  investigation  of  the  motion  of  a  particle  in  this 
field  of  force,  we  must  replace  the  relation 

x+iy  =:  c  cosh  (0 +i^) 
by  the  new  relation        x-^-iy  =  J<5  (f  +  i^y ; 
and  then  x  =  Ic  (0*  — ^'),     y  =  ef^  ; 


*  (*»+y)(^'^'-S*^')  =  iA^i^^-BS'i^'+K^  Af-BJ^+K. 
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and  r  =  ^Qe'+y')  =  ^c  (^'+3'), 

80  that  r+iB  =  ef*,    r—x  =  c^, 

representing  confocal  parabolas  for  constant  values  of  f  and  '&. 

Now  T  =  i  (x+y)  =  c*  (0'+S*)(|^  +  4^*) ; 

and,  with  a  gravitation  potential, 

Lagrange's  eqaations  of  motion  have  two  first  imtegrttls,  namely, 

or  i  (♦'+y)(^  +  9')  =  ^^  +B  (^»-y)  +J. 

the  equation  of  energy  ;  and  the  second  integral  is 

Therefore        J  (^•+y)«^*  =  i^-X+JTf^'+B^*, 

the  differential  eqtiation  of  the  orbit  of  the  particle,  in  which  the 
variables  are  separated ;  obtainable  independently  as  a  limiting  case  of 
the  preceding  results  for  confocal  ellipses  and  hyperbolas,  by  re- 
placing sin  ^  and  sinh  ^  by  d  and  0. 

43.  Suppose  the  parabola  ^  =  /3,  or  a  portion  of  it,  is  described  by 
the  particle ;  then 

and  the  positive  sign  shows  that  the  motion  is  unstable ;  also 

80  that  A  (i>'+^y  ^' = ^-B  (^-^(Py. 

If  the  particle  oscillates  on  the  arc  of  the  parabola  limited  by  ^  =  a 
then  il/(aH/J')'  =  i5, 

jiiijid  the  forces  are  equal  where  the  velocity  is  zero. 


1888J  Mr.  A.  G.  Greenhill  on  Stability  of  Orbittf,  301 

Now  Uf-^yy^'-B  {(tt«+/3«)-(^'+/3«)j 

so  that  4^  = — . 

or  -—  -E-  =  — __  cn^ h  constant, 

with  modulns  a/v/(2a*  +  2/3*),  the  equation  of  the  dutarbed  orbiL 
In  the  undisturbed  orbit  ^  =  /5, 


^       v/{(a'-^')(a*  +  2/3=  +  ^»)]' 

SO  that  t  is  given  as  a  function  of  ^  by  eUiptic  integrals  of  the  first 
and  second  kind. 

44.  When  repelled  from  S,  we  change  the  sign  of  A^  and  write 


when  the  parabola  .^  =  a  is  described,  the  negative  sign  showing  that 
this  parabolic  orbit  is  stable. 

Then  i  (^H^')'^'  =  B  (a^^^')'-^  ; 

and  if  ^  =  0  when  0  =  /5,  so  that  A  =  B  (o*+/3')*, 

and  the  forces  are  equal,  then 

SO  that  ^  extends  from  /3  to  infinity,  and  the  unlimited  part  of  the 
parabola  :^  =  u  is  described,  the  motion  being  stable  ;  the  time  ^,  as 
before,  being  given  by  elliptic  integrals  of  tj>,  of  the  first  and  second 
kind. 

45.   Motion  on  Dipolar  Circles, 

fl 

The  polar  reciprocals  of  these  ellipses  and  hyperbolas,  with  respect 
to  a  focus  S  or  iS',  are  the  non-intersecting  dipolar  circles,  given  by 
f?  =  a  constant    in  the  equation 

jc-f  ly  =  V  tanh  i  (r  +  t«), 
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an  eqaation  which,  when  u  =  a  constant,  represents  circles  passing 
throagh  the  poles  8  and  8' ;  and  these  two  systems  of  dipolar  circles 
represent  parallels  and  meridians  on  the  stereographic  projection,  with 
S,  8'  as  poles. 

The  Newtonian  expression  for  the  force  to  a  point  C,  under  which  a 
circle  APA'  can  ho  described,  is 

F  =  2h^ .  AA'^ .  GF'\  PV'\ 

where  PFis  the  chord  of  the  circle  through  (7.  (Prinoipia,  Section  II., 
Prop.  VII.,  Part  II.) 

Professor  Sylvester  has  shown  ("  ABtronomica!  Prolusions,"  Phil, 
Mag,,  Vol.  xxxi.,  1866),  that  this  force  can  always  be  resolyed  into 
two  forces,  tending  to  8  and  8\  and  varying  inversely  as  the  fifth 
power  of  the  distances  from  8  and  8^;  while  the  circles  passing 
throagh  8  and  8\  given  by  u  =  constant,  can  be  described  under 
tbese  forces,  acting  separately  or  conjointly. 

Professor  Sylvester  also  shows  that  this  cirqi^lai;  motion  can  take 
place  under  the  attraction  of  a  circular  disc,  bounded  by  one  of  the 
circles  «  =  constant,  the  particles  of  the  disc  attracting  with  intensity 
varying  inversely  as  the  fifth  power  of  the  distance. 

46.  With  x-^iy  =  c  tanh  ^  (v-h  w), 

n   J                              sinh  V  sin  « 

we  nnd  aj  =  c  — ; ,      y  =  c 


cosh  V + cos  u  cosh  ©  -f  cos  t*' 

while  T  =  i(a;  +y  )  =  |c*  (cosh t;-|- cos u)"^(«  +i;). 

Deaotii:^,  as  before,  8P  and  8'P  by  r  and  ^,  we  find 


cosh  V  -f  cos  tt  cosh  v + cos  « ' 

and  supposing  the  strength  of  the  attracting  centres  at  8  and  /S*, 
varying  inversely  as  the  fifth  powers  of  the  distance,  to  bo  44 c*  and 
4Bc^  the  potential  of  their  combined  attraction 

U=  JcV-^-fJ?c''5-*  =  y  (^e-'  +  Se-^OCcosh  v  +  cos  w)*; 
so  that  the  equation  of  energ}',  which  we  may  write 

becomes 

\  ((•oRbv-fcosM)-^^  +0  =  i  (^6^^  + Be-'") (cosh  r  +  cosM)*4-ir. 
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47.  We  may  form  the  LRgrangian  eqaations  of  motion ;  bat  it  is 
not  possible  now  to  obtain  a  second  integral,  in  the  form  of  Enler's 
second  integral  (7)  for  motion  under  two  Newtonian  oentres  of  force, 
nor  is  it  possible  to  obtain  a  differential  equation  of  the  orbit  with 
the  variables  separated,  in  the  general  case. 

For,  if  this  were  possible,  we  sboold  obtain  two  equations  of  the 

form  .  J 

^  (cosh  17  -h  cos  «)  '  *  M  =  Jn' + Fu, 

I  (cosh  r+cos  tt)-*i'  =  J  (^e^+Be-*')  -Jn'  +  Gv  ; 
and  now  the  equation  of  energy  requires  that 

(cosh  V  +  cos  uy  (Fte+  Gv) 
should  be  constant,  a  condition  which  cannot  be  satisfied. 

48.  By  the  application  of  the  method  of  inversion,  Mr.  Larmoar 
shows  ("  Least  Action,"  Proc.  Lond.  Math.  Soc,  Vol.  xv.,  1884, 
p.  162)  that,  with  fl"  =  0,  we  can  satisfy  the  equation  by  putting 

^  (cosh  »+ 006  tt)"*»  =  •in^ 

i  (cosh  V  -h  cos  m)  -*  i'  =  J  {Ae^  +  Be"*')  -  Jn^ 

so  that  n  ^,  =  J  (^e»'-2nH  Be-*-), 

and  the  determination  of  the  orbit  is  reduced  to  a  quadratore,  the 
variables  being  now  separated. 

49.  In  general,  whenever  we  can  put 

x-^-iy  =  f  (tt-hit?), 

so  that  u  and  v  are  conjugate  functions  of  x  and  y^  and  whenever  we 
can  obtain  the  equation  of  energy  in  the  form 

.  {J  ( 3C    III 

where  J  denotes  the  Jacobian         '  ^\  and  Fu,  Gv  are  certain  f unc- 

d  (tt,  v) 

tions  of  u  and  r,  then  a  possible  state  of  motion  is  obtained  by  putting 

so  that  ^'=.?^.?, 

dv'       Gv-D 
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tlie  differential  equation  of  tlie  orbit,  in  whioli  the  variables  are 
separated. 

As  a  particular  case,  we  can  bave  Fu  and  Ov  constant,  and  tben 
du/dv  is  constant,  and  tbe  orbit  is  an  oblique  trajectory  of  the  curves 
u  and  V,  equated  to  a  constant. 

50.  When  n«  =  y/(AB), 

80  that  we  can  have  the  circular  orbit  in  which 

t;  =  i;,  =  J  log  JBM,     or    8'P/8P  =  i/(B/A), 

the  orbit  discussed  by  Prof.  Sylvester. 

In  this  circular  orbit,  the  resultant  of  the  attractions  4A<fr^^  and 
4BA"',  tending  to  8  and  S',  will  cut  Ox  in  a  point  0,  where 

and  Prof.  Sylvester  points  out  that  the  point  P,  moving  in  this  circle 
APA'  under  a  force  to  0,  will  follow  a  point  Q  moving  like  a  planet 
in  an  ellipse  on  AOA*  as  major  axis  about  a  focus  at  C,  so  that  PQ 
is  always  perpendicular  to  AA\  and  Prof.  Sylvester  then  calls  P  the 
excentric  follower  of  Q. 

51.  But  the  positive  sign  in  the  equation 

shows  that  this  circular  orbit  is  unstable,  and  that  the  orbit  is 
ultimately  given  by 

r       f^^^dv        =     /(2   )tanh-^^-, 
or  .  /  ( -^, )  colh "  *  — , 


w 


hile  nt 


=1 


du 


(cosh  t;-fco8  w)* ' 


so  that  in  the  unstfible  circular  orbit,  given  by  v  =  t'o,  «  and  nt  are 
connected  together  by  the  same  relation  as  that  between  true  and 
TTiean  anomaly  in  an  elliptic  orbit,  of  exccntiicity  poch  r^. 

With  A  and  B  of  oppo^itr  sii^n,  fliis  circnlar  orbit  would  be  stable. 
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52.  In  the  circular  orbits  passing  througb   8  and    ff,    we  take 
u  =  constant,  u  =  0,  and  then  H  =  0,  and 

V  ^KAe^+Be-^") (cosh  v-\- cos  u)\ 


t 


=1 


(cosh  r-h  cos  uy  y(ile*'+ JJe"**)  * 

guying  ^  as  a  function  of  v^  and  reducing  to  well  known  results,  when 

-4  =  0,     or    JB  =  0. 

53.  As  in  the  confocal  elliptic  and  hyperbolic  orbits,  we  can  also 
have  circles  described  under  appropriate  forces,  with 

•^  =  n^y     or    ^  =  n^. 


May  Uth,  1891. 
Prof.  GEEENIIILL,  P.R.S.,  President,  in  the  Chair. 

Mr.  H.  R.  NorriB,  B.A.  Camb.,  M.A.,  B.Sc.  London,  late  Scholar  of 
Sfc.  John's  College,  Cambridge,  was  elected  a  member;  and  Mr.  G.  H. 
Bryan  was  admitted  into  the  Society.  Prof.  G.  W.  Jones,  of  Cornell 
University,  Ithaca,  New  York,  was  present  as  a  visitor. 

The  following  communications  were  made: — 

Relations  between  the  Divisors  of  the  First  n  Numbers :   Dr. 

Glaisher. 
Wave  Motion  in  a  Heterogeneous  Heavy  Liquid  :  Mr.  A.  E.  H. 

Love. 
Disturbance  produced  by  an  Element  of  a  Plane  Wave  of  Sound 

or  Light :  Mr.  A.  B.  BaHset. 
On    Functions  determined    fro/p   their    Discontinnities   and  a 

certain  Form  of  Boundary  Condition :  Prcf.  W.  Bumside. 
On  a  certain  Riemann*s  Snrface  :  Prof.  W.  Bumside. 

Messrs.  Macmahon,  Larmor,  Bryan,  and  the  President  took  part 
in  discnssions  on  the  papers. 
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The  following  presents  were  received  : — 

'•The  Great  Trigonometrical  Survey  of  India,"  Vols,  xi.,  xii.,  xiii.,  4to;  Dehra 
Dun,  1890. 

"  Proceedings  of  the  Royal  Society,"  Vol.  xlix..  No.  298. 

**  Journal  of  the  Institute  o£  Actuaries,"  Vol.  xxix.,  Part  ii.,  April,  1891. 

"Memoirs  and  Proceedings  of  the  Manchester  Literary  and  Philosophical 
Society,"  Vol.  nr..  No.  3,  1890-1. 

**  Mathematical  Questions,  with  their  Solutions,  from  the  <  Educational  Tinlefl;* " 
Vol.  LIV. 

<*  Educational  Times,"  for  May. 

"  Annals  of  Mathematics,"  Vol.  v..  No.  6  ;  Feb.,  1891,  Virginia. 

"  Bulletin  des  Sciences  Mathdmatiques,"  Index  to  VoL  xiv.,  Tome  xt..  Mars, 
1891. 

**  Bulletin  de  la  Soci4t6  Math^matique  de  France,"  Tome  xix..  No.  3  ;  Paris,  1 89 1 . 

'*  Rendiconti  del  Ciroolo  Matematico  di  Palermo,"  Tomo  v.,  Fasc.  iii. ;  Estratto 
— Sophie  de  Kowalevski. 

**  Beiblatter  zu  den  Annalon  der  Physik  und  Chcmie,"  Band  xv.,  Stiick  4. 

''Bollettino  delle  Pubblicazioni  Italiane,  ricevute  per  Diritto  di  Stampa,"  No. 
128,  and  one  No.  of  Index. 

'*  Memorias  y  Revista  de  la  Sociedad  Cientifica  'Antonio  Alzato,' "  Tomo  iv., 
Nos.  5  and  6. 

*'  Nyt  Tidsskrift  for  Mathematik,"  A,  Anden  Aargang,  Nr.  1  and  2 ;  B, 
Anden  Aargang,  Nr.  1 ;  Kjobenhavn,  1891. 

'*  Archives  Neerlandaises  des  Sciences  Exactes  et  Naturelles,"  Tome  xxv., 
1"  Livraison  ;  Harlem,  1891. 

*'  Atti  della  Roale  Accademia  dei  Lincoi — Rendiconti,"  Vol.  vii.,  Fasc.  vii. ; 
Romn,  1891. 

**  Annali  di  Matematica,"  Tomo  xix.,  Fasc.  2;  Milano,  1891. 

**  Rendiconti  dell'  Accademia  delle  Scienze  Fisiche  e  Matematiche,"  Serio  2, 
Vol.  IV.,  Fasc.  1-12. 

'*  Biitteilungen  der  Mathematischen  Gesellschaft  in  Hamburg,"  Band  i..  No.  9 ; 
Band  in..  Heft  1. 

*<  Abhandlungen  der  Koniglich-Sachsischen  Gesellschaft  der  Wissenschafton," 
Band  xvii..  No.  2. 

**  Journal  fiir  die  reine  und  angewandte  Mathematik,"  Band  cvui.,  Heft  I. 

Cabinet  Likenesses  of  Mr.  Ernest  Carpmael,  and  Dr.  M.  J.  M.  Hill,  for  the 
Album. 
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Wave- Motion  in  a  Heterotjeneous  Heavy  Liquid, 
By  Mr.  A.  E.  H.  Love. 

[Head  May  14M,  1891.] 

In  Pi-oceedings,  Vol.  XX.,  pp.  392  seq.,  Mr.  Bnmside  has  discnsscd 
the  theory  of  wave- motion  in  a  heterogeneous  fluid.  The  density 
is  supposed  to  be  some  function  of  the  depth  in  the  equilibrium  cou- 
figui*ation,  and  the  heterogeneous  fluid  is  treated  as  the  limit  of  an 
inflnite  number  of  layers  of  homogeneous  fluid  of  different  densities. 
The  equations  of  motion  of  each  layer  are  formed,  and  the  conditions 
that  hold  at  an  interface,  and  the  equations  applicable  to  the  problem 
in  hand  are  obtained  by  subtracting  like  equations  relative  to 
consecutive  layers.  This  method  is  open  to  the  objection  that,  as  the 
layers  are  afterwards  supposed  indefinitely  thin,  the  elevation  of  the 
waves  may  be  of  any  order  of  magnitude  in  comparison  with  the 
thickness  of  the  layers.  Although  this  objection  might  be  removed, 
it  appeared  to  me  to  be  worth  while  to  form  directly  the  equations  of 
the  stream-function  lor  wave  propagation  in  a  heterogeneous  heavy 
fluid.  Mr.  Burnside  considers  in  greatest  detail  the  case  whore  the 
density  increases  in  geometric  progression  as  the  depth  increases 
in  arithmetic  progression.  I  have  obtained  the  solution  of  the 
equation  of  the  stream-function  in  thid  case,  thus  finding  the 
nature  of  the  motion,  and  the  relation  between  wave-length  and 
velocity  of  propagation.  This  relation  has  been  given  by  Mr.  Burnside. 
I  also  consider  the  case  of  infinite  depth,  with  special  reference  to  the 
horizontal  propagation  of  gravitational  waves  in  an  atmosphere 
resting  on  a  horizontal  plane  and  otherwise  unlimited. 

1.  Suppose  a  heterogeneous  incompressible  fluid  under  the  action 
of  gravity.  Take  the  axis  of  y  vei'tically  upwards  from  the  free 
surface,  and  suppose  that  when  undisturbed  the  density  p^  is  given  by 
the  equations 

-^=  -'^\      Po  =  Cc"" (1), 

and  that  p^  is  independent  of  x. 

When  the  fluid  is  slightly  disturbed,  the  equations  of  small  motAsya. 
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will  bo 


du 1  dp 


dt 


P  di 


(2). 


(3), 


3»_  __  _  J_  ?2 

dt  P  dy  . 

Sinco  tho  flnid  is  incompressible,  we  must  have 

dt        ox        dy 
and  tho  equation  of  contiDnity  becomes 

dx      Sy 
In  virtue  of  (4),  u  and  i;  nre  given  by  a  stream-function  yp^  such 


(4). 


that 


d\l/  =  —vdx-^udyt 


and  thns  the  equations  of  motion  and  incompressibility  become 

dydt  9   dx 


(5); 


and 


dx'dt  9  dy  J 

c>^a<wo^o (g) 

Gt      d  (jey) 


Eliminating  2}  from  (5),  we  obtain 


^'  dx      dx  dxdt      dy  dydt 


(7). 


Now  ^-  is  a  small  quantity  of  the  order  of  the  amplitude  of  the 

ox 

waves,  and  thus  (6)  and  (7)  may  be  written 

|p_fp|^  =  0 (8). 

ot       oy  Ox 

and  P  :''  (VV)-!7  5-  +  ^  f ll  =  » (9). 

d^  d^     dy  d7/d^ 

la  the  fciiiiiU  teinis  of  (8)  and  (0),  we  may  put  f or  p  and  ^  their 

dy 
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values  from  (1),  and  thus  got 


s  ^< = » 


(10), 


and 


Pa 


dt 


(V'^)-</^— ■>.|^=0 (11). 


dx  dydt 


ov 


DiiTereutiating  (11)   with  respect  to  t,  and  eh'minating  ;r-7r-»  by 

oxct 

using  (10),  wo  find  an  equation  which  can  bo  divided  tli rough  by  Po, 

giving  the  result 

|.<^«--t-''Ci=» a.). 

wliicli  is  the  differential  equation  for  tbe  stream-function  i//. 

Now  suppose  tbe  waves  are  of  length   A,   and  propagated    with 

velocity  F,  and  write 

m  =  2ir/X,      n  =  2ir7/A, 

and  assume,  to  satisfy  (12), 

^|,  =  F(y)  e'^""-*^^ (13). 

Then  F  (y)  will  have  to  satisfy  the  equation 

f4'_,'r^+,^.(.2!i'_l)f  =  0 (U). 

dy^  ay  \  n  i 

And  tbe  solution  may  be  written 

-P  =  ^e*-'^sinft(7/-hO  (!'>)» 

in  wbich  I  is  the  whole  depth,  and 

^•=m>(g.'-i)-^^ (16). 

2.  Wo  have  next  to  find  the  pressure.     Assume  that 

then  by  (10)  wo  find 

— ^  (y)  4n  +  rp^tw^(y)  =  0, 

so  that  P  =  Po  (l  +  'f  — ^) '•  (!')• 

Now  wc  have,  by  (6), 

|=-«-('+'-f*W('-"'"*).S|' 
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or,  neglectiDg  prod  acts  and  putting  in  the  valnos  of  Po,  vf^,  these  are 


ox  Oy 


dv  L         n  J 


...(18). 


Equation  (14)  secures  the  satisfaction  of  the  condition  of  integra- 
bilitj,and  therefore  we  have  only  to  integrate  an  expression  of  the  form 
Xdx'\-Tdyf  known  to  be  a  perfect  difEerential.  Integrating  the  first 
equation  partially  with  respect  to  x,  and  adding  the  part  that  arises 
from  the  first  term  of  the  second  equation,  we  have 

V  =  const,  -f  -^  Ce"''^ 

K 

+  0-^^e-*-''[Ksin,x(y+a)+,xcos/i(y-|-a)]6-^"«-"*> (19). 

8.  Snppose  the  equation  of  the  disturbed  free  surface  to  be 

y^h^i^"*^)  =  0 (20), 

where  the  modulus  of  &  is  small  of  the  same  order  as  A.    Then 

p  =  0 

when  y  =  he*^'^"*'\ 

and  substituting  in  (19)  we  find  that 

4  e-«'**'*^""""''+  iL^e'^— "'>  (Jic'sin/^^+ficos/i^) 

must  be  constant.     Expanding  the  exponential  in  the  first  term,  and 
rejecting  powers  of  h  above  the  first,  we  have 

-5f6+— ^(|/sinfi8-|-/icosfiJ)  =  0 (21). 

m 

Again,  since  equation   (20)  is  the  equation  of  a  surface  whicb 
always  contains  the  same  particles,  we  must  have 

ox 
at  this  surface,  so  that  we  have  a  second  relation  between  A  and  6, 

VIZ. : —  6w— wi-4  sin  ft  ^  =  0. 
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EliminatiDg  A  and  b,  we  get 

V^ 

o"*  <^/*^  =  ^r-^7ir« (24)- 

This  equation  can  be  identified  with  Mr.  Bnmside's  in  Proceedings, 
Vol.  XX.,  p.  396,  by  writing  m'  for  k,  ^i  (p^—pi)  for  ^,  and  H  for  ^. 

If  fi  be  imaginary  we  may  write 

i/^  =  ^e*-'''sinhm'(2/-|-3)e'^"«-'-^ (25), 

where  m"  =  w'  +  K- ^  = -/*' (26), 

and  then  equation  (24)  becomes 

tanh  m'a  =  m' — ^^ (27). 

4.  In  the  discussion  of  these  equations,  we  shall  suppose  the  velocity 
to  be  given,  and  seek  to  determine  the  wave-length,  and  we  shall  first 
suppose  that  g—licV*  is  positive  and  >  F*/^. 

Now,  if  1  <  a  (flr/r-iic )  <  00 , 

the  equation  (27)  has  one  real  root,  and  there  is  one  real  wave-motion 
of  the  type  (25).     The  relation  between  velocity  and  wave-length  is 

^  =  ^'-i«''+f (28). 

where  a  is  the  real  root  of  the  equation 

*'^"''=^(i/F=F) (2^>' 

and  tbo  right-hand  side  of  the  eqaation  for  X  is  positive,  since 

grs'/P  >  ^icr 
In  the  same  case  of 

l<«(<7/7'-|0<«'. 

tho  equation  (24)  has  an  infinite  number  of  roots,  of  which  the  first  is 
greater  than  x.  Let  a^,  a^, ...  be  these  roots,  then  the  wave-length  for 
a  given  velocity  is  given  by  the  equation 
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and  there  will  be  a  corresponding  real  wave-motion  if  the  right-hand 
side  be  positive.     Now  the  o^  are  roots  of  the  equation 

^'"'  =  a(,/y^-xo (31)' 

f 

where  the  denominator  of  the  right-hand  side  is  positive  and  greater 
than  nnity,  and  we  know  that  the  higher  roots  of  this  equation 
approximate  to  odd  multiples  of  ^ir,  and  that  the  lowest  root  is  greater 
than  IT,  Thus  there  will  be  in  general,  for  a  sufficiently  small  velocity 
F,  a  certain  number  of  modes  of  motion  of  the  type  expressed  by 
equations  (13)  and  (15).  Supposing  r  the  number  of  modes,  then 
ar  is  the  greatest  root  of  (31)  for  which  the  right-hand  side  of  (30) 
is  real,  and  a,,  is  approximately  |  (2r-|"l)  tt.  In  the  case  under  con- 
sideration the  stream- function  contains  the  factor  sin/i  (y  +  ^),  which. 

is  sin       ^    w  (y-f-^)  approximately,  and  this  vanishes  when 

y/a=-l  +  2Ny(2r-hl), 

where  N  is  an  integer.  Since  ^  >  — y  >  0,  we  may  take  .N'=  1,  2, . . .  r, 
and  thus  there  are  r  horizontal  equidistant  planes  at  which  yp  vanishes. 
The  vertical  component  of  the  velocity  vanishes  at  these  planes,  so 
that  we  may  state  our  results  in  the  form : — 

For  given  velocity  of  propagation  there  will  be  a  definite  number 
(r+1)  of  possible  modes  of  motion.  Of  these  one  is  defined  by  an 
equation  like  (25),  and  there  is  no  nodal  plane  except  the  fixed 
bottom.  The  others  are  defined  by  equations  like  (13)  and  (15),  and 
they  have  respectively  1,  2,  ...  r  nodal  planes. 

In  the  first  mode,  for  which  there  is  no  nodal  plane,  the  motion,  so  far 
as  it  depends  on  the  depth,  is  defined  by  exponential  functions.  The 
increment  of  pressure  due  to  the  wave-motion  is  proportional  to  the 
product  of  the  original  density  and  the  horizontal  velocity,  and  the 
increment  of  density  is  proportional  to  the  product  of  the  original 
density  and  the  stream-function. 

In  the  remaining  r  modes,  which  have  respectively  1,  2,  ...  r  nodal 
planes,  the  motion,  so  far  as  it  depends  upon  depth,  may  be  regarded 
as  defined  by  a  simple  harmonic  function  of  the  depth  with  an 
amplitude  diminishing  in  geometric  progression  as  the  depth  increases 
in  arithmetic  progression.  In  these  modes  of  motion  the  fluid  is  divided 
into  strata  all  but  the  highest  of  which  are  of  equal  thickness,  and 
across  the  bounding  planes  of  which  there  is  no  flow,  and  the  kinetic 
energy  is  the  same  in  all  the  strata.     The  increments  of  pressure  and 
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density*  are  connected  with  the   velocity   components  in  the  same 
manner  as  in  the  other  mode. 
When  g/V^—^K  is  positive,  and 

the  equation  (29)  has  no  real  root ;  the  first  root  of  (31)  is  <  |ir,  and 
the  first  of  the  corresponding  modes  has  no  nodal  plane. 

When  glV^—^K  is  negative,  equation  (29)  has  no  real  root,  and  the 
first  of  the  roots  of  (31)  lies  between  ^  and  ir,  and  in  this  case  also 
the  corresponding  mode  has  no  nodal  plane. 

In  these  two  cases  all  the  modes  are  similarly  expressed  to  the  r 
nodal  modes  in  the  previous  case. 

All  the  modes  which  we  have  been  discussing  are  rotational.  They 
inclade  every  possible  gravitational  oscillation  that  can  be  propagated 
horizontally  in  liquid  of  finite  depth  with  the  given  law  of  density. 


5.  Our  solQtion  may  be  applied  to  the  case  of  infinite  depth. 
Sapposing  in  the  first  place  that  /i  is  imaginary,  we  take  for  ^  the 
form 

Then,  if  \K>m\  we  mast  retain  both  A  and  1?,  but  if  \K<m\  we 
must  reject  B. 

(i.)  When  \k  >  rn,  we  may  write  the  above 

ij,  =  Ae^'^  sinh m  (y-^-h)  e*f"«— <>, 

then  the  motion  above  the  plane  y  =  —  A  is  the  same  as  the  motion 
with  imaginary  /i  in  a  fluid  of  the  same  law  of  density,  and  of  finite 
depth  h. 

We  have  the  four  relations 

m''  =  K«+^'-^' (26), 

^°^  -'^  =  H  (g/P-K) <29). 

l<A(<7/7'-K)<a' («). 

m'<iK' 03). 

Now  uuppose  m  cbosvu  so  as  tu  satisfy  thu   ineqnality  (/>)  and 
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h  {giy^—W)  =  — ,  say,  so  as  to  satisfy  the  inequality  (a).     Then,  by 

a 

(29),  h  is  determined  in  terms  of  m  and  a,  and  therefore  V  in  terms 

of  m  and  a,  and  then  X  can  be  found  from  (26),  so  that  there  is  one 

definite  mode  of  motion  associated   with  the  assumed  data.     This 

mode  is  rotational  and  has  one  nodal  plane  at  ^  =  —  A. 

'  (ii.)  When  \k<  m\  we  have  to  take  for  \ff  the  form 

i//  =  ^e**'"*'*'*'**^'"'"**^ (3-)» 

and  the  pressure  equation  becomes 

p  =  Oe-'»'r4-  -h—  (**:'+ m')  ^e^-'*'''^*'*'^'*'-'*'^    (33). 

L «:         m  J 

Supposing,  as  before,  that  the  equation  of  the  free  surface  is 

we  make  this  a  surface  of  constant  pressure,  by  patting 

m 
and  we  make  it  always  contain  the  same  particles  by  putting 

hin^Avm  =  0, 
whence,  eliminating  A  and  6,  we  get 

m'  =  flr/F-K (34), 

which  satisfies  the  inequality  \K<m\  if  glV*>K, 

The  wave-length  is  in  this  case  given  by  the  equation 

47r« 


so  that  F*  =  i^X/x, 

and  the  motion  is  irrotational,  and  there  is  no  nodal  plane. 

Wo  may  also  apply  the  solutions  in  which  fi  is  real.     It  is  best  to 
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whero  N  is  infinite  and  h  finite  bnt  andetermined,  then  h  is  the  depth 
of  a  nodal  plane.     The  stream-fnuction  is 

Ae^'^  ain  ft  (y  +  h)  &  ("" " '^^ 

and  the  relation  between  velocity  and  wave-length  is 


where  fi  is  connected  with  h  by  the  eqaation 


tan;x^  = 


9lV*- 


2' 


Thus  the  motion  above  the  nodal  plane  y  ^sz  ^h  takes  place  precisely 
as  if  this  plane  were  a  fixed  bottom. 

The  conclusion  is  that,  in  addition  to  the  irrotational  mode,  the 
liqnid  of  infinite  depth  with  the  given  law  of  density  possesses  all 
the  modes  of  oscillation  of  a  liquid  of  any  finite  depth  whatever  and 
the  same  law  of  density. 

Mathematically  considered,  the  solutions  for  infinite  depth  are  in  a 
sense  simpler  than  those  for  finite  depth,  inasmuch  as  there  is  no 
relation  between  velocity  and  wave-length.  Within  certain  limits 
these  may  be  any  whatever.  The  motion  may  be  regarded  aa  partly 
defined  by  the  velocity  (or  the  wave-length),  and  partly  by  the 
quantity  fi  (or  w'),  and  then  there  is  an  algebraic  relation  between 
the  velocity,  the  wave-length,  and  /i  (or  m').  If  fi  (or  m)  be  asso- 
ciated with  the  depth  of  a  nodal  plane,  we  obtain  an  interpretation 
which  makes  the  matter  clearer  physically,  at  the  expense  of 
introducing  a  transcendental  equation  into  the  mathematics.  In  the 
case  of  finite  depth  there  is  always  a  relation  between  velocity  and 
wave-length,  depending  on  a  transcendental  equation. 

r 

6.  We  may  also  consider  the  case  of  fluid  unlimited  upwards.  The 
problem  is  that  of  wave-motion  in  a  heterogeneous  fluid  resting  on  an 
infinite  horizontal  plane,  and  the  law  of  density  is  the  same  as  that 
of  the  atmosphere  near  the  earth's  surface ;  so  that  our  theory  will 
have  an  application  to  gravitational  waves  in  the  atmosphere  pro- 
pagated horizontally,  provided  the  velocity  of  propagation  is  small 
in  comparison  with  the  velocity  of  sound.  There  can  be  little  doubt 
that  viscosity  and  other  causes  will  hold  in  check  the  tendency  to 
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indefinite  inorease  in  the  motion  at  considerable  heights,  so  that  onr 

solntion  maj  be    regarded   as  approximately  trae  near  the  earth's 

sarface. 

The  Bolations   when  fjt   is    imaginary   will  be  in  this    connexion 

unimportant,  and  we  may  pass  to  the  consideration  of  cases  with  fc 

real,  for  which  there  are  nodal  planes.     The  stream-function  is  of 

the  form 

Af^''*  sin  iiy  €  ("«-"*>. 

Now  we  may  assume  any  distance  h  we  please  as  the  distance  of 
the  nearest  nodal  plane  from  the  horizontal  fixed  bottom,  and  then 
Tflh  is  /u,  und  the  equation  connecting  velocity  and  wave-length  is 

25.'—    *'  ^^A.Xs:'^ 

■■  • 

If  K  be  the  constant  ratio  of  pressure  to  density,  k  =  ^/c,  and  tho 
equation  becomes 

II  this  has  anything  to  do  with  atmospheric  conditions,  it  would 
probably  be  not  unreasonable  to  suppose  h  comparable  with  a  mile, 
and  X.  large  compared  with  h.  Now,  remembering  that  ^k  is  the 
Newtonian  velocity  of  sound  (=28x10*  centimetres  per  second, 
approximately),  we  see  that  the  last  term  is  negligible,  and, 
neglecting  the  second  term,  the  equation  reduces  to 

V  =  -^-T-  per  sec., 

and  this  is  about  40A  per  hour.  Thus,  if  the  height  of  the  nearest 
nodal  plane  be  half-a-mile,  the  velocity  of  propagation  of  tho  dis- 
turbance is  twenty  miles  an  hour. 
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On  the  Disturbance  produced  by  an  Element  of  a  Plane  Wave  of 

Sound  or  Light,     By  A.  B.  Basset. 

[Bead  Map  lUh,  1891.] 

1.  The  effect  of  the  disturbance  produced  at  a  distant  point  by  an 
element  of  a  plane  wave  of  light,  was  first  investigated  by  Sir  G. 
Stokes,*  who  showed  that,  upon  the  assumption  that  the  equations  of 
motion  of  the  luminiferous  ether  are  of  the  same  form  as  those  of  an 
isotropic  elastic  solid,  the  disturbance  produced  at  a  distant  point  P 
by  an  element  dS  of  the  plane  wave 

4^=  csin  —  (6^— aj), 

A 

is  given  by  the  equation 

r=^(l  +  cosa)sin^cosy(6^-r) (1), 

where  r  is  the  distance  of  the  element  dS  from  P,  and  d  and  ^  are  the 
angles  which  the  direction  of  r  makes  with  the  direction  of  propagation 
and  vibration  respectively. 

The  method  employed  by  Stokes  is  equally  applicable  to  the 
electromagnetic  theory  of  light,  inasmuch  as  the  equations  of  electric 
displacement  (upon  Maxwell's  theory),  are  of  the  same  form  as  those 
which  are  satisfied  by  those  portions  of  the  displacement  of  an  elastic 
solid  upon  which  distortion  unaccompanied  by  dilatation  depends. 

The  question  of  the  resolution  of  plane  waves  has  recently  been 
discussed  by  Lord  Rayleigh,t  who  has  suggested  that  the  method  of 
resolution  employed  by  Stokes  is  the  simplest,  but  only  one  of  an 
indefinite  number  which  might  be  proposed,  all  of  which  are  equally 
legitimate  so  long  as  the  question  is  regarded  as  a  purely  mathematical 
one ;  and  that  the  purely  mathematical  question  has  no  definite 
answer.  I  propose,  in  the  present  paper,  to  consider  the  question 
raised  by  Lord  Rayleigh  in  detail;  but  it  will  be  convenient  to 
commence  with  the  case  of  waves  of  sonnd,  because  the  analysis, 
depending  as  it  does  on  a  single  function,  is  far  more  simple  than  in 
the  case  of  light. 


•  t< 


Dynamical  Thtory  of  Diffraction,"    Trans.  Lamb.  TMf.  Soe.,  Vol,  ix.,  p.  1 ; 
and  Mat/i.  avd  Fht/s.  Papers,  Vol.  ii.»  p.  243. 

t  Uncfjcl.  JiriL,  Art.  "Wave  Theory,*'  pp.  462-464. 
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2.  To  fix  onr  ideas,  let  ns  suppose  that  a  source  of  sonnd  acts  for  a 
very  short  time  and  then  ceases.  A  spherical  wave  will  be  generated, 
which  will  be  propagated  through  space,  and  the  disturbance  at  any 
particular  epoch  will  be  confined  to  a  thin  sheet  bounded  by  two 
spheres  concentric  with  the  source.  Any  point  P  outside  this  space 
will  remain  at  rest  until  the  outer  boundary  of  the  sheet  reaches  it ; 
it  will  then  be  in  a  state  of  disturbance  until  the  inner  boundary 
reaches  it,  and,  after  the  latter  has  passed  over  it,  P  will  remain  at 
rest  for  ever.  If  the  source  be  periodic,  the  disturbance  produced  by 
it  may  be  conceived  to  consist  of  a  succession  of  very  thin  sheets,  each 
one  of  which  as  it  passes  over  P  creates  a  disturbance,  and  then 
travels  on,  leaving  no  trace  of  its  existence  behind  it. 

Let  us  now  take  up  our  position  at  a  point  upon  a  fixed  sphere 
whose  centre  is  the  source,  and  let  t  be  the  time  which  the  wave 
occupies  in  travelling  from  this  sphere  to  an  external  point  P.  Then 
the  disturbance  which  actually  exists  at  P  at  any  particular  instant, 
must  depend  upon  that  which  existed  at  the  surface  of  this  sphere  at 
a  previous  epoch  i.  And  since  every  element  of  the  sphere  may  be 
supposed  to  contribute  something  to  the  disturbance  at  P,  it  follows 
that  the  disturbance  produced  by  an  element  dS  must  be  equal  to  a-dS, 
where  o-  is  to  be  determined  from  the  condition,  that  the  value  at  P  of 
the  integral  {{a-dS  taken  over  the  whole  surface  of  the  sphere,  is  equal 

to  the  disturbance  which  actually  exists  at  P,  whilst  its  value  at  any 
internal  point  is  zero. 

The  function  <r  must  be  capable  of  being  represented  mathematically 
by  a  series  of  multiple  sources  of  sound  ;  and  it  therefore  follows  that, 
in  order  to  determine  the  effect  at  P  of  the  successive  waves  which 
are  continually  being  transmitted  across  the  sphere,  we  may,  if  we 
please,  suppose  the  original  source  of  sound  to  be  removed,  and  a 
spherical  sheet  of  multiple  sources  to  be  substituted  for  it,  which  at 
an  external  point  produces  the  same  effect  as  the  original  source,  and 
whose  effect  at  an  internal  point  is  zero. 

The  qaestion  we  have  to  consider  is,  whether  this  distribution  of 
multiple  sources  is  unique,  or  whether  there  are  an  infinite  number  of 
distributions  which  will  produce  the  required  effect;  and  we  shall 
show  that  the  latter  is  the  case. 

3.  The  simplest  case  which  we  can  have,  is  that  of  plane  waves  of 
sound  which  arc  travelling  parallel  to  the  axis  of  a*,  and  whose 
velocity  potential  (the  time  factor  e*"'"  being  omitted)  nmy  be  taken 

ti)  be  (p 


,-■'; 
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and  we  have  to  consider  what  distribution  of  sonrces  over  the  plane 
{0  =  0  will  produce  this  Telocity  potential  when  x  is  positive,  and 
zero  velocity  potential  when  x  is  negative. 

It  is  evident  that  the  required  distribution  cannot  consist  of  simple 
sources,  since  a  simple  sotirce  would  prpduce'  dr  disturbance  on  the 
negative  side  of  the  plane  ;  if,  however,  we  combine  a  simple  source 
with  a  double  source  whose  axis  is  perpendicular  to  the  plane,  the 
required  effect  may  be  produced,  and  we  shall  now  show  that  this 
will  be  the  case  if  we  take 


<r  = 


IK€'*^    .      IKX 


+ 


4sTrr^\        ikrj 


.-Mtr 


(2), 


4swr     '  4717^ 
where  ic  =  2ir/\. 

Restoring  the  time  factor,  the  real  part  of  this  expression  is 

<r  =  -  xj-  (1  -hcosfi)  8in^(a«-r)+  ^cos^(a^-.r) (3), 

where  6  is  the  angle  which  the  line  joining  the  element  to  P,  makes 
with  the  normal  to  the  wave  front  drawn  in  the  direction  of 
propagation. 

Whence,  if  x  is  positive,  cos  0  =  aj/r,  and 
{{<rdS  =  -  y  r  ^1+  ^yin^  (at^T)dr  +  ^aj  fl cos ?J^ (a/- r)(ir 

=  cos--  {at^x). 

A 

If,  however,  aj  is  negative,  we  must  put  cos  0  =  —x/r,  and  the  integral 
will  be  zero. 


4.  We  have  now  to  consider  whether  this  distribution  is  the  only 
one  which  can  produce  the  required  effect. 

The  most  general  expression  for  a  multiple  divergent  source  which 
is  symmetrical  with  respect  to  the  axis  of  x  is* 

where  P„  is  a  zonal  harmonic,  and 


.-•*r 


'Am   —- /.  ('*^t\ 


•  SiokcH,  Phil.  Tram.,  1868;  and  Lord  Rayleigh,  77/ror;/  of  Sound,  Chap.  xvii. 
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•••■*"  2. 4. 6. ..2«a^ (*>• 


^ 


The  fnnction  i^  can  also  be  shown  to  satisfy  the  following  eqaations, 

(2n+l)  1^,  =  t^T(,^„^|- 4^.-1) (7), 

which  are  frequently  nsefnl. 

Now,  if  ^  and  ^  be  any  functions  which  satisfy  the  equation 

(V'W)  ^  =  0, 

and  which  vanish  at  infinity,  it  follows  that,  if  we  apply  Green's 
theorem  to  any  periphractic  region, 

ll^S'Hl*^'' ^«>' 

where  the  surface  integrals  are  to  be  takenover  the  internal  boundaries. 
If,  however,  ^  or  i/^  become  infinite  at  any  point  of  the  region,  we  must 
describe  a  small  sphere  round  such  a  point  as  centre,  take  the  sur- 
face  integrals  over  the  surface  of  this  sphere,  and  then  make  the  radius 
of  the  latter  zero. 

Let  ^  =  c— •, 

where  x  is  the  distance  of  any  point  P  on  the  axis  of  x  from  the  plane 
of  resolution  (that  is,  the  plane  oc  s=  0),  r  is  the  distance  of  any  point 
on  this  plane  from  P,  and  6  is  the  angle  which  the  direction  of 
r  makes  with  the  normal  and  the  plane  drawn  in  the  direction  of 
propagation. 

Applying  Green's  theorem  to  the  region  lying  on  the  positive  side  of 
the  plane  or  =  0,  it  follows  that^  if  P  lies  on  the  negative  side  of  this 
plane,  ^  does  not  become  infinite  at  any  point  of  the  region  considered  ; 
whence  (8)  becomes 

([JJjS+«JJ4'<'S  =  0 (t>). 
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If,  however,  P  lies  on  the  positive  side  of  the  plane,  ^  becomes 
infinite  at  P,  whence  (8)  becomes 

+  c«e-- fU£(e*-'«**)dn (10); 

where  dS  is  an  element  of  the  plane  a;  =  0,  and  c^O  is  the  solid  angle 
subtended  at  P  by  an  element  of  the  surface  of  a  sphere  of  radins  c 
described  about  P  as  centre. 

Now*  if  fc  =  cos  0, 

c-co..^2o-2^,(c)P,(,i), 
where 

'^^^       1.3.6...  (2t-l)(.        2.2t+3     2.4.2t-h3.2i+5     '")' 
whence  the  right-hand  side  of  (10)  becomes 

^c«c— ff  J^.P.S  (^P,)  -  ^P,S  (P.PO  I  dQ 

__  4nrAr}e-'^  (      dB\,_j^  dij^A 
~     2n  +  l      V""  dc  """d^r 

Substituting  the  values  of  i/f„  and  P„,  and  making  c  =  0,  it  will  be 
found  that  the  right-hand  side  is  equal  to  4'irAe'"";  and,  since  this  is 
to  be  equal  to  e"**',  wo  must  have  4irJ.  =  1,  whence  on  the  positive 
side  of  the  plane 

j"[^dfif+cic[L(iS  =  €— (11), 

whore  ^^.tsEn  (22). 

4ir 

Since  didv  =  ^d/dxj  it  follows  that  the  cfToct  of  an  element- (2S  is 
represeniod  by  the  expression 

(i^i-f-)dS (13), 

where  it  is  given  by  (12).     The  first  term  of  this  expression  represents 

♦  Kayleigh,  Theory  of  Sound,  }  334. 
vr»L.  x.xii. — NO.  U9.  \ 
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a  mnltiple  source  of  the  n^  order ;  to  find  what  the  second  term  is, 
we  have  ,  j      t       %   j 

dx  dr         r      dfi^ 

whence,  by  (12), 

.dllf  p   (ii/r„    ,    l-/i»   ,     dP^ 

4t-5i  =  fxP„  -p  + ^  \^„  — ^ 

dx  dr  r  dfi. 


Accordingly,  (13)  becopies 

"'^^       {n^,.,P..,-h(2n+l)i^«P.+  (n  +  l),A«MPn.i} (14). 


4ir(2n  +  l) 

The  effect  of  the  element  may,  therefore,  be  represeoted  by  the 
combination  of  three  multiple  sources  of  orders  n— 1,  n,  n-f  1,  where 
n  is  zero  or  any  positive  integer.  If,  therefore,  the  cause  which  pro- 
duces the  train  of  plane  waves  be  removed,  and  the  distribution  of 
multiple  sources  given  by  (14)  be  substituted  for  it,  the  effect  of  this 
diRtribution  at  points  lying  on  the  positive  side  of  the  plane  x=^0 
will  be  the  same  as  that  of  the  original  train  of  waves,  whilst  the 
effect  at  points  lying  on  the  negative  side  will  be  zero. 

If  we  put  n  =  0,  we  shall  fall  back  on  our  previous  result.  This 
result,  therefore,  gives  the  simplest  way  of  resolving  a  plane  wave, 
but  it  is  only  one  out  of  an  infinite  number. 

5.  The  preceding  investigation  renders  it  unnecessary  to  consider 
the  corresponding  optical  problem  in  so  much  detail ;  but,  inasmuch 
as  the  theory  of  singular  points  has  proved  of  very  great  utility  in 
a  variety  of  branches  of  physics,  it  will  bo  desirable  to  show  that  a 
similar  theory  exists  in  the  case  of  elastic  solids  and  other  media 
whose  motion  is  governed  by  similar  equations. 

The  general  equations  of  motion  of  an  isotropic  elastic  solid  are  of 
the  form 

§=  (a'-6')^  +6'V'„ (15), 

at  ax 

&c.,     &c., 

where  a  and  h  arc  the  velocities  of  propagation  of  the  dilatational  and 
clwtortionnl  waves  respectively. 
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Assuming  that  all  the  quantities  vary  as  e***,  and  putting  k  =  */6, 
h  =  s/a,  (15)  becomes 

(V«+.')«+(g-l)|  =  0 (16). 

The  solution  of  (16)  is 

«  =  ^  +  «' (17), 

ax 

where  (V*+tf)^  =  0 (18), 

and  u\  v\  mo  each  satisfy  an  equation  of  the  form 

(V»+.^)u'  =  0 (19), 

s abject  to  the  condition 

^  +  ^'  +  — =  0 (20). 

dx       dy       dz 

The  fnnction  0  determines  the  dilatational  or  sonnd  wave  which  we 
have  already  discussed.  We  must  now  consider  the  distortional  or 
optical  wave,  which  depends  upon  the  quantities  tt',  v',  w\ 

It  is  known  that  (19)  are  satisfied  by 

where  ^„  is  the  function  r"  *€"'"'/„  (iicr),  and  X^,  Y.,  Z^  are  solid 
harmonics  of  positive  degree  n ;  and  we  have  to  determine  these 
harmonics,  so  that  u\  v\  uf  shall  satisfy  (20).  By  means  of  a  process 
similar  to  that  employed  by  Lamb,*  it  can  be  shown  that  the  required 
value  of  1*'  is 

""        r-\dx^^dz      '  dyl^  n  +  2  d^X^^)-^^^^' 

with  symmetrical  expressions  for  t/,  w\  where  0„  and  Xn  are  positive 
solid  harmonics  of  degree  n. 

The  right-hand  side  of  (21)  is  easily  seen  to  be  a  solution  of  (19), 
and  by  means  of  (5)  and  (6),  and  the  known  properties  of  solid 
harmonics,  it  can  be  verified  by  trial  that  theho  values  satisfy  (20). 

G.  The  simplest  solution  is  obtained  by  putting  f*  =  0,  in  which 
case 

i/'o  =  r-^^"'%     01  =  Ax^-Bij-^-Cz,     Xo  =  const.  ; 

•   Proc.  Lond.  Math.  tSoc,  Vol.  xiii.,  p.  51. 
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whence 


t«o  = 


Ae- 


««r 


■^^{^-^.-l+cJ?}  {^^-^(^^^^t,+c.u} 


(22). 

This  expression  may  be  regarded  as  giving  the  value  of  u  for  a 
8imj)le  source  of  Ught,  and  it  corresponds  to  a  source  in  hydrodynamics, 
or  to  an  electrified  point.  The  expression  is,  however,  more  analogous 
to  a  doublet  or  a  magnet,  inasmuch  as  a  simple  source  of  light  has 
direction  as  well  as  magnitude.  The  direction  cosines  of  the  axis  of 
the  source  are  proportional  to  A,  B,  0 ;  and,  if  we  suppose  that  its 
axis  is  parallel  to  z,  we  shall  have  J.  =  B  =  0.  Also,  at  a  considerable 
distance  from  the  source,  X  is  usually  so  small  in  optical  problems,  in 
comparison  with  r,  that  powers  of  («fr)"*  may  bo  neglected ;  whence, 
writing  F  =  |(7,  we  shall  obtain 


Fxz   _ 


uer 


t»r 


Wr 


*mr 


(23) 


In  the  figure  let  P  be  the  point  x^y,  z\ 

also  let         B  =  FOx,     <p  =  POz ; 

draw  FT  perpendicular  to  OP  in  the 
plane  POz.  Then  the  preceding  equations 
show  that  the  direction  of  vibration  is 
along  FT,  and  its  magnitude  is  equal  to 

F 

—  €-*•'■  sin 


Restoring  the  time  factor  e'***  and  realising,  this  becomes 

sinrt  cos  -  -(6f  — r) 

r  A 


(24). 


This  is  the  expression  for  the  disturbance  produced  by  a  simple 
source  of  light  at  a  point  r,  whose  distance  from  the  source  is  largo 
compared  with  the  wave  length ;  and  it  is  of  the  same  form  as  the 
expression  obtained  by  Lord  Rayleigh,*  for  the  effect  of  a  periodic 


•  Phil.  Mag,,  Feb.,  1871. 
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force  which  acts  at  the  origin  and  in  the  direction  of  the  axis  of  z. 
The  motion  is,  as  might  be  expected,  symmetrical  with  respect  to  the 
axis  of  2r,  and  vanishes  on  that  axis  where  ^  =  0  or  «*,  and  it  is  a 
maximum  on  the  plane  xij  where  ^  =  ^tt. 

7.  In  order  to  obtain  the  most  general  expression  for  a  singular 
point  of  the  second  order,  we  mnst  pnt  n  =  1 ;  whence 


and 


«.=^(^+,,_^,)+j^...£(^_j)   (25). 


The  expression  for  a  singular  point  of  the  second  order  accordingly 
contains  eight  constants,  and  is  therefore  a  function  of  considerable 
generality.     Let  us  now  suppose,  as  a  particular  case,  that 

then,  if  we  confine  our  attention  to  points  at  a  considerable  distance 
from  the  origin,  we  may  put 


whence 


i/r,  =^,=:r->c— , 


__       F^z   . 


Wi=- 


ucr 


..4 


^1 


Wy 


__Fxtjz 


mr 


-    M^±£>.- 


t«r 


(26). 


It  therefore  follows  that  the  magnitude  of  the  displacement  repre- 
sented by  (26)  is 

(27), 


—  €*•"' sin  ^  COS  6 


and  that  its  direction  is  along  FT,     Restoring  the  time  factor,  adding 
(24)  and  (27),  and  writing  cd8/2\  for  F,  we  obtain 

^  (H-cos  ^)  sin  ^  cos  ^  (6^-r), 
2\r  A 


which  is  Stokes'  result. 
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We  therefore  see  that  Stokes'  expression  for  the  disturbance  pro- 
daeed  bj  an  element  of  a  plane  wa^e  of  light  is  equivalent  to  the 
combination  of  a  simple  and  a  double  source,  whilst  Lord  Rajleigh's 
expression*  represents  a  simple  source  alone.  It  appeal's  to  me  that 
Stokes'  result  is  the  preferable  one  of  the  two  ;  partly  for  the  reason 
that  a  distribution  of  simple  sources  of  light,  like  simple  sources  of 
.  sound,  produces  a  motion  behind  the  wave,  whilst  the  combination  of 
a  simple  and  double  source  in  the  above  expression,  as  Stokes  has 
shown,  gives  zero  motion  behind  the  wave;  and  also  because  the 
effect  of  an  element  upon  a  distant  point  must  not  only  depend  upon 
the  direction  of  yibi  ation  (i.e.,  upon  ^),  but  also  on  the  inclination  of 
the  line  joining  the  point  and  the  element  with  the  plane  of  the  latter. 
At  the  same  time,  if  we  were  to  carry  out  the  investigation  on  the 
same  lines  as  has  been  done  in  the  case  of  sound  at  the  commence- 
ment of  this  paper,  there  can,  I  think,  be  little  doubt  that  we  should 
find  that  there  is  an  infinite  number  of  combinations  of  multiplo 
sources  which  would  produce  the  required  effect,  and  consequently 
Stokes'  law,  although  the  simplest,  is  only  one  out  of  an  infinite 
number.  The  question  is  not,  however,  of  very  much  importance  in 
the  case  of  light,  inasmuch  as,  in  problems  relating  to  diffraction,  we 
may  with  sufficient  accuracy  take  sin  ^  =  cos  6  =  1,  in  which  case  the 
disturbance  due  to  the  element  will  be 

cdS         ^ff  n  I       \ 

corresponding  to  the  wave 

w  =  c  siu -- (bt  —  x) . 

A 

[S.t  By  means  of  the  general  solution  (21)  combined  with  (17) 
which  gives  the  dilatational  wave,  it  would  be  possible  to  work  out 
the  problem  of  a  spherical  pendulum  vibrating  in  ether,  and  also  the 
scattering  of  a  plane  wave  of  light  by  a  fixed  or  movable  spherical 
obstacle.  But,  before  attacking  any  problem  of  this  nature,  it  would 
be  first  of  all  necessary  to  consider  the  boundary  conditions. 

With  regard  to  these  conditions  three  suppositions  may  be  made. 
1st.     Wc  may  suppose  that  no  slipping  takes  place,  which  requires 
that  the  velocity  of  the  ether  in  contact  with  the  sphere  should  be 


*  Eun/cL  Bnt.,  Art.  **  Wave  Thcorv,"  p.  -163,  equation  (20). 
t  Rewritten  June  14th,  1S91. 
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eqnal  to  that  of  the  sphere  itself ;  bat,  inasmuch  as  there  are  reasons 
for  thinking  that  the  amplitudes  of  the  vibrations  of  the  matter  are 
very  much  smaller  than  those  of  the  ether  in  contact  with  it,  except 
in  the  extreme  case  in  which  one  of  the  free  periods  of  the  matter 
is  equal  to  the  period  of  the  ethereal  waves,  this  hypothesis  is 
improbable. 

2nd.  We  may  sappose  that  partial  slipping  takes  place.  This 
hypothesis  is  open  to  the  objection  that  the  law  of  slipping  is  un- 
known, and  would  therefore  involve  an  additional  assumption ;  and 
also  that  it  would  introduce  frictional  resistance.  It  might,  at  first 
sight,  appear  that  friotional  resistance  might  be  explained  by 
supposing  that  there  is  a  conversion  of  energy  into  heat ;  but^  in 
attempting  to  construct  a  molecular  theory,  we  ought  to  regard  radiant 
heat  as  consisting  of  ethereal  waves  of  longer  period  than  waves  of 
light. 

drd.  We  may  suppose  that  perfect  slipping  takes  place.  In  this 
case  the  boundary  conditions  are  continuity  of  normal  motion,  and 
zero  tangential  stress.  This  hypothesis  has  much  to  commend  it  on 
the  ground  of  simplicity,  since  the  action  of  the  ether  on  the  matter 
consists  of  a  hydrostatic  pressure,  and  in  the  case  of  a  sphere  is 
consequently  reducible  to  a  force ;  whereas,  if  no  slipping  or  partial 
slipping  took  place,  the  action  would  (except  in  special  cases)  consist 
of  a  couple  as  well  as  a  force. 

The  solution  of  the  problems  suggested  would  undoubtedly  throw  light 
on  the  phenomena  of  absorption  and  anomalous  dispersion  ;  but  the 
question  of  absorption  can  be  illustrated  just  as  well,  and  more  simply 
as  far  as  analysis  is  concerned,  by  considering  the  corresponding 
acoustical  problem.] 

9.  The  theory  of  absorption,  which  was  first  suggested  by  Stokes,* 
and  afterwards  amplified  and  more  fully  developed  by  Sellmeier,t 
depends  upon  the  theorem,  that  when  a  dynamical  system  is  subjected 
to  a  force  whose  period  is  equal,  or  nearly  so,  to  one  of  the  free  periods 
of  the  system,  the  amplitude  of  the  corresponding  forced  vibration 
will  be  large.X     In  certain  cases,  the  amplitude  of  the  forced  vibration 

*  FhiL  Mag.,  March  1860,  p.  ]96. 

t  Pogg.  Ann.f  Vol.  cxlv.,  pp.  399,  620;  cxlvii.,  pp.  386,  525. 

X  [It  must  be  recollected  that  Herschel's  theorem,  that  the  period  of  the  forced 
vibration  is  equal  to  that  of  the  force,  is  only  trne  when  the  molecular  forces  depend 
upon  the  first  powers  of  displacements.  If,  for  example,  the  equation  of  motion 
were  of  the  form 
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becomes  infinite  when  the  periods  are  equal ;  and,  in  order  to  avoid 
this  difficnltj,  HelmholtB*  in  his  theory  of  anomalous  dispersion 
introdaoed  a  riscoas  term  (t.c,  a  term  proportional  to  the  velocity), 
which  he  endeavoured  to  account  for  on  the  supposition  that  it  repre- 
sented a  conversion  of  energy  into  heat.  The  introduction  of  this 
term  is  objected  to  by  Sir  W.  Thomson,t  on  the  ground  that  we  have 
no  right  to  suppose  that  the  luminiferous  ether  is  a  medium  which  is 
capable  of  exerting  any  actix>n  in  the  nature  of  frictional  resistance ; 
but,  on  the  other  hand,  Sir  W.  Thomson's  molecular  theory  is  open  to 
the  objection  which  Helmholtz  sought  to  evade,  inasmuch  as  the 
amplitudes  of  the  vibrations  of  his  molecules  and  the  index  of  refraction 
become  infinite  when  the  period  of  the  waves  of  light  is  equal  to  any 
one  of  the  free  periods  of  the  matter.  It  will  therefore  be  desirable 
to  show  that  the  viscous  term  introduced  by  Helmholtz  may  be 
accounted  for  on  physical  grounds,  which  are  not  open  to  Sir  W. 
Thomson's  objections. 

If  plane  waves  of  sound  whose  period  is  r  impinge  upon  a 
spherical  obstacle,  whose  radius  is  small  in  comparison  with  the  wave- 
length of  the  waves  of  sound,  and  if  the  sphere  be  attached  to  a 
spring  so  as  to  be  capable  of  vibrating  parallel  to  the  direction  in 
which  the  Vvaves  are  travelling,  it  can  be  showuithat  the  effect  of  the 
waves  will  be  to  cause  the  sphere  to  perform  simall  oscillations.  The 
energy  of  the  sphere  is  supplied  in  the  first  instance  by  the  waves 
which  impinge  upon  it,  and  the  motion  of  the  sphere  generates 
divergent  wav(?8  which  travel  away  into  space  carrying  energy  with 
thorn.     If,  therefore,  the  incident  waves  ceased,  the  sphere  would 


the  forced  vibration  would  bo  _     2p  , , 

whence  the  period  of  the  forced  vibration  is  three  times  that  of  the  force.  An 
equation  of  this  kind  illustrates  the  way  in  which  ultra-violet  waves  might  be  con- 
verted into  luminous  waves.  See  Stokes,  "  On  the  Change  of  Refrangibility  of 
Light,"  Thil.  Trans.,  1862,  p.  463. 

The  complementary  function  is 

y  =  flcn  (tfju^  +  o),     A;=»2"*, 

where  a  and  a  are  the  constants  of  integration.  The  amplitude  is  a,  and  the  period 
AKj^n.  This  result  is  an  example  of  a  vibration  whose  period  depends  upon  its 
amj)litndo.  If,  therefore,  we  were  to  suppose  that  waves  of  dark  heat  falling  upon 
a  body  were  capable  of  producing  vibrations  of  this  form,  in  which  a  increases 
slowly  with  the  time,  the  body  would  first  become  hot,  then  red-hot,  and  afterwards 
interiHoly  luminous. — Added  June  14/A,  1891.] 

*    If'tssfft.  Ahhnnd.^  Vol.  n.,  p.   '218. 

t  •'Lectures  ou  Molecular  Dyiiamicb,"  p.  149. 
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gradually  get  rid  of  all  its  energy  by  generating  scattered  waves,  and 
wonld  nltimately  come  to  rest ;  hence  the  equation  of  motion  of  the 
sphere  must  contain  a  viscous  term,  notwitbstaading  the  fact  that 
the  system  is  assumed  to  be  devoid  of  viscosity. 

Let  r  be  the  period  of  the  sound  waves,  /  the  free  period  of  the 
sphere,  M  the  mass  of  the  latter,  and  M'  the  mass  of  the  flaid  dis- 
placed ;.  also  let  the  radius  c  of  the  sphere  be  so  small  in  comparison 
with  the  wave-length  of  the  sound  waves,  that  powers  of  kc  highisr 
than  the  cube  may  be  neglected.  Then  it  can  be  shown  that  the 
equation  of  motion  of  the  sphere  is 

ar  r^ 

which  puts  in  evidence  the  existence  of  the  viscoas  term. 
The  amplitude  A  is  determined  by  the  equation 


i4  = 


Arr^(|-ffiic»c')/a 


Since  this  expression  contains  an  imaginary  term  in  the  denomi- 
nator, it  follows  that  the  amplitude  can  never  become  infinite  for  any 
real  value  of  r. 

For  all  solids  M  is  very  much  greater  than  M'\  hence,  if  the  difference 
between  r  and  r'  be  not  very  small,  A  will  be  very  small ;  but,  if  r  =  t\ 
the  large  term  in  the  denominator  involving  M  disappears,  and  A  is 
approximately  equal  to  3/a. 

To  the  above  order  of  approximation,  the  amplitude  will  be  greatest 

when  r«  =  rV^'(H-iic»0, 

in  which  case  A  = (1+  -r- I, 

a  \        iK^c*/ 

which  is  largo  on  account  of  the  smallness  of  k'c*. 
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YolcC'Chains  and  Multipartito  Compositions  in  connexion  with  the 

Analytical  Forms  called  "  Trees. ^^ 

By  Major  P.  A.  MacMahon,  R.A.,  P.R.S. 

[Read  April  9th,  1891.] 

A  yoke-chain,  an  expression  adopted  at  the  suggestion  of  Professor 
Cajley,  is  a  geometrical  configui'ation  composed  of  line  branches. 
The  simple  line  branch is  indifferently  a  yoke  or  a  chain. 


The  combinations  <^^^  C3>  &c.  are  yokes  ; 

whilst  . »  ■     ,  ■       ■ — — •  &c.  are  chains  ; 

and  generally  we  form  chains  by  combining  chain-wise  any  number 
of  yokes^and  also  generally  we  form  yokes  by  combining  yoke- wise 
any  number  of  chains. 

E.g.^  <^^j<^Z^ •   is  a  chain, 

is  a  yoke. 

Yoke-chains  may  be  viewed  as  diagrammatic  j-epresentations  of  the 
combinations  of  resistances  of  linear  electrical  conductors,  or  of  the 
capacities  of  electrical  condensers.  The  yoke  and  the  chain  repre- 
sent parallel  and  series  combinations  of  resistances,  but  beries  and 
parallel  combinations  of  capacities. 

Tlie  theory  of  yoke-chains  does  not  include  every  combination  of 
resistances,  but  only  those  wbich  are  made  up  of  two  or  more  combi- 
nations, either  in  parallel  or  in  series.  In  the  case  of  five  resistances, 
for  example,  we  find  a  combination  such  as  the  Wheatstone  net,  which 
is  not  decomposable  into  other  combinations  either  in  parallel  or  in 
series.  Such  networks,  considered  by  Kirchhoff  and  Maxwell,  do  not 
come  into  view  here. 

Consider  in  the  first  place  the  different  yoke-chains  that  can  be 
formed  from  a  given  number  of  branches. 

From  a  tsiuprlc  branch  wc  can  merely  form  i\iv  yoke  or  chain. 
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From  two  branches  we  form  the  chain  of  Fig.  1   or  the  yoke  of 
Fig.  2, 


Fig.  1.  Fig.  2. 

I  define  the  yoke  of  Fig.  2  to  be  the  yoke-chain  conjugate  to  the 

chain  of  Fig.  1,  and  I  further  regard  the  yoke  or  chain as  being 

self-conjugate. 

Every  chain  is  a  chain  of  yokes,  and  every  yoke  is  a  yoke  of  chains. 

I  make  the  following  definitions  : — 

Definition. — The  conjugate  of  any  chain  is  formed  by  placing  the 
conjugates  of  the  component  yokes  in  a  yoke. 

Definition. — The  conjugate  of  any  yoke  is  formed  by  placing  the 
conjugates  of  the  component  chains  in  a  chain. 

The  process  of  conjugation  is  necessarily  reversible,  as  is  obvious 
from  the  de6nitionR. 

The  second  of  the  above  definitions  is  derived  from  the  first  by 
interchanging  the  words  chain  and  yoke. 

We  have  thus  the  notion  of  conjugate  yoke-chains,  and  it  is  clear 
that  the  yoke-chains  of  a  given  order  (^.e.,  of  a  given  number  of 
branches)  may  be  arranged  in  conjugate  pairs,  each  pair  comprising 
a  chain  and  a  yoke. 

Further,  the  whole  of  the  yoke-chains  may  be  arranged  in  a  chain 
set  and  a  yoke  set,  and  either  set  is  derivable  by  conjugation  from 
the  other. 

Passing  now  to  the  case  of  three  branches,  we  form  the  chain  set 
by  placing  each  of  the  forms  of  order  2  in  chain  with  the  form  of 
order  1.     We  thus  obtain  the  left-hand  column  below  : 


To  form  the  right-hand  column,  we  first  place  the  three  self- 
conjugate  components  of  the  form  •  in  yoke,  and  then, 
place  the  conjugates  of  the  components   <3>  of  the  form 


viz.,  • •  and  • *,  in  yoke. 

We  thus  obtain  the  left-hand  chain  sot,  and  the  right*^hand  yoke 
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In  fiKiniiig  ihe  Corma  of  order  4,  we  place  each  of  ihe  four  f qtibb 
of  order  3  in  chain  with  the  form  of  order  1,  and  farther  place  ilie 
yoke  form  of  order  2  in  chain  with  it«elf.  We  have  thns  5  (=4-4-1) 
forms,  constitnting  the  chain-colamn  of  order  4.  These  are  given 
below,  and  also  the  con j  agate  joke-colamp. 


To  form  the  chain-oolanm  of  order  5,  each,  of  the  ten  forms  of 
order  4  is  placed  in  chain  with  the  form  of  order  1,  and  farther  each 
of  the  joke  forms  of  order  3  is  placed  fa  chain  with  the  joke  form  of 
order  2.  There  are  thois  in  alK  2  (10+2)  =  24  forms.  In  general, 
the  forms  of  order  n  are  formed  from  the  forms  of  lower  orders.  To 
form  the  chain-colamn,  as  manj  processes  mnst  be  performed  as  there 
are  non-anitary  partitions  of  h^  or  aa  there  ure  partitions  of  it  com- 
posed of  the  integers 

o    M    4  « 

We  first  place  each  form  of  order  n— 1  in  chain  with  the  form  of 
order  1.  This  is  the  Srst  process,  and  thereafter  we  hare  a  process 
associated  with  everj  non-anitarj  partition  of  n  with  the  exception 
of  the  partition  consisting  merelj  of  the  number  n  itgelf. 

For  the  partition  (n— 2,  2)  we  take  every  joke  form  of  order  n — 2 
in  chain  with  the  joke  form  of  order  2.  For  the  pariitioo  (■  —  p,  p), 
p>l,  we  take  crerj  j<^e  form  of  order  «— p  in  chain  with  erery 
joke  form  of  order  p. 

Denote  bj  B^  the  number  of  chain  or  of  joke  forms  of  order  p. 
Then,  if  p  =  1,  the  complete  number  of  forms  is  J5,  =  1  :  but  if  p>l 
the  complete  number  of  forms  is  2B^. 

In  forming  sjntheticallj  the  number  B^  we  hare  above  found  a 
portion  2B.-i,  and  corresponding  to  the  partition  («*—/>-/),  p>l,  a 
portion  J5,_^  B^  for  this  represents  the  number  of  ways  of  combining 
one  of  n— p  things  with  one  of  p  things  of  a  different  s**rt. 

If,  however,  r— p=p,  the  correspondinsr  portion  is  not  ^,  but 

''^JJVt_J^  viz  ,  the  number  of  homcwueous  prvMindj>  ot  i^  thin^rti. 
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two    and    two    together.     So  also,  corresponding  to   the  partition 
(V'wr  ...),  we  have  the  number 

X!  •  III 

and  finally  we  have  the  relation 

.  ^B,{B^Jtl)..AB^Jt\-\)     J?^  (i?^  +  l)  >..  f Jg^  +  /i-l) 

the  numbers  Z,  m,  &o.,  ...  being  >1. 

This  relation  leads  at  once  to  the  expression  of  the  law  of  the 
numbers  B  in  the  form 

=l  +  (^,'-l)aj+(2^,-Bi)»«+2(B,-B,)«»+...+2(i?p-i?^.0«''+..M 
or,  multiplying  up  by  1— », 

(l-a!)-^'(l-aj»)-*-(l-fl!»)-^'(l-a;*)-^.. 

This  formula,  wherein  .Bj  =  ^,  =  1,  is  convenient  for  calculating  the 
numbers  2Bp. 

We  find 
B,    2J?,    2^3    2B,    2B,    2B^    2B,    2B^     2^      2^,o  ... 
12        4       10      24      66     180    522     15.32     4984... 

There  is  a  paper  by  Cay  ley  in  the  Philosophical  Magazine^  Vol.  xm. 
(1857),  also  Collected  Papers,  Vol.  in.,  No.  203,  "  On  the  Theory  of 
the  Analytical  Forms  called  Trees.''  The  following  passage  occurs 
{Gollected  Papers^  he,  dt.,  pp.  245,  246)*  :— 


*  Other  referentes  are — 

**  On  the  Analytical  Forms  called  Trees,"  Cayley,  Phil.  Mag,,  Vol,  xx. 
(1860),  pp.  337-341. 

**  On  the  Mathematical  Theory  of  laomers,"  Cayley,  Phil.  Maf,,  Vol.  XLni. 
(1874),  p.  444. 

"  On  the  Analytical  Forms  called  Trees,  with  Application  to  the  Theory  of 
Chemical  Comhinations,"  Cayley,  British  Astoeiatim  Rep&rt^  1875,  pp.  267-305. 

<*  On  the  Analytical  Forms  called  Trees,"  Cayley,  Ameriean  Jwmal  of 
Mathematics,  Vol.  iv.,  pp.  266-268. 

In  the  latter  paper  the  notion  of  the  centre  or  bioentre  of  nupiber  ia  stated  to  bo 
due  to  M.  Camille  Jordan,  but  I  cannot  find  the  reference. 
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"  I  have  had  occasion  for  another  purpose  to  consider  the  question 
of  finding  the  number  of  trees  with  a  given  number  of  free  brancheSy 
bifurcations  at  least.  Thus,  when  the  number  of  free  branches  is 
three,  the  trees  of  the  form  in  question  are  those  in  the  annexed 
figure,  and  the  number  is  therefore  two.     It  is  not  difficult  to  see  that 


A 


we  have  in  this  case  (i?^  being  the  number  of  such  trees  with  r   free 
branches) 

(1-a;)-'  (l-a?y^  (1-a^)-^'  (l-x*)'^*  ... 

=s  l-h«+22?,aj'-f-2i?,a^+2B^aJ*+<fcc/' 

In  view  of  this  interesting  identity  of  enumeration,  though  in  the 
absence  of  information  in  regard  to  the  purpose  for  which  Cayley 
investigated  the  subject,  I  propose  to  examine  in  detail  the  correspon- 
dence between  yoke-obains  and  the  trees  with  free  branches. 

A  single  tree  represents  either  member  of  a  certain  conjugate  pair 
of  yoke-chains,  according  to  the  interpretation  placed  upon  the  com- 
bination of  knots  and  branches  which  constitutes  the  tree. 

In  the  first  place,  wc  may  restrict  attention  to  the  chain  combinii- 
tions  of  the  several  orders. 

One,  two,  three,  &c.  branches  in  chain  may  be  denoted  by  the  trees 


and  this  representation  would  be  in  some  respects  the  most  consistent 
with  what  follows.     The  idea  is  that  a  branch 


denotes  a  chain  of  order  1,  and  the  upper  knots  are  then  joined  by 
branches  to  a  single  knot  to  denote  that  the  several  chains  are  to  bo 
joined  in  chain.  The  trees,  however,  become  simplified  if  we  agree 
to  represent  a  single  linear  resistance,  not  by  a  branch  but  by  a 
terminal  knot.     The  three  trees  above  then  become 


A  A\ 
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Consider  next  the  tree 


which  may  be  taken  to  denote  the  resistances 


placed  in  series.     In  order  that  this  tree  may  represent  the  com- 
bination 


it  is  necessary  to  suppose  that  the  tree 


A 


represents  not  the  combination  >,      •    ■  <     but  rather  its  conjugate 
yoke  form 


The  ultimate  step  in  interpreting  a  tree  will  be  to  take  a  number  of 
forms  in  chain.  The  trees  which  represent  these  fotxiiB  will  be  found 
pendent  to  the  second  row  of  knots  in  the  tree.  We  must  therefore 
agree  always  to  interpret  the  trees  which  originate  from  the  second 
row  of  knots  as  yoke  combinations.     On  this  convention  the  tree 


denotes  the  chain  combination  of  the  yoke  combinations  denoted  by 
the  trees 


A  . 


viz.,  the  yokes   <CZ^ »  placed  in  chain,  or 


The  above  principle  enables  us  to  form  in  succession  the  free-branch 
trees  of  the  various  orders. 
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The  five  trees  of  order  4  are 


I. 


II. 


III. 


IV. 


V. 


A 


/^ 


Eacli  corresponds  to  some  partition  of  four  other  than  the  number 
4  itself. 

The  tree  I.  [partition  (1*)]  clearly  denotes 


■♦       •' 


the  trco  II.,  partition  (21'),  denotes 


•       • 


the  tree  III.,  partition  (2*),  gives 


trees  IV.  and  V.  both  belong  to  the  partition  (31) ;  this  follows  from 
the  fact  that  there  are  two  trees  of  the  order  3,  and  cither  may  be 
placed  as  a  pendent  to  a  knot  of  the  tree 


A 


in  order  to  form  a  tree  of  order  4. 

According  to  the  rale,  wo  must  give  parallel  interpretations  to  the 
trees 


A 


prior  <o  taking  them  in  stM-ios,  in  each  case,  with  <hc  tree  donot^Ml  by 
a  sinirlo  knot. 
Wo  havo  ihuH — 

Tree  IV.  = 


Tioc    V.  - 
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and  the  five  trees  have  been  placed  in  correepondence  with  the  five 
series  combinations  of  order  4. 

As  another  example  I  take  the  tree 


The  scries  equivalences  of  the  trees 


are 


To  form  the  complete  combination  we  have  merely  to  take  the  conjn- 
gates  of  these  in  series. 

The  conjugates  are 


so  that  the  tree  denotes  the  combination 


In  this  way  any  tree  may  be  interpreted  so  as  to  denote  a  chain. 

If  in  the  foregoing  rales  the  words  chain  and  yoke  be  interchanged, 
the  result  will  be  the  conjugate  yoke  combination. 

A  tree  therefore  may  be  taken  to  be  a  representation  of  either 
combination  of  a  conjugate  pair  at  pleasure,  or  if  we  please  of  both 
combinations  of  such  a  pair. 

I  give  below  a  Table  showing  the  correspondence  of  trees  with 
yoke-chains  of  the  first  six  orders. 
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A 
A 


•         • 


»         •         • 


A 


•         t 


\ 


'     Jks 


•*  > 
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The  capacity  of  condensers  placed  in  parallel  is  formed  according^ 
to  the  same  law  as  the  resistance  of  linear  conductors  placed  in 
series. 

In  general  the  capacity  of  any  combination  of  condensers  is  formed 
according  to  the  same  law  as  the  resistance  of  the  conjugate  combi- 
nation of  linear  conductors. 

There  is  a  very  simple  result  connected  with  the  conjugate  com- 
binations  of  equal  linear  conductors  which  may  possibly  haye  escaped 
notice. 

If  any  combination  of  linear  conductors,  each  of  r  ohms  resistance, 
be  formed  so  that  the  combined  resistance  is 

—  r  ohms ; 
n 

then  the  resistance  of  the  conjugate  combination  is 

—  r  ohms. 

The  inductive  proof  is  easy,  for  suppose  two  series  combinations  to 
have  resistances  , 

—-r    and   -77- r  ohms, 
0  0 

and  to  be  such  that  the  i*esistances  of  the  conjugate  combinations  are 

—  r  and   —7-  r  ohms. 
a  a 

Placing  the  two  combinations  in  parallel,  the  resistance  is 

hV  , 

T  T  ohms, 


a        a 


which  is  -7 =7-  r  ohms, 

0.0 

a        a 


and  the  reciprocal  of  the  multiplier  of  r  is 


a         ft 
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which,  maltiplied  into  r,  represents  the  resistance  of  the  combination 
formed  by  placing  the  conjugates  of  the  component  combinations  in 
series. 

Hence,  since  the  law  evidently  holds  in  the  simplest  cases,  it  must 
be  true  in  general. 

2.  In  the  Philosophical  Magazine,  1860,  Professor  Gayley  has 
enumerated  the  trees  with  a  given  number  of  terminal  knots.  He 
remarks : — 

"  We  have  here 

1 


^  =  1.2  .3...(m— 1)  coefficient «*■*  in 


2— expoj' 
giving  the  values 

^  =  1, 1,  3,  13,  75,  641,  4683,  47293,  ..., 
for  m  =  l,  2, 3,    4,    5,      6,        7,  8,...." 

This  enumeration  is  identical  with  that  of  the   compositions  of 
certain  multipartite  numbers.* 

The  correspondence  is  between  the  trees  with  m  terminal  knots, 
and  the  compositions  of  the  multipartite  number 


M.l 


1 

where  1"*'^  denotes  1  repeated  m—1  times,  and  the  bar means 

that  the  partition  does  not  denote  the  partition  (1"*'')  of  a  single 
number  m—l,  but  rather  the  multiparfcite  number  having  the  multi- 
partite weight  1,  1,  1,  1,  ...,  m—l  times. 

To  identify  each  tree  with  a  composition,  consider,  for  example,  the 
13  trees  with  4  terminal  knots. 


*  H.  J.  S.  Smith  and  J.  W.  L.  GUiBher  have  termed  partitions  in  which  the 
order  of  the  parts  is  essential  **  compositions."  For  moltipartite  numbers  see  the 
author,  **  Memoir  on  Symmetiio  Functions  of  the  Roots  of  Systems  of  Equations,'* 
FMl.  Trans,  JR.  8.  of  London,  Yol,  CLzxzi.  (1890),  A.,  pp.  481-636;  and  for  compo- 
sitions  of  multipartite  numbers,  the  author,  the  Meuenger  of  Mathematiea,  Vol.  xz. 
(1890). 
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I       2      3 


o  i  i    i  \    i  i  I 


I     2      3 


I     «     3 


f     2    3 


I       2       3 


I    2      3 


I     2    3 


iA""Ai  r 


I     2      3 


I     2     3 


f       2      3 


I      2     3 


I       2      3 


We  have  to  identify  each  of  these  trees  with  a  composition  of  the 

tripartite  nnmber  111.  The  number  being  tripartite,  whilst  the 
terminal  knots  are  four  in  n amber,  the  idea  is  presented  of  considering 
not  the  terminal  knots,  bnt  the  spaces  between  them,  which  are  but 
three  in  number.  These  spaces  are  numbered  1,  2,  3  from  left  to 
right  in  each  tree.  Consider,  moreover,  the  knots  in  the  first,  second 
and  third  rows,  omitting  the  terminal  row  of  knots.  These  are  marked 
-4,  B,  (7 ;  in  each  row  we  have  knots  from  which  descend  two  or  more 
branches.  Of  these  branches  any  two  that  are  adjacent  bound  an 
area  which  is  in  direct  communication  with  one  of  the  numbered 
spaces  between  the  terminal  knots.  In  any  row  of  knots  we  must 
observe  the  connexion  between  each  angle,  formed  by  the 


A 


descent   of   two  adjacent  branches  from  a  knot,  and  the  terminal 
spaces. 

In  the  second  of  the  last  line  of  trees,  beginning  with  row  A^  we 
see  an  angle  in  commanication  with  space  3,  but  not  with  spaces 
1  or  2  ;  this  connexion  between  angles  and  spaces  may  bo  denoted  by 

001  ; 
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similarly  for  row  B,  there  is  one  angle  in  connexion  with  space  1,  so 

that  we  have  100 ; 

in  row  (7,  one  angle  leads  to  space  2,  so  that  we  have 


OlU; 
the  whole  connexion  between  angles  and  spaces  is  represented  bj  the 

composition  (OOl,   iM,    OlO) 


of  the  mnltipartite  nnmber  111. 

Interpreting  each  tree  in  snccession,  we  get  the  whole  of  the  13 
compositions  of  ill,  viz. : — in  order 


(111), 


(Oil,   100),    (101,  010),     (110,  001), 


(010,   101),    (001,  110),    (100,  OTT), 


(001,  010,    100),     (001,   loo,  010),     (010,   100,  001), 


(010,  001,   100),     (100,  001,   010),     (100,  010,  001). 

This  principle  of  interpretation  is  perfectly  general.  The  number  of 
angles  in  a  tree  must  be  less  by  one  than  the  nnmber  of  terminal  knots, 
and  each  row  from  the  first  (or  top)  to  the  pennltimate  mnst  contain 
at  least  one  angle. 

If  any  composition  of  a  mnltipailiite  nnmber  of  the  form  which 
presents  itself  in  this  theory  be  given,  it  is  extremely  easy  to  form  the 
corresponding  tree.  To  form  the  tree,  it  is  best  to  commence  with  the 
right-hand  part  of  the  composition,  and  to  then  prooetd  regnlarly 
towards  the  left. 

Suppose  given  the  composition 


(0101,   lOOO,   OOIO), 
the  successive  operations  are 


f        2         3 


II  AI 

12         3        4 


12       3       4 


I        2       i       *» 


334 


Major  P.  A.  MacMahon  on  the 


[April  9, 


"  I  have  had  occasion  for  another  purpose  to  consider  the  question 
of  finding  the  number  of  trees  with  a  given  number  of  free  branches, 
bifurcations  at  least.  Thus,  when  the  number  of  free  branches  is 
three,  the  trees  of  the  form  in  question  are  those  in  the  annexed 
figure,  and  the  number  is  therefore  two.     It  is  not  difficult  to  see  that 


A 


we  have  in  this  case  (Br  being  the  number  of  such  trees  with  r  free 
branches) 

(l-x)-'  (1-a^)-'-  (1-a^)-*'  (1-a;*)-'* ... 

=  l-h«+22?,aj»-f-2B,a^+2B^aJ*+<fcc." 

In  view  of  this  interesting  identity  of  enumeration,  though  in  the 
absence  of  information  in  regard  to  the  purpose  for  which  Cayley 
investigated  the  subject,  I  propose  to  examine  in  detail  the  correspon- 
dence between  yoke-obains  and  the  trees  with  free  branches. 

A  single  tree  represents  either  member  of  a  certain  conjugate  pair 
of  yoke-chains,  according  to  the  interpretation  placed  upon  the  com- 
bination of  knots  and  bmnches  which  constitutes  the  tree. 

In  the  first  place,  we  may  restrict  attention  to  the  chain  combina- 
tions of  the  several  orders. 

One,  two,  thi'ee,  &c,  branches  in  chain  may  be  denoted  by  the  trees 


1       I       1    1     1 


and  this  representation  would  be  in  some  respects  the  most  consistent 
with  what  follows.     The  idea  is  that  a  branch 


denotes  a  chain  of  order  1,  and  the  upper  knots  are  then  joined  by 
branches  to  a  single  knot  to  denote  that  the  several  chains  are  to  be 
joined  in  chain.  The  trees,  however,  become  simplified  if  we  agree 
to  represent  a  single  linear  resistance,  not  by  a  branch  but  by  a 
terminal  knot.     The  three  trees  above  then  become 


I  / 


A\ 
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Consider  next  the  tree 


which  may  be  taken  to  denote  the  resistances 


placed  in  series, 
bination 


In  order  that  this  tree  may  represent  the  corn- 


it  is  necessary  to  suppose  that  the  tree 


A 


represents  not  the  combination  » 
yoke  form 


bnt  rather  its  conj agate 


The  ultimate  step  in  interpreting  a  tree  will  be  to  take  a  number  of 
forms  in  chain.  The  trees  which  represent  these  forms  will  be  found 
pendent  to  the  second  row  of  knots  in  the  tree.  We  must  therefore 
agree  always  to  interpret  the  trees  which  originate  from  the  second 
row  of  knots  as  yoke  combinations.     On  this  conycntion  the  tree 


denotes  the  chain  combination  of  the  yoke  combinations  denoted  by 
the  trees 


A  . 


viz.,  the  yokes 


-,  placed  in  chain,  or 


The  above  principle  enables  us  to  form  in  succession  the  free-branch 
trees  of  the  various  orders. 
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we  reach  witbofat  difficnlty  the  formnla 


ri,,aj+Ta..a!'+T,.,a!»+...  = 


X 


1  —  nx 


^m-l 


Hence,  as  above  stated,  T^,„  =  n! 

We  have  established  the  theorem  : — 

"  The  number  of  compositions  of  the  mnltipartite  number 

into  n  parts,  zeros  not  excladed,  is 

*»  9 

and  there  is  a  one-to-one  correspondence  between  thesis  compositions 
and  the  trees  of  altitnde  n  which  have  m  terminal  knots." 


On  Functions  determined  from  their  Discontinuities  and  a  certain 
form  of  Boundary  Condition.     By  Mr.  W.  Burnsidb. 

[JSead  May  Uth,  1891.] 

The  problem  of  uniform  streaming  in  two  dimensions  (of  incom- 
pressible fluid  or  electricity)  may  be  stated  in  the  following  form :  to 
determine  a  single- val«ed  function  of  x-\-iy  which  in  a  given  region 
of  the  Xj  y  plane  shall  have  a  single  given  infinity  and  whose 
imaginary  part  shall  be  constant  over  the  boundary  of  the  region. 

It  is  the  object  of  the  following  paper  to  prove  certain  general 
theorems  with  !respect  to  functions  of  a  complex  variable  which  are 
determined  by  conditions  similar  to  but  more  general  than  these,  and 
to  show  how  to  construct  the  functions  themselves  in  certain  simple 
cases. 

I  suppose  that  m  closed  non-intersecting  curves  are  given, 
(7„  Oj  ...  C„,  no  one  of  which  separates  any  two  others.  The  region 
bounded  by  these  curves  is  called  B  ;  and  I  consider  a  function  w  in 
the  region  B  which  shall  be  everywhere  one- valued  and  continuous, 
except  at  n  given  points  jz?„  z^  ...  ^„,  at  each  of  which  it  has  a  given 

simple  infinity  (so  that  w *—  is  finite   when  z  =  z,),    and  which 

z  —  z. 
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at  the  boundaries  shall  be  snch  that   the  imsginarj  part  of  wiF**  is 
•oonstant  over  Cr,  where  Oj,  6^s ...  6^  are  given  angles. 

Assuming  the  function  to  to  exist,  I  prove  that  it  is  completelj 
determined,  except  as  regards  an  additive  constant,  by  the  gives 
conditions,  and  that  in  i2  it  takes  every  valne  n  times.  It  follows  at 
once  that  if  tr„  w^,..tDn  are  functions  satisfying  the  same  bonndarj 
conditions  and  each  with  a  single  infinity,  then 

to  =  fi;i-|-M7,+  ...  +Wn. 

I  then  go  on  to  show  how  to  form  the  functions  when  the  boundaries 
are  circles. 

First  consider  the  nature  of  the  condition  at  the  boundaries.     If 

to  =  tt+it?, 

then,  at  (7^,  u  sin  0^-\-v  cos  Br  is  constant.     Hence 

du  .   ^  .  dv       ^       ^ 

—  sm^^+  —cos  6^=  0, 

08  08 

if  —  denote  differentiation   along  the  arc  of  (7^.     But  £-  denoting' 

cs  on 

differentiation  along  the  normal  to  Cr, 

—  =  7—  and  ~  =  —  ~  ; 
OS       en  On  Cs 

and  if  at  any  point  on  Cr  ir-  vanishes  then  also  ^  vanishes,  and  the 

08  On 

point  is  a  double  point  on  the  t^-curve  passing  through  it. 

Now  u  and  v  cannot  both  be  constant  along  Cr  without  w  being 
everywhere  constant ;  hence  there  must  be  an  even  number  of  points 
on  Cr  at  which  u  and  v  have  (as  regards  displacements  on  Cr)  maxi- 
mum or  minimum  values,  and  at  which  the  curves  u  =  constant  and 
V  =  constant  have  doable  points.  Suppose  now  that  there  are  two 
different  f  auctions  w'  and  w"  satisfying  the  given  conditions  in  and  at 
the  boundaries  of  B  ;  their  difference  «?'— w"  (=  w)  will  be  a  function 
everywhere  one- valued  and  continuous  within  J2,  and  such  that 

nsin  6r+v  cos  6^ 

is  constant  over  C„  where  the  suffix  may  have  any  value  from  1  to  m. 
Suppose  A  and  B  are  two  points  ou  C^  at  which 

The  curve  h  =  u^. 
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which  may,  withont  loss  of  generality  in  the  reasoning,  be  supposed 
not  to  extend  to  infinity,  will  consist  of  a  branch  starting  from  A  and 
abutting  cm  some  other  part  of  the  boandary  0<,  say  at  Ai ;  leaving^ 
Oiat  another  point  B^,  and  abutting  on  0^ ;  and  so  on,  at  last  retaming^ 
to  B.    Between  A  and  B  on  0|  is  a  point  at  which  the  u-cnrve,  say 

has  a  doable  point.     The  cnrve 

u  =  Ui 

will  either  not  meet  0,-,  or  abnt  on  it  at  two  points  between  Ai  and 
Bij  and  a  U'Curve  drawn  for  some  valae  which  u  takes  twice  between 
Ai  and  Bi,  will  certainly  abnt  on  one  bounding  curve  less  than 

This  process  may  be  continued,  and  at  last  there  must  be  a  cnrre 

which  abuts  only  on  one  bounding  curve  0«.  But  between  (the  two 
points  on  Og  where 

meets  it,  there  is  one  at  which  the  u-curve  has  a  double  point.  This 
ti-curve  then  must  either  cut 

which  is  contrary  to  the  supposition  that  to  is  one- valued,  or  it  must 
be  closed,  which  is  contrary  to  the  supposition  that  to  is  everywhere 
finite.  Hence  the  supposition  that  vo^-vS*  is  not  constant  leads  to  a 
contradiction.  The  function  then«  if  it  exists,  is  completely  deter- 
mined,  except  as  regards  an  additive  constant,  by  the  g^ven  conditions. 
For  sufficiently  great  values  of  t^o  ^^d  t^^,  the  curves 

t«  =  tt^    and    t^  =  Vq 

consist  each  of  n  small  closed  approximately  circular  curves  passing 
through  JTi,  %^  ,„  z^ixi  pairs,  and  each  pair  intersecting  in  one  other 
point. 

Hence,  when  u^  and  v^  are  great  enough,  w  takes  the  value  t*o+*^o 
n  times.  Now  following  the  reasoning  that  Prof.  F.  Klein  applies  to 
the  similar  problem  for  a  one- valued  function  on  a  Riemann's  surface 
("  Ueber  Riemann's  Theorie  der  Algebraischen  Functionen,"  p.  46), 

the  carves  u  =  «q,     v  =  Vq, 
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can  by  oontinuons  variation  of  u^  and  v^  only  lose  or  gain  an  inter- 
section at  a  double  point  on  the  n-  and  i;-  carves  or  at  the  boundary. 
But  as  v^  and  v^^  change  continnonsly  through  values  corresponding  to 
a  double-point,  a  pair  of  points  of  intersection  approach,  coincide,  and 
then  separate  into  two  again,  so  that  no  point  of  intersection  is  gained 
or  lost  in  this  way.     Also,  if 

abuts  on  a  boundary  at  A  and  JB,  the  values  of  v  at  A  and  B  are  the 
same  (from  the  boundary  condition) ;  and,  since  between  A  and  B  there 
must  be  a  double  point,  the  values  of  v  on  the  curve 

as  it  approaches  A  and  leaves  By  must  be  either  continually  increasing 
or  continually  decreasing.  Hence,  as  regards  intersectious,  there  is 
no  difference  between  a  curve  that  meets  the  boundary  and  one  that 
does  not.  It  follows  therefore  that  the  number  of  points  of  inter- 
section is  always  the  same  as  when  u^  and  v^  are  very  great ;  or  in 
other  words,  w  takes  every  value  n  times  in  the  region  B. 

If  117^,  117,  ...ti7.  are  n  functions,  each  with  a  single  infinity  in  the 
region  22,  and  all  satisfying  the  same  boundary  conditions  as  before, 
then  m;i-|-u;, +  ...-!-«;„  is  a  single- valued  f auction  in  R  with  n  given 
infinities  and  satisfying  the  same  boundary  conditions;  but  it  has 
just  been  seen  that  there  is  only  one  such  function,  and  therefore  any 
function  of  the  kind  considered  can  be  formed  by  combining  linearly 
functions  with  a  single  infinity.  The  analogy  between  the  functions 
{|7„  «r„  ^.,  in  the  region  B^  and  linear  functions  of  ;s  in  the  infinite 
plane  is  obvious. 

If  Wi  is  the  function  with  a  single  infinity  at  iSj,  the  equation 

Wi  =  /i  w, 

establishes  the  conformable  representation  of  the  region  B  on  the 
infinite  uf-plane,  the  bounding  curves  8^^  iS„  &c.,  corresponding  to  the 
two  sides  of  finite  portions  of  the  lines 

u  sin  6|  -h  V  cos  B^  =  Ci, 
u  sin  6,+ V  cos  Q^  =  Cj, 

where  <;„  c,,  toe,  are  constants  depending  on  the  bounding  curves  and 

on  Zj ;  and  similarly 

xc=fiz) 
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establishes  the  ooaformable  representation  of  E  on  an  n- sheeted 
Riemann's  surface,  in  which  m  finite  lengths  of  certain  straight  lines 
are  to  be  regarded  as  bonndaries. 

Now  if  in  E  a  closed  carve  be  drawn  that  does  not  surround  one  of 
the  curves  0,  it  can  be  reduced  to  a  point  bj  continuous  deformation 
without  leaving  R,  HoDce  the  same  must  be  true  of  the  above 
Biemann's  surface ;  or,  in  other  words,  the  surface  itself,  leaving  the 
finite  bounding  lines  out  of  account,  must  be  simply  connected.  Since 
it  has  n  sheets,  there  must  therefore  be  2  (n~I)  branch-points;  and 
therefore  within  the  region  B  (t.e.,  excluding  the  boundary),  there 
must  be  2n— 2  double  points  on  the  u-  and  v-curves. 

Now  suppose  that,  on  6>^  u,  and  therefore  v,  has  pr  maxima  and 
Pr  minima.  Then  I  have  shown,  in  a  paper  in  the  Messenger  of  Mathe- 
matics (Vol.  XX.,  p.  ^Q)^  that  the  whole  number  of  double-points  of 
the  ti-  or  the  «;-carves  in  i2,  including  those  at  the  boundaries,  is 

2f»-|-Spr-»-w»— 2. 

But  it  has  been  shown  here  that  in  this  case  there  are  2n— 2  double 
points  inside  B  and  222?^  on  the  boundaries. 

Therefore  '    Spr  =  fn ; 

but  pr  cannot  be  less  than  unity,  and  hence 

j9j  =  ...  =  j9^  =  ...  =jp,  =  1 ; 

or  u  and  v  will  each  have  one  maximum  and  one  minimum  at  each 
boundary. 

I  go  on  now  to  consider  the  actual  formation  of  the  fuDctions  when 
the  boundaries  are  circles. 

With  a  single  circle  the  solution  is  simple  and  well-known ;  but  it 
will  be  convenient  to  express  the  result  directly  in  tbis  case  for  the 
sake  of  explaining  the  notation  to  be  used  in  the  further  cases. 

The  conjugate  imaginary  of  z  will  always  be  represented  by  z\  the 
modulus  of  z  by  I  ^  I  ,  and  the  radii  and  centres  of  the  various  circles 
by  ^1,  2i ;  ♦'ji  ^i>  <Sm3.  For  a  single  circle  the  function  w  must  satisfy 
the  following  conditions  : — 

A 

w 

z  —  a 

must  be  finite  for  all  points  on  the  same  side  of  the  circle 

HS  a,  and  the  imaginary  part  of  i^e'*'  must  be  constant  at  the  circle. 
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Now,  it  is  easy  to  verif  j  that  the  imaginary  part  of 
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if— a 


-4e-'*' 


/        r. 
a— Zi—    — *- 


5f— «, 


vanishes  at  the  circle 


for,  writing 

the  expression  becomes 


I  «-^i  I  =n. 


j5— 2?.  =  rje  , 


i4e*'' 


i4'e-' 


the  snm  of  two  conjngate  imaginaries,  which  is  real. 


Hence 


A 
w  = 

z—a 


A'e-"^^ 


a  —Zi L 


Y*+ constant. 


z—z^ 


But 


and  Zi+  -r-^—,  is  the  inverse  point  of  a  in  the  circle  I  z 
a  —Zi 

which  will  always  be  represented  by  a^ ;  therefore 


-»,!  = 


l» 


W 


= f-rH)   — ^ —  +  con8t. 

z — a       \o — Zif     z — Oi 


Starting  from  the  fioite  form  so  obtained  for  the  case  of  a  single 
circle,  a  method  which  is  essentially  the  same  as  the  physical  method 
of  images  may  be  applied  to  form  a  series,  which,  if  convergent,  will 
give  the  required  function  for  the  case  of  two  circular  boundaries. 

The  two  circles  might  first,  by  a  linear  transformation,  be  replaced 
by  two  concentric  circles,  but  the  simplification  of  the  algebraic  work 
thereby  introduced  is  not  great;  while  the  point  at  infinity  being 
then  a  singular  point  for  the  functions  involved,  the  result  would  lose 
something  of  its  generality.  Consider  then  the  case  in  which  the 
boundary  consists  of  two  non-intersecting  circles 

I  a;— jj,  I  =  Ti     and       |  s— Zj  |  =  r,. 
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Bj  applying  continually  the  previous  result  a  series  may  be  obtained 
of  the  form 

w  = 

'-"+^1^+-^  +  ...; 

where  ^,  =  -  (-7^)  Vc-*^ 

\a  —  jSi/ 


•••      •••      •«•      ••• 


e'^; 


and  Oi,  is  the  inverse  point  of  a^  in  the  circle  |  «•— ft  |  =  r^  &c.  Each 
term  of  this  series  corrects  over  one  circle  the  error  introdaced  over 
it  by  the  preceding  term,  and  hence,  if  the  series  is  convergent,  it 
clearly  represents  the  function  required. 

The  form  of  the  series  may  be  simplified  by  the  following  con- 
siderations. 

Two  consecutive  inversions  are  equivalent  to  a  linear  substitution, 
and  hence  the  quantities  a,  a„  Oi,,  a^^  Oj,!,  d^.,  in  the  denominators 
can  be  derived  from  a  and  a,  (or  from  a  and  a,)  by  transforming  these 
by  means  of  the  direct  or  inverse  powers  of  a  linear  substitution. 

Suppose  that  a^  = ; 

any  term  a,2i.„  or  0212^.  with  an  even  number  of  suffixes  can  then  be 
written  in  the  form  .  _ 

where  (  «,  "^  "]  is  a  power  of  Iz,  °^  },  and  any  term  with  an 
odd  number  of  suffixes  can  be  written  in  the  form 

anaj_±K 

Cn^l  +  dn 

2 

Also,  since  aj,  =  2:,+    ,  ^   ,, 

tti  — 5, 

therefore  f/a,2  =  —  {    ,  ^   , )  da\, 

\ai— ^2 ' 
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and  da.^'-l-p—Xda. 

\a  —Zxf 

Therefore  A^t--  i -r*-, )'«'"•■  ^'i 

—  e  .^  , 

which  result  can  be  generalized  at  once. 

The  series  therefore  can  be  written  in  the  form 
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w=i     A  %  e*«^*.-».) 


-IS 


1         dU  (g) 
«-/-(«)       da 


-hill  I  e*'"^''*-*^ ^-^   ^/" (°l) , 

^— /n(ai>       ^i 

where  /»  represents  the  result  of  repeating  n  times  the  linear  su  bsti- 
tution 

\     cz-\-dJ 


Now  the  substitution 


/      az-^h\ 


has  for  its  double  points  the  limiting  points  of  the  coaxal  system  to 
which  the  two  circles  belong ;  while  it  may  easily  be  verified  that 
the  maltiplier  is  real  and  different  from  unity.  It  may  therefore  be 
written  in  the  form 

f(z)-h  z-V 

and  hence  /..  (a)  =  (^g"-ff)a-%  (^^-1)  . 


therefore 


k»  Vn 


dfn(a)_  (h-gYK' 

da  [(X«'-l)a+fc-yir"]' 


(k-sY 


It  follows  that  2  "'J'^"'^  is  a  nniformly  convergent  series,  and  there- 

2a. 


dfn  (a) 
da 
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fore  at  once  that  the  two  infinite  series  in  the  expression  for  w  are 
uniformly  convergent  and  represent  continaous  functions  of  z. 

If  61—6,  is  commensurable  "with  ir,  the  expression  for  w  can  be  put 
in  a  finite  form  by  means  of  theta- functions,  but  not  otherwise. 
Suppose,  for  instance,  that 

tfi— 6,=  — , 
P 

whore  p    is   an    integer;     then    the  terms    in    to    which    contain 
^g(K«w)/p  (8<p)  as  a  coefficient  are 

-•  «— /•♦••i»  (o)         da 

Now  - ^Z'^""  (°)  +  ^ df,_^  (g) 

«— /«^Hi.(a)         da  «— /..n,»(a)         da 

a„     *L  (2C*-1)/.  (a) +*-<,!?•     J 

X  r,-  (hK-"-g).f.M-hg(K-''-l)l 

L       (£:-'-i)/.(«)+A-<,2r-'   J 

^_a  ,^    (.—  /*)  [/.  (g)-..?]  -(c-y)  [/.  (a)-h'\  K-" 
a.."   '''^  /.  {a)-g-  [/.  (a)  - fc]  iT--' 

^  ('-g)  U(a.)-Al-(.— A)  [7.(a)-glg-i' 
1      «-g/.(«')-*jC-»    ^      f-O.Ma)-?^--.. 


"Jl--' 


The  t«rms  in  quosHon  c>«n  then  be  written 

V         e  — ft /,  (^a)  — j;  '   1    V         J— A /,  (^a)— j7  / 

•       —     »■     ^ 


-  f-  log 


V         /.  l^a)-jj'    1    V         /.(a'i-g  V         /A«'-ft  ' 

where  fiiukllv  the  denominator  ejtn  W  omitto>l  *s  a  mere  oonstanu 
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Omitting  a  fnrtlier  conBtant,  this  is  the  same  as 


355 


where 


-  f  log  d,  (ar.,  g), 

On 


J  li       z  —  qf,(a) — h        I7      z  —  qa  —  h   ,   m, 

and       X,  =  —log f  •'-f-— =  -  log—  ^   +  -  log  q, 

2%        z—hfg(a)—g       2*        z—ha—g      p 


Now 


and  the  part  of  to  which  has  A  for  a  ooe£Soient  can  therefore  be 
written  in  the  form 


iA 


h-g 


•-P-1 


2    gC2<*»)/p  ^1  (^«) 

2    (a-A)(a-flf)    -0  e,(x.) 


The  quantity 


^— .<y 


half  of  t(;,  may  easily  be  put  in  the  form 


,  which  occurs  as  a  factor  in  the  other 


(a-<\'  h'-g' 

\     n     /     (a'-A')(a-<7')' 


SO  that,  if  y,  is  written  for  the  result  of  putting  a^  for  a  in  aj„  the 
second  paiij  of  w  becomes 


__ij:  h'-g  e-2i«/T  JUB^yp^hl 

Finally,  simplifying  the  constants  by  writing 


h--a 


iA 


2    {a-hXa^g) 


e''^  =  B, 


0  e^ix,)  0  01  (y.) 

The  function  so  obtained  represents  the  space  outside  two  non- 
intersecting  circles  conformably  on  an  infinite  plane  in  which  two 
finite  non- intersecting  straight  lines  inclined  at  an  angle  w/p  are  to 
be  regarded  as  boundaries. 
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If  tf^  =  6,  =  0,  BO  that  ^  =  1, 


0[  (Ijog'-^^^]         ${  l^log^:^  ^1=:^] 
'\2i     ^z-'ha^gl  '\2i  ^z-h  a,-gJ 


is  a  function  having  a  single  infinity  at  a  in  the  space  outside  the 
two  circles,  and  constant  imaginary  part  at  their  circumferencee. 

If,  further,  a  =  00  ,  and  therefore 

«!  =  «i» 

e[(L]og^^\        ^(iiog£:i2-  -iog5Lza\ 

T,   'K^i^z-h      .J.,   '\2i^z-h      2%     ^z,'h) 

w  =  B +-D 2 1 

a  ( i  log'-^]       e,  (A  logins  -  i  iogaz^\ 

where  the  modulus  of  the  theta-functions  is  JT '*,  gives  the  uniform 
streaming  motion  of  fluid  in  any  direction  past  two  right  circular 
cylinders.  This  particular  case  of  functions  of  the  kind  considered 
has  already  heen  dealt  with  by  Mr.  Hicks  and  Mr.  Greenhill  in 
Vols.  xrv.  and  xvi.  of  the  Quarterly  Journal  of  Mathematics. 

In  this  case  the  original  expression  for  w  is 
therefore 

9«  =  _^S;^ ^ _%is)_^.Sp ^ :r    %^^- 

Now,  if  /.(«)  =  ^=^".     [o.d»-M.  =  l], 


[»-/.(a)]'      da  [|,(ca+d.)-c,a-6.]' 

\         —c.e+a,/ 

1  rf/-.  (») 
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or 


a.-  L[a-/»(.)]'"^[a.-/.(.)]'J      <fo 


r.+ 


;^=tw]J^ 


c,« +<!,)"'• 


[a-/.W]'       [« 


The  form  of  this  function  is  precisely  that  of  those  that  M.  Poincar^ 
calls  theta-fachsian,  except  that  the  factor  c^z-k-d^  occnrs  in  the 
power  —2,  while  the  general  form  of  a  theta-fachsian  function  as 
considered  by  M.  Poincar6,  is 


where  m  is  not  less  than  2. 


hw 


The  group  of  substitutions  to  which  the  above  ^—  belongs,  being 

df 

derived  from  a  single  fundamental  substitution,  is  the  simplest 
possible,  and  is  only  incidentally  referred  to  by  M.  Poincar6  in  his 
memoir  {Acta  Mathematica,  Vol.  i.). 

The  previous  investigation  shows  that  for  the  discontinuous  infinite 
group  derived  from  a  single  fundamental  substitution  (which  must  be 
hyperbolic  or  loxodromic  to  give  a  discontinuous  group), 


2  (CnZ+dn) 


-a 


is  a  convergent  series,  and  that  therefore  theta-fuchsian  functions  of 
the  form 


do  really  exist. 


Now,  if 


n      \c..z-i-a„f 


OZ 


then,  from  the  fundamental  properties  of  these  functions, 


aud  therefore  f  (^±^)  d «£±|  -/(«)  <fo; 
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or,  if  s  =  — -3, 

SO  that  die  TmriAble  part  of  ip  must  reniain  ancbanged  bj  tbe  snbati- 

\      cz-rdf 

or.  in  odier  words,  bj  anj  snbsthiitiaii  of  tbe  group. 

The  fimction  ir  therefore  has  its  chamctenstic  properties,  not  only 
in  the  original  region  12,  bnt  in  anj  of  the  regions  into  which  ihis 
maj  be  transformed  bj  the  sabstitntions  of  the  gronp. 

These  latter  resolts  can  be  derived  directlj  froni  the  expression  of 
win  theca- functions ;  bnt  with  a  view  to  the  consideration  of  the  mac 
when  the  bonndarj  consists  of  three  or  more  circles,  in  which  the 
gronp  of  snhsdtntions  inrolred  is  derived  from  more  than  one 
fundamental  snbstitntion.  and  the  functions  can  therefore  not  be 
expressed  in  terms  of  theta-fnnctions  of  one  variable,  it  appears 
desirable  to  show  how  in  this  simplest  case  the  idea  of  a  gronp  of 
snbstitntions  and  of  fnnadons  which  are  unchanged  bj  it  is  involTed. 

Before  going  on  to  consider  the  functions  for  streaming  motion 
and  tbe  analogous  functions  considered  here  for  the  case  of  three  or 
more  circular  boundaries,  it  will  be  necessarj  to  investigate  the  con- 
vergence of  series  analogous  to  the  one  just  dealt  with,  but  ariaiD^ 
from  a  more  extended  group  of  substitutions.  This  I  shaU  do  in 
another  paper,  which  I  hope  to  have  the  honour  of  laying  before  the 
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Relations  between  the  Divisors  of  the  First  n  Numbers, 
By  J.  W.  L.  Glaisher,  Sc.D.,  P.RS. 

[Itead  May  Uth,    1891.] 

Introduction,     §  1. 

1.  The  present  paper  contains  various  generalizations  of  the  re- 
curring formula 

a-  (n)-3<r(n-l)  +  5<r (n— 3)-7<r  (n-6)4-9<r  (n-10)-&c.  =  0* 

in  which  o-  (n)  denotes  the  sum  of  the  divisors  of  the  number  n,  and 
<r  (0),  when  it  occurs,  is  to  have  the  value  ^. 

It  will  be  seen  that  the  theorems  in  their  most  general  form  relate 
to  the  actual  divisors  themselves,  -and  not  necessarily  to  their  sums 
or  other  numbers  obtained  from  them  by  any  method  of  combination. 
We  may,  however,  deduce  various  theorems  of  the  same  kind  as  the 
one  quoted  above  by  so  combining  tliem  ;  and  numerous  examples  of 
results  obtained  in  this  manner  occur  in  the  paper.  These  formulae 
relate  not  only  to  the  sums  of  the  divisors,  but  also  to  the  sums  of 
their  m***  powers,  m  being  any  uneven  number.f 

Notation,     §  2. 

2.  Let  On{<l>  (^)i  ^  (<^)»  x(^)»  ••• }  deiiote  the  group  of  numbers 

0(^i),  *W,  0K),  ...,0W, 

X  W»  X  W»  X  W»  •••.  X  (<^/)i 


*  Quarterly  Journal  of  Mathemaiies,  Vol.  xix.,  p.  220,  and  Froc.  Camb,  Fhil.  Soe,f 
Vol.  v.,  p.  109. 

•t  The  general  theorems  in  §§  3,  11,  29,  46,  58  were  obtained  in  December,  1887, 
and  the  ftret  of  the  theorems  relating  to  the  actual  divisors  (§  3),  with  the  derived 
numerical  theorem  (§  11),  was  brought  before  the  Society  at  its  meeting  on  January 
1 2th,  1888  (*'  A  Theorem  connecting  the  Divisors  of  a  certain  Series  of  Numbers," 
Vol.  XIX.,  p.  143) ;  but  no  paper  was  prepared  for  publication  at  that  time.  I  did 
not  return  to  the  subject  till  Decembw,  1890  ;  since  then  I  have  worked  out  the 
details  and  made  considerable  additions,  forming  the  present  paper.  A  few  short 
notes  containing  investigations  arising  out  of  the  subject,  and  which  have  been 
published  elsewhere,  are  referred  to  in  the  notes  to  §§  21,  43,  63. 
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wht>iH«  <}(«  f/|t  fig,  ...» (if  are  all  the  divisors  of  the  numher  n  (which,  it 
will  Im  olmorvtu),  (HHmrs  as  the  suffix  of  the  letter  O),  The  numbers 
I  auU  H  aitt  ti)  be  inoladed  among  the  divisors ;  and  it  is  supposed 


i%fmitf!\^^  Th^v^fm  f^Ht^  ^  iht  Actual  Divinctrs  of  the  Kumben 

isa-"l>a-i^^-     §§3-8. 


^  r«l«i^  iW  aK>T^  nolatkuu  th^  ^meral  theorrai  maj  be 
^  i^^^m^;— TW  «^iiiahiM«:  ^T«<i  br  lb<fr  fortnala 


i 


--l^»*^  ^>N»»f  H^  im^  2^*^  ^iar^w  $:V  .^  /  /**\ 


:5jr*  *. iii#^  /•  i5n«i^:^t>wr  ^^Mn^>«^ ^r  </^^V 


»"    ."** 

'm    "^ 


J-ti,  ^.v*--^  -     ••  -'i^   .♦is.^^  ^•.  *-J»>C      -  .>.     U.  l:S:^..  tz2:2l  A:2:-f.> 


%1  4«avV»  "Mil^   A«iK^ 


N  ♦ 


t      ^ 


t . 
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or,  changing  the  signs  of  the  numbers  occnrring  in  the  groups  to 
which  the  negative  sign  is  prefixed, 


1,3,9,     -1,  - 


-4,  -6, 

3,  4,  5,  8, 

-3,  -5, 

2,  -3,  -5, 

-9, 

2,  3,  4,  7, 

-2,  -4. 

1,  -2,  -4, 

-8, 

1,  2,  3,  6, 

-1,  -3, 

0,  -1,  -3, 

-7, 

0, 1,  2,  5, 

0,-2, 

-1;  0, 1,  4, 

1,-1. 
2,      0. 

and  it  is  easy  to  verify  that  these  numbers  exactly  cancel  each  other, 
I.e.,  there  are  five  l*s  and  five  —1*8,  four  2*8  and  four  —  2*s,  four  3*8 
and  four  —  3's,  three  4's  and  three  — 4*s,  two  S's  and  two  —5*8,  one  6 
and  one  —6,  one  7  and  one  —7,  one  8  andone  —8,  one  9  and  one  —9. 
The  zeros  are  retained  for  the  sake  of  regalarity  in  writing  the  num- 
bers, but  no  account  is  to  be  taken  of  them. 

As  a  second  example,  putting  n  =  10,  which  is  the  fourth  triangular 
number,  so  that  ^  =  4,  the  theorem  asserts  that  the  numbers  given 
by  the  formula 

0^,{d)-Q^{d,  d^l^-irO^{d,  d±\,  d±2)'-0,id,  d±l,  d±2,  (i±3) 

all  cancel  each  other,  excepting  only 

-1,  —2,  -2,  -3,  -3,  -3,  -4,  -4,  -4,  -4. 

The  divisors  of  10,  9,  7,  4  are  1,  2,  5,  10;  1,  3,  9 ;  1,  7;  1,  2,  4  re- 
spectively, so  that  the  numbers  given  by  the  formula  are 


{1,2,5,10}- 


3,91 

2,8 

1,7 

0,6 

■1,5, 


>■  —   ^ 


4, 

5,7] 

3, 

4,6 

2. 

3,  5 

1, 

2,4 

0. 

1.3 

1. 

0,2 

2, 

-l.lJ 

^; 
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that  is  —4,  —5, 

3,  9,  -3,  -4, 

-2,  -4,  -10,      2,  8,  -2,  -3, 
1,  2,  5, 10,  -1,  -3,  -  9,      L  7,  -1,  -2, 

0,  -2.  -  8,      0,  6,      0.  -1, 

-1, 5,      1,      0, 
2,      1, 

all  of  which  cancel  each  other,  excepting  only  one 
three  --3*s,  and  four  — 4's, 


7, 
6, 
5, 


-3, 


2, 
1. 

1,  tiro 


—  2*8. 


5.  It  is  evident  that  we  may  enpress  the  theorem  also  in  the  form  : 
— ^If  a,  /5,  ... ,  he  the  divisors  of  h  ;  a^  p^, ... ,  those  of  a— 1 :  a^  fl^  ... , 
those  of  a--3 ;  o^  /3^  ...  of  »~6,  and  so  on,  then  the  numhers 


K+i.A 


lO.  A  •••} 


«,  ...J 


...  r  + 


0,-2.  A-^2. 
0,-1.  A-i. 


«.-2,  /5.-i 


Ac. 


•J 


cancel  each  other  in  all  cases  if  we  make  a  certain  conTention 
respect  to  the  gronp  having  the  central  Kne  <v  'V  ---?  »-*-.   if 
snppoee  thai  this  group,  which  can  only  occur  when  m  =  1^  (^  -h  1), 
and  which  would  he  written 


o^—l,  j3^ — 1-  ... 


a,— <r.  o^—g 


,  ...  J 


is  to  he  conventionally  replaced  by  the  group  of  numbers 
1,  2,2,3,3,3,4,4,4,4,  ...,  g,  g,  g  ...  (g  times). 


6.  To  obtain  the 
wnbb  down  the 


of  niunbers  giren  by  the  formula. 

•1,  »— 3,  »— 6,  Ac.  (forming  tbe 
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central  line  in  the  above  scheme).  Commencing  with  the  divisors  of 
n  — 1,  we  next  write  down  the  nnmbers  derived  from  them  by 
increasing  and  diminishing  each  divisor  by  1  (forming  the  lines  next 
above  and  next  below  the  central  line).  Commencing  with  the 
divisors  of  »— 3,  we  next  write  down  the  nnmbers  derived  from  the 
divisors  in  the  central  line  by  increasing  and  diminishing  them  by  2 
(forming  the  next  lines  above  and  below) ;  and  so  on.  We  then 
change  the  signs  of  the  divisors  of  n—l,  n— 6,  n— 15,  Ac,  and  also 
of  all  the  numbers  derived  from  them.  The  theorem  asserts  that  in 
the  system  of  numbers  so  formed  (if  we  adopt  the  above  convention 
with  respect  to  the  group  depending  upon  the  divisors  of  n^n,  when 
it  occurs)  every  number  appears  an  equal  number  of  times  with  the 
positive  and  with  the  negative  sign,  so  that  all  the  numbers  in  the 
system  cancel  each  other. 

7.  Retaining  the  (7-notation,  the   theorem  may  be   conveniently 
stated  in  the  form  : — The  system  of  numbers  given  by  the  formula 

fd  +  2\ 


On{d)-0„,,^ 


(d-^'l'i 

d 
d-1 


+  0n.\-2- 


d+2 
di-l  d  +  1 

d     *'  —  6r„_i_2~3 '{     d 

d-1  d-1 

U— 2J  d-2 

.d-3J 
all  cancel  each  other,  subject  to  the  convention  that,  if 

n=l-}-2-}-3+...+^, 
then  the  last  term 

(d  +  9^ 


d'\-l 


+  &C., 


Cfn-l~2-...-9  <       d        " 


d-1 


d-g, 

is  to  be  replaced  by  the  group  of  numbers 

1,  2,  2,  3,  3,  3,  ...  g,  g,  g,  ...  (g  times). 


864       Dr.  J.  W.  L.  Glaisher  on  Relations  between  the     [May  14, 

8.  The  theorem  seems  to  be  a  very  cnrious  one,  relating  as  it  does 
to  the  mutnal  destmotion  of  certain  numbers  depending  npon  the 
divisors  of  nnmbers  separated  from  each  other  by  fixed  intervals.  It 
assigns  all  the  divisors  of  n  when  we  know  the  divisors  of  the  niim- 
bers  which  are  inferior  to  n  and  separated  from  it  by  the  intervals 
1,  3,  6,  Ac.  It  thus  effects  the  complete  resolution  of  any  number  n 
into  its  &ctors,  or  in  other  words,  lays  bare  the  structure  of  the 
number  »  as  regards  its  real  divisors,  when  the  structure  of  the 
numbers  »— 1,  »— 3,  »— 6,  Ac.,  is  known.  The  recurring  formula  in 
§  1  suffices  to  determine  whether  n  is  prime  or  not,  when  we  know 
the  sums  of  the  divisors  of  »— 1,  »— 3,  »— 6,  Ac.,  for  in  that  case 
#  (a)  is  equal  to  »+ 1 ;  but  the  general  theorem  goes  further,  and 
gives  all  the  divisors  of  »  by  means  of  those  of  »— 1,  »— 3,  Ac. 


Nmmerieal  Theorems  relating  to  the  Sums  of  Powers  of  the  Dioisors  of 

IS  a-1,  »-8,  4-c     §§^13. 

9.  Since  the  actual  numbers  cancel  each  other  in  the  general 
theorem,  we  may  replace  them  by  any  function  of  themselves,  so 
long  as  the  function  is  the  same  for  all  and  changes  sign  with  the 
argument.  We  may,  further,  combine  all  the  functions  in  each  group 
by  addition,  and  thus  derive  from  the  general  theoo^em  a  numencal 
equation  connecting  together  functions  of  the  divisors  of  the  num- 
bers »,  a  — 1,  «— 3.  Jbc, 

Let  a.{f(<0.  *W.  XW.-..,* 

denote  the  sum 

where  4J|,  «2^  ...  d^  are,  as  in  §  ^  all  the  viivisor*  v^f  *. 

By  replacing  (yT{d^  i^\.  ,..^  by  S.  '^#  \^A  ♦  v**^^-  '-^'  ^  ^^i^g 
any  uner^n  function,  wy  find  thai 

=  0>  if  a  is  net  a  trsangxilar  aumhrr^ 
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and  =(-irM«(l)+2^(2)+3^(3)  +  ...+<7*(<7)}, 

if  n  =  l  +  2  +  3  +  ...+Sf  =  isr(sr  +  l). 

10.  As  a  particalar  case,  patting 

*  (d)  =  d, 
the  equation  becomes 

Xd-S.-i  (3iZ)  +  2,.,  (5(i) -S».e  (7(i)  +  S«.io  (9(2)- Ac. 
=  0  or  (-1)^-1  (l«+2«+3«+. ..+(/*), 

according  as  n  is  not  a  triangular  number  or  is 

=  H-2  +  3  +  ...+gr. 

Putting  ^  ((i)  =  d*, 

it  becomes 

S,((P)-2,.,  (3(P+6d)-|-2,_,  {5d»+6  (P-|-2«)  d} 

-2„.e{7(i»+6(l«+2«  +  3«)d}4-S„.io{9d»+6(l«+2«+3'+4«)(i}-Ac. 

=  0,  or  (-l)^-i(lH2*+3*-|-...-|-^), 

according  as  n  is  not  a  triangular  number  or  is 

=  l+2  +  3  +  ...  +  flr. 
Putting  ^  (d)  =  d*, 

2»((f ) -2„-i(3(P+20d»+10(i) +S„_5{5(P+20(P+2«)(i»-f  10(l*+2*)// ( 
-2.-«{7(2»+20(l«  +  2«+3«)d»+10(l*+2*+3*)(l}-fAc. 

=  0,    or    (-l)^-i(l«+2*+3*+...-l-A 
according  as  n  is  not  a  triangular  number  or  ia 

=  1+2+3+.. .-fflr; 
and  so  on. 

11.  Denoting  by  a,  (»)  the  sum  of  the  r*^  powers  of  the  divisors 
of  n,  we  may  write  these  equations  in  the  following  form,  the  addi- 
tional term  in  square  brackets  coming  into  existence  only  in  the  case 
when  n  is  a  triangular  number  ^g  ((j^  +  l). 

ff  (»)-3^  (n-l)  +  6<r  (n-3)-7<r  (n-6)+9<r  (n-lO)-Ac. 

=  [(-1)^-1  (l«+2'+3«+...+i^)], 
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»,  (»)-3a,(«-l)  +  5^,(«-3)-7»,  («-6)+9r,  (»-10)-&c 
=       6  {»  («)-(l»+2')»  (»-3)  +  (l»+L''+3»)ir  (»-6)-Ac} 

+  [(-ir'a*+2*+3'+...  +  <^)]. 

»,  W-Sa,  («-l)+5»,  (,-3)-7»,  (»-6)+9r.  («_10)-Ac 

=       20  {er,{fi)-(l»+20».(l»-3)  +  a*+2'+3*)ir,(,-6)-&e.} 
+  10  [r   (.)-(l»+2»)  a  («-3)  +  (l»+2'+3*)ir  («-6)-&c} 

+  [(-!/-' (l*+2'+3»+...+s»)], 

r,(«)-3»j(»-l)+5.y(ii-3)-7#y(i.-6)+9r,(«-10)-&c 

=      42  {».(«-l)-a'+20»,("-3)  +  {l'+2'+3»)-.(ii-6)-Ac.} 

+  70  {r,(ii-l)-(l*+2')  cr,(«-3)  +  (l*+2*+3»)»,(ii-6)— Ae.} 

+  14  {*  (n-l)-(l»+20»  (ii-3)  +  (l*+2»4S^ir  («-6)-4c} 

+  [(-l)^'(l*+2*+3'+ ...+/)]  ; 

•ad,  in  gHiertI,  at  bong  any  uneven  number, 

c,  (»)-3».  (ii-l)+5».  (.-S)-?*.  (ii-6)+9».  (ii-10)~Ac. 

=  2'"^';^~^^(>,..(»-i)-(r-hy)>^(»-3) 

+  (I'+S'+S*)  cr...  (ii-6)-Ac.} 

^^■.(m-l)(^--2)(m-3)  (,...(,_i)_(i.+2«)».-.(«-3) 

+  (l•+2•+3•^-._(«-6)-Ac} 


+  2«  (r(«-l)-(l"-'+2— ')»(»-3) 

+  (1— '+2— '+3— >)»(i.-6)— Ac} 

+  [(-l)'-'(l-''+2-*'-3-''  +  ...H-j7— =)]. 

12.  This  gmerrnl  theorem  expresses  the  snm  of  the  «<^  powers 
(•I  bein^  nscTen)  of  the  divisors  of  n  in  terms  of  the  sums  of  the 
«,«*  and  lower  powers  of  the  divisors  of  »— 1,  ■— 3.  «— 6.  Ac,  The 
form  of  the  right  hand  monber  of  the  eqaation  is  ciiri>>Q$ :  all  the 
ooeffioents,  and  even  the  additional  term  which  occurs  when  a  ia 
equal    to    i«  (« +!)•  boing   *■»»•    of  «t«b   powers  of  the   natural 
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uambers.  The  nature  of  the  theorem  is  best  seen  by  taking  a  par- 
ticular case.  Putting  therefore  n  =  9  (which  is  not  a  triangular 
number,  so  that  the  additional  term  does  not  occur),  the  theorem 
gives 

r*-f  3'"  +  9"'-3{l'"-h2'"-f4"'+8'")  +  5(l'"-f2~  +  3"*-f6-)-7(l"»+3"') 

-  (1» + 2«)  (!•-« + 2^"' + 3— H  6"*-*) 

+  (l»+2»+3«)(l"'-'+3— 0} 
^  om(m— l)(m— 2)(m--3)  r^^.4  ^  ^^,4  ^  ^^.4  ^  q^.^ 

-(l*+2*)(l"»-*+2— *-f3"-*+6~-*) 
+  (l*+2*+3*)(l"-*+3— *)} 


••• 


+2w{l  +  2+4  +  8-(l"-^  +  2"-0(l  +  2+3+6) 

+  (l"-'  +  2"-»  +  3-0(l+3)}. 

Thus  the  theorem  connects  together  the  sums  of  uneven  powers  of 
the  divisors  of  numbers  separated  from  each  other  by  the  intervals 
1,  2,  3,  ...,  and  the  sums  of  even  powers  of  the  natural  numbers. 

13.  It  will  be  observed  that  in  the  general  theorem  in  §  11,  we 
may  dispense  with  the  additional  term  if  we  assign  to  ^m  (0)  the 
conventional  meaning 

l'"^^-h2"**^  +  3"*^^4-...-hy"**^ 


2^  +  1 

and  put  (T^^2  (0),  (T^.4  (0),  ...a  (0)  equal  to  zero.  The  coefficient  of 
o"^(0)  is2gf  +  l,  and  we  are  therefore  to  replace  (2g -^1)  a^  (0)  by 
l"'*^-h2""^*4-3"***+...+Sf"'*\  the  value  of  g  being  derivable  from  the 
coefficient  of  a„  (0)  without  the  necessity  of  having  recourse  to  the 
formula  w  =  aS'  (^  + 1).* 

Another  convention  by  which  the  additional  term  in  the  general 
theorem  may  be  conveniently  represented  is  given  in  §§  20-22. 


*  The  nnmber  g  is  also  equal  to  the  number  of  terms  in  the  series  on  the  left- 
hand  side  of  the  equation,  the  term  (2g  +  l)ffm  (0)  not  being  counted. 
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The  particular  cases  o/  m  =  1,  3,  and  5.     §§  14-17. 

14.  In  examining  the  first  few  particular  cases  of  the  general 
theorem  in  §  11,  it  seems  worth  whfle  in  the  first  place  to  take  a 
numerical  example  of  each  theorem,  hoth  in  the  case  when  n  is  not, 
and  when  n  is,  a  triangular  number.  Putting  n  =  9,  which  is  not  a 
triangular  number,  the  theorems  give 

l+3+9-3(l+2+4+8)  +  5(l  +  2+3+G)--7(l+3)  =  0. 

l»+3«+9»-3  (l»+2»+4»+8»)-f  5  (l»+2»+3^+6')-7(l»+3») 

=     6  {l  +  2+4+8-5(l+2+3+6)  +  14(l+3)}, 

l*+3»+9»-3  (l»+2*+4*+8»)-»-5  (l*+2»+3*+6*)-7  (l»+3*) 

=     20{l»+2»4-4»+8»-  5(l»+2»+3»+6»)  +  14(l»-|.3»)} 
-hlO{l  +2  +4+8-17(1  +2+3-h6)  +  98(l  +  3)}; 

and,    putting    n  =  10,   which  =  1+2+3+4,    so    that     y^4,     the 
theorems  give 

1+2  +  5+10-3  (l+3+9)  +  5(l  +  7)-7(l  +  2+4) 

=  -(l»+2«+3«+4«), 

P+2»+5»+10»-3(l*+3*+9»)+  5(P+7»)-  7(l»+2»+4») 
=     6(1+3+9    -  5(1 +7)  +  14(l +2+4)} 

-(l*+2*+3*+4*), 

P+2*+5*+10»-3(l*+3*-h9*)+  5(l»+7»)-  7(P+2»+4») 
=  20{l»+3»+9»  -  5(l»+7»)  +  14(l»+2»+4»)} 
+  10(1+3+9    -17(1 +7) +98(1 +2+4)] 
-(l»+2»+3«+4»). 

The  correctness  of  these  equalities  is  easily  verified. 

15.  In  spite  of  the  fact  that  some  of  the  elegance  and  regularity 
of  the  formnlsB  is  lost  by  summing  the  powers  of  the  natural  numbers 
which  form  the  coefficients,  it  is  still  interesting  to  exhibit  the  series 
in  a  form  in  which  the  coefficients  of  the  general  terms  are  expressed 
algebraically. 

Since  l«+2*+3*+...+*''  =  i»'(»+l)(2»+l). 


]  891 .]  Divisors  of  the  First  n  Numbern,  369 

the  theorem  in  the  case  of  m=l  <naj  be  written 
S(-l)'(2»+l)<r{«-|i  (»•+!)}  =  [i-iy-'ig(g+l)i2g+l)'], 

the  sammation  extending  from  *=  0  to  t  =  A,  where  ^h  (h+l)  is 
the  triangnlar  number  next  inferior  to  n. 

When  n  =  1^  (s^  +  1),  we  obtain  the  term  (—1)'  (2^  +  1)  a-  (0)  by 
con  tinning  the  series  one  term  farther.  We  may  therefore  dispense 
with  the  additional  term  if  we  extend  the  summation  from  t  =  0  to 
i  =  k,  where  ^k  (k-\-l)  is  the  triangular  number  nearest  to,  and  not 
exceeding,  n  (i.e.,  so  that  f  A;  (A; +1)  is  the  triangular  number  next 
.  inferior  to  n,  if  n  is  not  a  triangular  number,  and  is  equal  to  n  if  n 
is  a  triangular  number),  and  assign  the  conventional  value  ^n  to  o-  (0), 
when  it  occurs.  This  is  the  form  in  which  the  theorem  was  quoted 
in  §  1. 

16.  Since 

l*+2«+3*+...+t-  =  ,!„*  (t+l)(2i+l)(3t»+3»-l), 

we  may  write  the  theorem,  in  tbe  case  of  m  =  3,  in  the  form 

2(-l)'(2t+l)a,{n-it(i+l)} 

=  5  (-1)*-'  t  (»+l)(2»+l)  <r  {n-i* (i+1)} 

+  [(-l)'-'^(?  +  l)(2?  +  l)(3?'+3j,-l)], 

the  summation  extending  from  t  =  0  to  t  =  i^,  where  ^^  (^+ 1)  is  the 
triangular  number  next  inferior  to  n. 

The  additional  term,  which  only  occurs  when  n  =  f<jr  (^-f  1),  may 
be  written  in  the  form 

i-iy-'^{2g+l)n(6n-l)i 

we  may  therefore  dispense  with  it  if  we  extend  the  summations  so 
as  to  include  the  argument  zero,  and  define  cr  (0)  and  cr,  (0)  by  any 
of  the  three  following  pairs  of  equations : — 

(i.)  <r  (0)  =  0,         <r,  (0)  =  |n'-^, 
(ii.)  <r  (0)  =  i«-A>         «r,(0)  =  0, 
(iii.)  <r  (0)  =  in,        <r,  (0)  =  -tV»- 

Adopting  any  one  of  these  three  pairs  of  simnltaneons  valnes 
of  o-  (0)  and  o-g  (0),  we  may  write  the  theorem 

2(-lV(2t+l)a^,{n-ii(t+l)} 

+2(-l)'t(»"+l)(2t+l)o-{n-J»(<+l)}  =  0, 
VOL.  XXII. — HO.  422.  2  B 
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the  sammation  now  extending  from  t  =  0  to  t  =  X;,  where  \k  (h-^l) 
is  the  triangular  number  which  is  nearest  to,  and  does  not  exceed,  n. 
For  example,  patting  n  =  10,  and  adopting  the  last  of  the  three 
conventions,  the  theorem  gives 

IT,  (10)-3<r,  (9)  +  5<r,  (7)-7o-,  (4)  -|-9cr,  (0) 

=  6a-  (9)-30o-  (7)+84cr  (4)-180o-  (0), 
where  <r  (0)  =  2,     o-,  (0)  =  — |. 

17.  Since 

lc+2*+3*+...+»«  =  :5V»(»+l)(2t+l){3t^+W-3»  +  l}. 

the  theorem,  in  the  case  of  m  ==  5,  may  he  written 

2  (-1)'  (2t>l)  <r,  {n-it  (t+1)} 

=  i^2  (-1)-^- (i+l)(2t+l)  <r,  {n-i*  (t+1)} 

+JS(-iy-U(t+l)(2i-|-l)(3i^+3»-l)o-{n~At(%4-l)} 
+  [(-iy-'Vn7(l7+l)(2flr+l)(3i/»+6i^-g<7  +  l)], 

the  limits  of  sommation  being  t  =  0  and  t  =  ^  where  h  has  the  same 
meaning  as  in  the  preceding  section. 

The  additional  term  may  be  written  in  the  form 

(-!)'■' iV  (2</+l)  »  (12»'-6n+l)  ; 

we  may  therefore  dispense  with  it  if  we  extend  the  sammations  so  as 
to  indnde  the  argument  zero,  and  define  o-  (0),  o-,  (0),  o-,  (0)  by  any 
of  the  three  sets  of  equations  : 

(i.)  0-  (0)  =  0,     <r,  (0)  =  0,     <r,  (0)  =  K-K+tV«, 

(ii.)  <r  (0)  =  0,     cr,(0)=-An'-TV»+TiTr.     <^i  (0)  =  0, 

(iii.)  a-  (0)  =  In,     <r,  (0)  =  -^V^,     cr,  (0)  =  ^. 

Assigning  to  o-  (0),  ctj  (0),  0-5  (0)  any  one  of  these  three  sets   of 
valaes,  we  may  write  the  theorem  in  the  form 

S(-iy(2t+l)<r.{n-it(«  +  l)} 
+Jf2{-lVt(t+l)(2i+l)<r,  {n-it(t+l)} 

+  i2  (-1)' t  (»+l)(2t+ l)(3t'+3t-l)  o- {n-it  (t+1)}  =  0. 
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For  example,  patting  11=^6,  and  adopting  the  last  of  the  three 
conventions,  the  theorem  gives 

<^5(6)-3cr5(5)  +  6<r,(3)-7cr5(0)  =     20  {cr,(5)-5(r,(3)  +  14cr3  (0)} 

+  10  {<T  (5)-17(r(3)-f  98cr  (0)}, 

where  cr(0)  =  f     <r,  (0)  =  -  A.     ^'s  (0)  =  f 

The  same  Theorems  expressed  in  terms  of  c  and  t,     §§  18,  19. 

18.  The  coefficients  in  the  series  may  conveniently  be  expressed  by 
means  of  c,  the  coefficient,  and  t,  the  triangnlar  number,  which  occur 
in  the  general  term  of  the  simplest  of  the  series,  viz., 

a(n)-3a(n-l)  +  6<r(n-3)-7<r(n-6)+9<r(n-10)-&c. 

Let,  therefore,  t  denote  the  t'^  triangular  number  |t  (»+l),  and  let 
c  denote  the  coefficient  2i-\-l  of  the  term  ^  (n*-^),  so  that  the 
quantities  c  and  t  are  connected  by  the  relation 

«  =  i(c?-l). 

Using  these  letters  c  and  t,  and  extending  the  sign  of  summation  to 
every  triangular  number  which  does  not  exceed  n,  zero  being  in- 
cluded, and  also  n  itself,  if  n  is  not  a  triangular  number,  we  may  write 
the  above  series  in  the  form 

S(-.l)»(c-i)c<r(n-0; 

or,  if  we  employ  Legendre's  symbol  (-— )  in  place  of  its  value 
(-l)»(-i),  in  the  form 

2^^)c<r(n-l). 

Now  it  is  known  that 

l«r^.2*'-f  3*-+ ... -hi»' =  c^JP  (0, 

where  JP  (^)  is  a  rational  and  integral  function  of  t  of  the  order  r— 1, 
so  that  the  series 


0  (n-l)-(l^+2^)  ^  (n-3) -h(l«'+2*'+3'^)  ^  (n-6)-&c. 
may  always  be  expressed  in  the  form 

-^1 

c 


-%(-^)ctF(t)i,(n-t), 


the  limits  of  snmmation  being  the  same  as  above. 

2b2 
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19.  Expressed  in  this  notation,  thefmnale  of  §§  15-17  assiune  the 

farms  S  (— )  cr  (»— 0  =  0, 

where,  as  in  §§  15-17,  in  the  first  formula,  a  (0)  =  |» ;  in  the  second, 
<r(0)=in,  <r,(»)=:-^;  in  the  third,  if  (0)  =  ^  if,  (0)  =  —  ,^^ 

<r,(0)  =  A*- 

It  is  evident  that  the  general  theorem  in  §  11  may  he  expressed  as 

a  linear  relation  connecting  together  series  of  the  form 


s(^)cr#.(»-0. 


-1 

c 
where  r  is  anj  number,  and  $  any  nneven  number. 


Mdhod  of  representing  the  Additional  Term  in  the  general  l^eorem^. 

§§20-23. 

20.  The  most  elegant  of  the  different  methods  which  have  been 
made  use  of  in  the  preceding  sections  for  representing  the  additional 
term  is  the  one  in  which  the  values  of  a  (0),  o-,  (0), ...  are  simply 
proportional  to  ».  It  is  easy  to  see  that  this  method  of  representing 
the  additional  term  is  general.  For,  writing  the  general  theorem  (§11), 
when  n  is  the  triangular  number  ^^0^+1)}  in  the  form 

<r,  (n)Sa^  (n-l)  +  &r.  (n-3)-7<r.  (»-6)  +  9<r,  (»-10)-Ac 

=      2|^  {,..,  («_i)_(i«+2') ,._, (—3) 

+  (l»+2'+3')  »^  (i.-6)-4o.} 
+  2^  {<r-.(»-l)-(l*+2«)<r.^(n-3) 

+  (l*+2*+3*)  «r^  (11-6) -Ac) 


+2m  {«r  (n-l)-(l— '+2— ')  «r  (n-3) 

L--'+2— •+3"-»)  »  C»-6)-4c} 
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where  m  is  any  nneyen  nnmber,  and  my^  denotes  the  &ctorial 

m(»i— 1)  ...  (w— r+1), 

it  is  evident  that,  if  04,  a,,  ... ,  a^  are  numerical  quantities  depending 
upon  m,  which  are  determined  by  the  equation 

=  g  (^+1)  {t»(l-^+2-»+3-»+...+(y"-0  <h 
+  |j-(l"-'+2-'+3"-»+...+(^"-«)  0, 

•a.  ...  •••  •••  •••  .•• 

+  |y(l»+2H3»+...+^»)a^-, 

+|(25f  +  l)a^, 

then  the  additional  term  disappears  if  we  assign  to  tr  (0),  ff,  (0),  ••• 
the  system  of  values 

<r  (0)  =  a^n,     a^  (0)  =  a^n,     tr^  (0)  =  o^w, ...  ,     <r^  (0)  =  a^  n. 

21.  By  replacing  the  series 
im.i^2-*^^3"**'-h...+flr"'*\     l'"-*+2— *+3— *  +  ...+^-S&c. 

by  their  summations  in  terms  of  Bemoullian  numbers,  and  equating 
coefficients,  we  ultimately  arrive  at  the  following  simple  system  of 
equations,  which  determine  the  values  of  c^,  a,, ... ,  aj^ : — 

2 


mOi  =  1  — 


m+2* 


*  The  details  of  this  determination  are  given  in  a  paper  ''  On  a  Theorem  relating 
to  Sums  of  Powers  of  the  Natural  Numbers"  (Messenger  of  Mathematiet,  Vol.  zz., 
pp.  120-128).  The  determination  was  made  the  subject  of  a  separate  paper,  as  the 
mvesti^tion  is  somewhat  lengthy,  and  it  is  only^  with  the  resets  that  tne  present 
paper  is  concerned.  It  is  shown  that,  if  the  series  1**  +  2"  +  3**+ ...  +^  be  denoted 
by  Sh,  then 

Son  =  -S^i  {-4j^,»_a+-44 ^21.-4  +  ... +-42n-li%+-4»,(^  +  |)}, 
where      ^A^  =  ma^,    ^A^  =  ^  a,, . . . ,     ^^^,-2  =  ^T  ^-«»    *-^*»  *■  ^* 

m  being  »  2»— 1,  and  ai,  a^, ... ,  a^  having  the  values  assigned  to  them  in  the  text. 
In  connexion  with  this  investigation  the  theorems  in  }  11,  which  @ve  rise  to  it, 
are  also  given,  but  without  proof,  in  a  separate  note  (JfM«dii^^,  vol.  zx.,  pp. 
129-135). 
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991 


(8) 


~-  Oj-moi     =  -  (w+1)  ^, 


m 


m 


m' 


(«) 


51 '^"TT'^ 


m 


w 


m 


{«) 


yr^-'ir'^ 


8!        2' 
6!         3' 


J9i,  B|,  J9„  ...  being  the  Bemoullian  numbers. 
We  thus  find 


•  ~  «H-2' 

7!  ^      m+2     "^^13!         2            6! 

3' 

&c.,                   <&c., 
whence 

'<»>-  »u- 

f-r-W"!;^-'"^"^}- 

=^..<0)={^-(™..,f.(=±Pf|. 

"7!''^°^-|m+2     ('^'^^  1    '        3!        2            5! 

B, 
3 

&0.f                            &0. 

}- 


Thufl  finally  we  obtain  the  fornmlee  : 


m+1       t(ml  la 
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m 


,(0)_f     5!m  5!   J.  5"'       g.  K 

♦+l~l(m+2)<"  »<"  1   ^(m-2)"'  2  5    * 

(0)_C     7!w         7!  B.  7'*'       J3.  T^       J3, ) 

+  1~  (.(m+2)'*'  m'"  1  "^(»«-2)'«  2       («»-4)">   3  )    ' 


and,  in  general,  r  being  any  nneven  nnmber, 

<r,(0)  _  C        r!m  r!    Jg^  r^*^"*^        B,  r"^-*>        ^ 

m  +  1        l(m+2y'**J      w^'J    1      (m-2y'-^J  2       (m-4)^'-*>  3  "*■"• 


•  ••  3S 


(m--r+3y'>  J(r 


22.  These  equations  give 

a  (0)=       -^11, 

.Qv  _  3m-f  10 

''•^^  3(m+2)m(m-2)**' 

''^  ^^  3  (m+2)  m  (m-2)(m-4)  *** 

The  values  obtained  by  putting  m  =  3  and  5  in  these  expressions 
agree  with  the  third  system  of  results  in  §§  16  and  17. 
Putting  m  =  7,  we  find 

If,  therefore,  we  attribute  these  values  to  ^  (0),  ffs(O), ... ,  ^7(0), 
we  have,  for  all  values  of  n, 

«Fy(n)-3<ry(n-l)+5cF7(n-3)-7cF7(n-6)+9cF7(n-10)-4c. 
=  42  {^,(n-l)-(l»+2»)  (r,(n-3)  +  (l»+2>+3«)  ir5(n-6)-4c.} 

+  70  {^,  (n-l)-(l*+2*)  ir,  (n-3)  +  (l*  +  2*+3*)  ^,  (n-6) -4c.} 
+  14  {cF  (n-l)-(P+2»)cF  (n-3)  +  (l*+2»+3*)  (t  (n-6)-4c.}. 

23.  With  respect  to  the  two  methods  of  presenting  the  general 
theorem  (§§  11  and  20),  i.e.,  with  or  without  the  additional  term,  it 
is  evidently  an  advantage  to  avoid  the  irregularity  produced  in  the 
formula  by  the  occasional  presence  of  an  extra  term.     Since  the 
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quantities  cr  (0),  o^  (0),  ...  ,  tr^  (0)  only  enter  into  the  fornoinla  in  the 
exceptional  case  when  the  additional  term  makes  its  appearance,  it 
seems  natural,  following  Euler,*  to  get  rid  of  this  term  by  assig^ning 
suitable  values  to  these  quantities.  It  is  interesting  to  find  that  this 
can  always  be  effected  by  means  of  a  system  of  values,  all  of  which  are 
simply  proportional  to  n.  The  form  of  the  expressions  for  these 
values  in  terms  of  BemouUian  numbers  (§21)  is  also  not  without 
interest.  On  the  other  hand,  the  simplicity  and  directness  of  the 
theorem,  as  stated  in  §  11,  is  impaired  by  these  conventional  meaning 
assigned  to  v  (0),  (r,(0), ...  ,  tr^  (0).  Also,  the  additional  term  ita^ 
has  a  special  interest  of  its  own,  being  similar  in  form  (i.e.,  a  sum  of 
even  powers  of  the  natural  numbers)  to  the  coefficients  in  the  series. 

Form  of  the  Oeneral  Theorem  if  the  Divisor  unity  he  omitted.     §  24. 

24.  It  may  be  remarked  that,  if  we  omit  from  the  divisors  of  n, 
n— 1,  n— 3, ...  the  divisor  unity  which  is  common  to  them  all,  the 
only  change  introduced  into  the  formulsB  is  the  addition  of  a  single 
term  consisting  of  an  uneven  power  of  Z,  where  \l(l+l)  is  the  tri- 
angular number  nearest  to,  and  not  inferior  to,  n. 

Thus,  if  (T^  (n)  denotes  the  sum  of  the  r^  powers  of  the  divisors  of 
n,  unity  being  included,  we  have,  corresponding  to  the  general 
theorem  in  §  11, 

^L  (n)~3cr;(n-.l)  +  5(T;(n-3)-7^:  (n-6)+9cr;:  (n-10)-&c. 
=      2|p{a:_,(«-l)-(P+2«)»;.,(»-3) 


m"> 


+  (l'+2«+3«)  »;_,  (n-6)  -  Ac.} 

+  2  ^'  {«r;_.  („-l)-(l«+2«)  <r;..  (n-3) 

+  (l*+2*+3«)  o-:.,  (n-6)  -  Ac. } 

...  ...  •••  ...  .••  ••■  .■•  •••  ... 

+  2m  {cr'  (n-l)-(l-'4-2«-0  <r'(w-3) 

+  (-iyj».+  [(_l)ir-i(l«-i+2'"**+3«+^4-...+flr"'"')]» 


♦  In  Euler's  recurring  formula 

<r(n)-<r(«-l)-<r(w-2)+<y(fi-6)+<r(fi-7)-&c.  «0, 

he  dispensed  with  an  additional  term  which  occurs  when  n  is  a  pentagonal  number 
by  assigning  to  <r  (0)  the  value  n  {Opera  Minora  Colketa^  Vol.  i.,  p.  149). 
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where  I  lias  the  meaning  just  assigned  to  it,  so  that,  when  n  is  a  tri- 
angular number  \g  (^+1))  in  which  case  the  additional  term  appears, 
I  is  equal  to  ^ ;  otherwise  |^Z(2+1)  is  the  triangular  number  next 
greater  than  n.  It  will  be  observed  that  I  is  always  equal  to  the 
number  of  terms  in  the  series  on  the  left-hand  side  of  the  equation, 
not  counting  the  term  o*.,  (0),  if  it  occurs.  As  examples,  let 
m  =  3,  and  put  n  =  5  and  6.    In  these  two  cases  the  formula  becomes 

cr^6)-3(ri(4)4-5<rj(2)=  6  {cr'(4)-6<r'(2)}-3», 
and       crj(6)-3crj(5)  +  5<r3(3)  =  6  {cr'(5)-5cr'(3)}-3»+l*+2*+3*; 

that  is,  125-.3X   724-5x  8  =  6  {6-10}-27, 

and  251-3 X  125-f  6 x  27  =  6  {5-16}  -27+98. 


Froof  of  the  Theorem  relating  to  the  actual  Divisors,     §§  25-27. 
25.  Let 


6i  (x)  ,  en  a;  dn  a; 

9i  (x)  sn  X 


where  G^  (x)  and  zn  x  are  the  same  as  Jacobi's  H  (x)  and  Z  {x)  re- 
spectively.     Then,  denoting  —  by  p,  we  have 

_  2^  cos  a?— 6g<  cos  3a;-f  lOg-r"  cos  5g— Ac. 
2^*  sin  aj—  ..grf  sin  3a5+ 2grV-  sin  5a5  —  Ac. 


Now,  it  can  be  shown  that 

pz8px  =    .^^-f  ,^  -8in2ag4- ,^  .8in4p-f  t^21_ gin 6a; -f  Ac. 
sinaj      1  —  Q^  1  — o*  l—Q 


Let  (T^  (n)  denote  the  sum 

where  dfj,  c?„  eZj,  ...,  df/  are  all  the  divisors  of  n.  Using  this  notation, 
the  coefficient  of  ^  in  the  above  g-series  is  easily  seen  to  be  equal  to 
4cr  (sin  2wa;),  and  the  equation  may  be  written 

p  zs  pa?  =  —. h  42*  ^^  (sin  2naj)  g**.* 

sm  X 

*  This  equation  was  given  in  this  form  in  the  Messenger  of  Mathematics,  Vol. 
XT  III.,  p.  6,  as  one  of  a  system  of  sixteen  similar  formolfB  representing  the  twelve 
elliptic  and  four  zeta  functions.  It  is  to  be  observed  that  the  symbol  0-  is  supposed 
always  to  refer  to  the  divisors  of  n  (not  2it).  The  sign  of  smmnation  also  refers 
ton. 
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Equating  the  two  expressions  for  pzBpx,  we  obtain  the  identical 
relation 


cos  a; 
sina; 


.>!'««•    /  •    o     \   4«       cosa;— So'cosSaj-f  5g*cos5«— &o. 


26.  Replacing  g*  by  g,  this  equation  becomes 
008  05  ,  ^-}«    /  •    o     \^      cosoj— 3acos3ajH-5fl^cos5«--&o. 


sino; 


whence,  by  multiplying  up,  we  find 

4  (sin  x—q  sin  Sas+g*  sin  hx—^  sin  7aj  +  Ac.)  S*  ^  (sin  2rw5)  g* 

=     (sin  3a;  cot  05—3  cos  3o;)  g 
—  (sin  6aj  cot  05—6  cos  %>x)  g* 
+  (sin  7oj  cot «—  7  cos  7aj)  g* 


•••      •••      •■•      <••      ••• 


d   sin  3o5     ,    .       (2    sm  5o;  •  (2    sm  7o; 

: g+smoj-; : g"— sma-^ : 

da    BUix  dx   Bvax  dx   Binx 


The  equation  may  therefore  be  expressed  in  the  form 

J,  /  ^      sin  3a$     ,   sin  5x   «     Bin  7x  »  ,  a     \  <«•    /  *    o     \    • 

4  (1 : gH — : g' : g"+<fcc.  J  2i  a{8m2nx)  g* 

\         sm»  sm»  smoj  / 

d  sin3d5      .    d   Binbx    »      d   sin7aj   «,  .^^ 
=  —  3 : g+3 : 3        3 : g"+<fcc.» 

dx  Binx         dx   smo;  dx  sino? 


Now 


sin  3a; 
sin  a; 

sin  6x 
sin  a; 


=  l+2cos2aj, 


=  l+2ooB2o}+2cos4a;, 


•••  > 


and,  in  general,  m  being  any  uneven  number, 

?1BJ!!!?  =  1  +2 cos  2aj+2  cos 4aj+ ...  +2  cos  (m-1)  x. 
sin  as 


•  This  Miiition  may 
in  §  26  in  the  lonn 


the  first  equation 


8in5x— ftc). 
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The  equation  therefore  becomes 

{l-(l  +  2co8  2aj)  gr  +  (l  +  2cos  2»-f  2co8  4a;)  g^-Ac.}  Sr<r(Bin  2na;)  g" 
=  sin  2aj.gr— (8in  2a;+2  sin  4aj)  9*+  (sin  2aj  +  2  sin  4«+3  sin 620)  g*— 4o. 

27.  Replacing  2a;  by  «,  we  have  finally 

{l-(l+2cosaj)g-f  (l  +  2cosa;+2cos2a5)3^ 
-(l  +  2cos»4-2cos2a;+2cos3aj)g«+&o.} 
X  {2iSin(2a;.gr+2,sin  dx.q^-\'%^B\ndx.c^'\'&c.] 
=  sinaj.  g— (sma?+2  8in2a5)gr'+(sina5+2Bin2a5H-3sin3aj)g*— Ac., 

where,  in  accordance  with  the  notation  employed  in  §  9,  2«0  {d) 
denotes  0  (tii)+0  (^)  + ...  +0  (d/)  ;  (^,  d^  ...,  dj  being  all  the  divisors 
of  n. 

The  coefficient  of  ^  on  the  left-hand  side  of  this  equation  is 

2„8iii<2a;— Sn-i  {siniaj+sin  ((i--l)a5H-sin  ((i+1)  x\ 

+Sn-8{8in(Za5+sin((i— l)aj+sin((i+l)a5+8in  (df— 2)  a)+sin(d!+2)a;} 

—  Ac. 

We  see,  therefore,  by  equating  coefficients,  that  this  expression  must 
be  equal  to  zero  if  n  is  not  a  triangular  number,  and  that  it  is  equal 

(— ly**  (sina;+2  sin 2a! +  3  sin  3a;  +  ...4-flrsingr«) 

when  n  is  the  triangular  number  \g  (^4-1). 

It  is  evident  that  this  relation  can  only  exist  by  virtue  of  the  actual 
numbers  (2,  d— 1,  i+l,  Ac.,  which  occur  in  the  arguments  on  the 
left-hand  side,  cancelling  each  other  (with  the  exception  of  the  one  1, 
two  2's,  three  3's,  ...,  which  are  to  remain  when  n  is  a  triangular 
number)  ;  for  no  property  of  the  sine,  as  distinguished  from  any 
other  uneven  function,  can  have  any  influence  upon  the  mutual 
destruction  of  the  terms.  We  may,  therefore,  either  replace  the 
sines  by  0's,  ^  being  any  uneven  function,  thus  obtaining  the 
theorem  in  §  9,  or  we  may  pass  directly  from  the  sine-theorem  to  the 
general  theorem  relating  to  the  actual  divisors  (§  3). 
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Second  Theorem  relating  to  the  Actual  Divisors  of  the  Numbers 

n,  n-1,  n-3,  ^c.    §§  28-30. 

28.  From  the  last  formula  in  §  26,  by  maltiplicatioii  hj  sin  x^  we 

find 

2  (sin  a — g  sin  3aj  +  g^  sin  5a:—  <f  sin  7aj  -f  Ac.)  ST  <r  (sin  ^nx)  g^ 

=  (oos  »— cos  3«)  gr— (cos  35  4- cos  3aj— 2  cos  6aj)  g^ 

+  (oos  a; + cos  3«+cos  5a5— 3  cos  7x)  (f — Ac., 
the  general  term  on  the  right-hand  side  being 
fcosaj+cos3aj+cos6«-|-...+cos  (2^'— 1)  »— flrco8(2flr-f  !)«}  gr*^^^**\ 
The  coefficient  of  g**  on  the  left-hand  side  is 

S«  [oos(2e2— 1)  »— cos  (2i+l)a;} 

-X-i{oos  (2(i— 3)  JB-cos  (2(i+3)  «} 

+S,-j  {cos  (2(2—5)  «— cos  (2(i4-5)  x} 

—  X-e  (oos  (2(2-7)  aj-cos  (2(2  +  7)  a;} 
+  &C. ; 

this  expression  therefore  is  equal  to  zero,  if  n  is  not  a  triangular 
number,  and  is  equal  to 

(  —  1)'"*  {co8a;  +  cos3aj-l-co8  5a;-f  ...+cos(2gr  — l)aj— grcos  (2gr  +  l)  a?}, 

when  n  is  a  triangular  number  \g  (<jr  +  l). 

29.  Using  the  notation  of  §  5  so  that  a, /3,  ...,  are  the  divisora  of 
»,  a„  /B^,  ...  ,  those  of  n— 1,  a,,  /3„  ... ,  of  n— 3,  d;c.,  it  follows  that  the 
numbers  given  by  the  formula, 

2a  +  l,  2^  +  1,    -If       2aj+3,  2(3,  +  3,    ...  | 

\-(2«-l),      -(2^-1),.../      \-[2a,-3].     -[^-3],  ...J 

f       -S+5,  SSA+5,    .„) 

+  1  f  —Ac., 

l-[2«,-5].     -[2A-5].  ...J 

all  cancel  each  other,  unless  n  is  a  triangular  number  1^(^  +  1),  in 
which  case  then>  art>  left  remaining  one  1,  one  3>  ...,  one  2^  —  1,  all 
having  the  same  sign,  and  also  the  number  2^  +  1  occurring  g  times, 
and  having  the  opposite  sign.  If  j^  be  eren,  the  g  different  numbers 
have  the  positive  sign ;  if  uneven,  the  negative  sign. 
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The  nnmbers  2ai— 3,  2/3|— 3,  ...  are  enclosed  in  square  brackets  to 
indicate  that  their  absolute  values  are  to  be  taken  (irrespective  of 
sign),  i.e.  [a]  denotes  a,  if  a  is  positive,  and  —a  if  a  is  negative,  so 
that  [a]  is  always  a  positive  quantity.  It  is  unnecessary  to  enclose 
2a ~  1,  2/3—1,  ...  in  square  brackets,  as  they  are  necessarily  positive.* 

As  an  example,  let  n=^6.  The  doubles  of  the  divisors  of  6,  5,  3 
are  2,  4,  6,  12;  2,  10;  2,  6  respectively,  and,  since  ^  =3,  the  theorem 
asserts  that  the  numbers 

C     3,      5,      7,      13)       (     6,    13)    .C     7,    11) 
l_l,  _3,  _5, -U)       (_i, -7)       1-3,^1) 

cancel  each  other  with  the  exception  of  —1,  —3,  —5,  7,  7,  7. 


30.  The  theorem  may  be  exhibited  conveniently  in  the  following 
manner. 

Taking  the  above  example,  we  first  write  down  in  a  central  line 

the  doubles  of  the  divisors  6,  5,  3.     We  add  1  to  each  of  the  divisors 

in  the  first  set,  writing  the  numbers  so  obtained  above  them  ;  we 

then  add  3  to  the  second  set,  writing  the  numbers  below ;  then  5  to 

the  next  set,  writing  the  numbers  above.     We  have  thus  formed  the 

scheme : 

3,  6,  7,  13,  7,  11, 

(2,4,6,12).     (2,10),     (2,    6), 

5,13. 

To  complete  the  scheme,  we  subtract  1  from  each  of  the  divisors  in 
the  first  set,  3  from  the  second  set,  5  from  the  third  set,  writing  the 
numbers  below  and  above  alternately,  and  attending  only  to  the 
absolute  values  of  the  numbers  (for  example,  in  the  second  set, 
subtracting  3  from  2  and  10  we  obtain  —1  and  7,  and  we  enter  1 


*  In  the  notation  of  §  3,  the  theorem  assertB  that  the  nnmben  given  by  the 
formula, 

all  cancel  each  other  if  ii  is  not  a  triangolar  nnmber,  and  reduce  to 

(-l)^{l,  3,  5,  ...,  2^-1,  and  —(2^  +  1)  occurring^  times}, 
if  ft  is  the  g^  triangalar  number  i^  (^  +  !)• 
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1,^7.UL         1,    7,        7-11, 

(2,4,«,15>,    (±,10),     (i,    f), 

l,3u^lL        S,ia,        Ss    I. 


iUQ  Iwre  left  three  T^s  in  tbe  upper  Hue,  and  liie  ikige 
icEBberc  inferior  «>  7  (Lcl.  L.  S,  ^)  in  ti^e  lofirer  £ne. 

Im  gienenl,  if  1^  zixmberB  deraTed  fraam.  tiie  dirison  lie 
dovB  jooptdlng  to  fids  iBeahod.  like  thaoraB  mmuiI*  tiiat,  if  ^iv  icgatd 

ihe  vra^\i^m^  rmMJiiMiu^Wtt^t  is  Ae  Upper  maid  knPBT  BlMfc  M  *^M*1*«J?'-g 

caeSi  odier,  then  tiiis  canoetU&tDcm  i$  eoapkfte  if  m  ii  not  a  trssngulaor 
irgmbfT,  but  thji;i  wbes  ■  is  aqnaJ  to  a  tzmztrnlBS'  xxmnber  ii^  C#^  l^X 
IkflB  tlMKe  are  k£t,  after  tiie  eaaiedlix^.  §  (2f  ^Ifs  in  one  liacty  and 
tJbe  g  vnereD  oTzmbers  inferior  to  2p^l  ia  tbe  odier.  If  5  is 
tike  (%^l/sa»  left  in  the  lover  &ie^  if  aifee««,  in  ffe 

Taking  aa  czaaqileB  ffe  nualKn  9  and  10  (as in  S^).  "^ 
tbe  tjwbeMBM  of  —bfim,  we  obtun,  for  ■  =  9^ 


3,7,19.        LI,    5.13,        7,9,1L17,        5,    L 

(2.6,18),     (2,4,    S,16),     (2,4.    d.  12),     (2,    €). 

L  5, 17,        5,  7, 11, 1^,        3L  1,    L    7,        9, 13, 

in  vbich  all  tbe  munbers  in  tbe  Tipper  and  lower  lines  cancel  eacb 
otber,  and,  for  a  =  10, 

3,5,11,21,        L3, 15,        7,19,        5,    3»    1, 

(2.4,10.30),     (2.6,1S).     (2,U),     (2,    4,    S), 

1,3,    9,19,        5,9,2L        3,    9,        9,  IL  15, 

in  wludi,  after  eanodting  all  tbe  nnmbers  rommon  to  tbe  tipper  and 
lower  lines,  we  bare  left  four  9's  in  tbe  lower  line,  and  tbe  four  nn* 
eren  niunben  inferior  to  9,  vix^  1,  3,  5,  7,  in  tbe  npper  line. 


Knmurioal  Tkearemt  rdatimg  to  the  Smmu  €/ Powen  cf  ike  Diristm  of 

»,«-l,a-3,^     §§31^33. 

31.  Bjr^lacingeadi  oftbe  niimbersin  tbe  tbeorem  of  §29bjtbe 
same  arbilniy  fnactaoii  of  ilMl^ad  addmg  togetber  the  members  ^ 
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each  gronp,  as  in  §  9,  we  find  that,  if  if/  be  any  even  function,  then 

+  S».3{4' (2(^+5)-^  (2(i-5)}-S„_e{i/'(2d+7)-^  (2(2-7)} 
+<fec. 
is  equal  to  zero,  if  n  is  not  a  triangular  number,  and  equal  to 

(-1)'-'  {g^ (2.7  +  1)-.^  (1)-^  (3)  -^  (5)-...-><'  (2g-l)} 
if  n  is  a  triangular  number  iflr  (flr  +  1). 

This  result  may  of  course  be  deduced  directly  from  the  theorem  in 
§  28,  by  replacing  the  cosines  by  arbitrary  functions. 

32.  As  a  particular  case,  let 

i// (2(1+1)  =  (2(i+l)>. 
We  thus  find 

S„8(i-SH-i  24(2-f  Sn-8  40(2 --S„-«  56(2+&c. 

=  0,    or    (-l)i^-i{^(2(7-hl)«-l«-3*-5«-...-(2(7-l)«}, 
according  as  n  is  not  a  triangular  number,  or  is  equal  to  ^  (^  +  1)* 

Now         lH3»  +  5»+...  +(2<7-l)«  =  ig  (2g--lX2g  +  l), 
sothat  (7(2^+l)'-.l»-8«-5»-...-(2(jr-l)»=:|(7((7+l)(2(7+l), 

and  the  formula  becomes 

a  (n)  -8(r  (n-l)  +  6(r  (n-3)-7cr  (n-6)+Ac. 

=  0,  or  (^iy-^ig(g^l)(2g+l), 

according  as  n  is  not  a  triangular  number,  or  is  equal  to  1^  (^  +  1). 
This  result  is  equivalent  to  the  recmrring  formula  quoted  in  the  first 
section  of  this  paper. 

83.  Putting  yp  (2d+l)  =  (2(i+l)-+\ 

m  being  any  uneven  number,  we  obtain  the  general  theorem 

<r«  (n)-3<r«     (n-l)-f5<r«     (n-3)-7cr«     (n-6)+4c. 

+^{<T..,(«)-3»a„_,(n-l)+5V...(n-3)-7»<r...(»-6)+&o.} 
+  ~-^{a,.i{n) - 3»<r„.«  (»-!)  +  5V«^  (n- 3)  -  7»<r«_,  (n- 6)  +&c. } 

•••       •••       •••       •••       •••       •••       •••       .••      •••      ••.      ••• 
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+^3;{».(»)-3-X(n-l)+5-'».(n-3)-7— «r,(«-6)  +  4c} 

+   ni=T    {»(»)-3-    «r(«-l)+5-    «r(«_3)-7-    «r(n-6)  +  4o.} 

=  [(-ir'2-..(^.l){g(2g+l)"^'-l''''-3-*'-5"*'--.- 

...-(2j,- !)-*»}], 

where  (as  in  §  11)  the  square  hrackets  denote  that  the  term  enclosed 
by  them  only  appears  when  n  is  equal  to  ig  (g  +  l)*  Otherwise  the 
right-hand  side  of  the  equation  is  zero. 

This  result  corresponds  to  the  general  theorem  in  §  11.  Comparinfi^ 
the  two  formulae,  we  see  that  in  §  11  all  the  series  except  the  first 
have  one  term  less,  and  that  the  additional  term  is  somewhat  simpler 
in  form.  On  the  other  hand,  the  coefficients  in  the  above  series  are 
much  simpler  than  in  §  11,  consisting  each  of  a  single  power,  and  all 
the  series  are  of  exactly  the  same  form,  whereas  in  §  11  the  first 
series,  on  the  left-hand  side  of  the  eqoation,  is  not  included  in  the 
general  form  of  those  on  the  right-hand  side. 

The  particular  otue»  of  m  =  3  and  5.     §§  34-37. 
34.  By  putting  m  =  3  and  5,  we  find 

ir,(«)-3<r,(«-l)  +  5<r,  (»-3)-7  <r,(m-6)-hAc 

-?"i{^(«)-3»a(»-l)-|-5V(ii-3)-7»a(«-6)+Ac} 

=  [^-^^'2^4  ^'^  (%  +  !)-! -^-5 ---(^-l)*}]. 

•nd  ir,(n)-3a,(m-l)-h5ai(«-3)-7a»  (ii-6)+4c. 

+i{<r,  («)-3»a,(ii-l)+5V,  (i,-3)-7»<r,(«-6)  -H*c} 

+A(<r  («)-3»<r  (ii-l)  +  5V(n-3)-r<r(m-6)  +  4:c} 

=  r(-ir'2^{l^(2j^+l)*-l*-3*-5--...-(2^«l)]-]. 


00.  Since 


r+y+5*+...+C^-i)*  =  V/-i^+T^« 
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we  find  that  the  additional  term  in  the  first  of  these  two  equations 
is  equal  to 

(-1)'-*  [if+ig^+^+W+Thg]. 
which  =  ( - 1)*-'  (2y+i)(g'+y)(i2fy'+i2y+i) 

^      ^  120 

In  a  similar  manner,  since 

l«+3«+6«+...  +  (2^-l)«  =  W-16i7'+¥ff'-liff, 
we  find  that  the  additional  term  in  the  second  equation 

=  (_l),-i  (2g+l)(g'+!?){l44(g'+g)'+24(g'+g)  +  13} 

2016 

36.  Expressed  in  the  notation  of  §§  16  and  17,  the  formulas  become 
S(-l)*(2i+l)a,{n-J»(»+l)}+JS(-l)'(2i+l)V{n-it(t+l)} 

=  [(-D'-'xiTf?  (?+l)(2?+l)(12/+12(,  +  l)], 
and 

S(-l)'(2t+l)<r.{n-i»(t+l)}+fS(-iy(2i+l)'a,{n-it(»+l)} 

+ AS  (- 1)'  (2t+l)»  cr  {n-  i*  (»•+ 1)} 

=  [(-1)"-'^!^  y  (?+l)(2?+l)  {144  (<,'+</)'+24(?«+<7) +  13}, 

the  summations  extending  from  t  =  0  to  i  =  A,  where  ^h  (h-^-l)  is 
the  triaDgnlar  nnmber  next  inferior  to  n. 

We  may  evidently  dispense  with  the  additional  term  (the  right- 
hand  member  of  the  equations  being  then  zero  for  all  values  of  n)  if 
we  put,  in  the  first  formula, 

and,  in  the  second  formula, 

cr(0)=O,     cr,(0)=0,     cr5(0)=fri»+^n»  +  ^^|^. 

If  these  terms  of  zero  argument  are  included,  the  summations  are 
to  extend  from  i  =  0  to  i  =  ^k  (A;+l),  where  ^k  (/c+l)  is  the  tri- 
angular number,  nearest  to,  and  not  exceeding,  n. 

37.  We  may,  however,  represent  the  additional  term  in  a  more 
elegant  manner  (as  in  §§16  and  17)  by  means  of  values  of  o-(O), 
0*2  (0),  0*5  (0), ... ,  all  of  which  are  simply  proportional  to  n.     These 
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values  are  found  to  be,  for  the  first  formnla, 

ir(0)=in,     <r,(0)  =  -^, 
and,  for  the  seoond  formula, 

<r(0)=|n,     <r,(0)  =  -^n,     ^5(0)=  A*. 

The  same  Theorems  expressed  in  terms  of  c  and  t.     §§  38-40. 

38.  In  the  notation  of  §  18,  in  which 

c  =  2»+l,     *  =  i»(t+l), 
we  may  express  the  theorems,  in  the  cases  of  m  =  1,  3,  5,  in  the 

forms  S  (— )  ca  (n-f)  =  0, 

S(^)c<r,(n-0  +  iS(^)cP<r(n-0=0, 
s(^)ccr,(n-0+t2(^)c»<r,(n-0+iVS(^)c'<r(n-0  =  0; 

where,  in  the  first  formula,  <r  (0)  =  ^ ;  in  the  second,  cr  (0)  =  ^i», 
<r,  (n)  =  —-^n ;  and  in  the  third,  a  (0)  =  |n,  <r,  (0)  =  —  f^s 
cTfi  (0)  =  An. 

39.  It  may  be  observed  that  the  formula  contained  in  the  general 
theorems  of  §§  11  and  83  are  not  independent.  Thus,  writing  the 
formula  with  the  additional  term,  we  have,  from  §§  16  and  35, 

S  (— )  ccr,(n-0  +  2S  f—^  eta  (n^t) 
2  (— )  ccr3(n-0+iS  (— )  c»<r  (n-0 
whence,  by  subtraction,  since  c*  =  8^+1,  we  obtain 

that  is,     S  (=^) ca (n-0  =  [(-l)'"'  {J/  +i<^  +  ig]], 
which  is  the  original  recurring  formula  of  §  1. 
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40.  Similarly,  from  §§  17  and  19,  we  have 

S  (-^^ CffsCn-O  +^S  f  ^)  do,  («-0  +4S  (=^^  (cf -icO<r(n-<) 

=  [(-1)'-'  {^'+^^+W-iS'+:^9]l 
and,  from  §§35  and  38, 

5  f~j  c<r,  (n-t)  +iS  (=^)  c  (8t+ 1)  ff,  (n-0 

giving,  by  subtraction, 

f  2  (=i)  c<r,  (n-0  +12  (=^)  (c*+^)  »  (n-t) 

that  is, 
2  (=^)  w,(n-0+22  r^)  (ct+TV)«'(«-0 

=  [(-1)'-'  {y  +  *</*+  ^s'+iV  -  A?}  ]. 

Now     j»y2(^)c<r(n-0=  [(-l)'->{3V?'+/ff»'+i^?}]; 

whence,  subtracting,  we  find 

2  (—^  cat  (n-t)  +  22  f—^  ct  <r  (n-t) 

=  [(-l)''-*{l*+2*+3*+. ..+?*}], 
which  is  equivalent  to  the  second  formula  of  §  19. 

Method  of  representing  the  Additional  Term  by  constant  values  of 

^  (0),  cr,  (0),  ^c.     §§41-43. 

41.  The  additional  term  in  the  general  theorem  of  §33  may  be 
represented  in  the  following  manner : — 

2  c  2 
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Let  /  =  %+l,  so  that/is  the  ooeffident  of  r.  (0),  wben  it  oeena. 
Th»  ftdditioiiAl  term  may  then  be  written 

Xow  die  sum  o£  tlie  smes  1-^^+3— *+5**»-h  ...+/***  »  («e  §«) 
^5!        3^^    ...=k3-  i«-Ki/    ^^^^i/' 


.kftibuLactt  nujiittnciiift.  jt^Qacaacs^  i^uii^  au<i(MtfM«ai  >y%u  41  %  .^gj^ 


:^Ma  -  Mini  IK  -^  ^^<>K^  viuiMLik  :>ii«4JU0|{:  ..iMy^  v'^*w%<ttt» 
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member  of  the  eqnaiion  being  then  always  zero)  if  we  put 

Since/*— 1  =  4  (g'+fl^)  =  8n,  this  value  of  a  (0)  may  be  written 

"  ^^'^  -  ;m1  ""^  Jm^* 

Thus,  for      m  =  1,  <r  (0)  =  Jn ; 

„       w  =  3,  »(0)=i»-Vjr; 

„     TO  =  6,  <'(0)  =  l»-A; 

„       TO  =7,  »(0)=in-T^; 

43.  Taking  the  particular  cases  of  n»  =  3  and  5  (§§  34  and  37),  we 
have,  therefore,  for  all  yalnes  of  n, 

cF,(n)-3<r,(n-l)  +6<r,  (n-3)-7cr,  (n-6)  +  4o. 
4-i{<r(n)-3V(n-l)  +  6»ir(n-3)-7»(r(n-6)  +  4c.}  =0, 
if  <r(0)  =  ln-^,     <r,(0)=^, 

and  cr5(n)-3(r5  (n-l)-f6(r5   (n-3)-7<r5  (n-6)4-&c. 

-h  *  (cr,  (n)-3»cr,  (n-l)+5V,  (n-3)  -  TV,  (n-6)  +  Ac.} 
+^{cr(n)-3V  (n-l)  +  5V  (n-3)-7*<r  (n-6)  +  4c.}  =0, 
if  cr(0)  =  in-:^,     <r,(0)  =  ^,     cr^  (0)  = -tH-* 

FormuZa  connecting  the  Sums  of  the  Divisors  of  the  First  n  Numbers,   §  44. 

44.  In  a  paperf  in  the  fifth  volume  of  the  Proceedings  of  the 
Cambridge  Philosophical  Society,  I  gave  the  following  formula  which 


*  The  general  theorem  in  §  33  and  the  method  of  representing  the  additional 
term  in  §§  41  and  42  are  given  without  proof  in  the  Mentenger,  Vol.  xz.,  pp.  176- 
191,  in  connexion  with  the  investigation  referred  to  in  the  note  to  §  63. 

t  **  On  the  Sum  of  the  Divisors  of  a  Number  "  (1884,  p.  108).  The  formula  is 
given  on  p.  112.    It  also  oocurs  in  Froe,  Lond,  Math,  Sac,,  Vol.  xv.,  p.  118  (1884). 
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conneots  together  the  sums  of  the  divisors  of  all  the  nnmbers  from 
unity  to  n : 

<r(n)-2<r(n-l)-2<r(n-2)+3flr(n-3)  +  3o-(n-4)+3o-(n-5) 

-4o-(n-6)-4cr(n-7)-4o-(n-8)-4or(n-9)+5<r(n-10)  +  ... 
...+5(r(n-14)-...  +  (-l)-^r(r(l)  =  (-1)'^  («»-«). 

In  this  formnla  the  first  term  o*  (n)  has  the  coefficient  unity,  the  next 
two  terms  have  2  as  coefficient,  the  next  three  have  3,  and  so  on. 
The  letter  s  denotes  what  the  coefficient  of  o-  (0)  wonld  be  if  the  series 
were  continued  one  term  further.  Thus  8  is  equal  to  r,  unless  ra  (1) 
is  the  last  term  of  the  group  of  r  terms  having  r  as  coefficient,  in 
which  case  8  is  equal  to  r-f-1. 

I  now  proceed  to  investigate  a  relation  connecting  together  the 
actual  divisors  of  all  the  numbers  from  unity  to  n,  which  includes  the 
above  formula  as  a  particular  case. 


General  Theorem  relating  to  the  actual  IHvi8or8  of  the  F%r8t  n  Numbers. 

§§  45-50. 

45.  From  §  28, 

2  (sinaj— gr  8in3aj-f-9*sin  5a;— 5*8in7a;-f-<fec.)  5ro'(8in2twj)  g^ 
=  (cos X  —cos  3a;)  q  —  (cos  x  -f- cos  3a;— 2  cos  5aj)  g* 

-f-(cos»-f-cos3a;-f  cosSaj— 3cos  7x)  g"— (fee. 

Now,  by  multiplying  the  series 

sin  aj — g  sin  3aj + 5^  sin  5aj— Ac. 
by  l+g+gH3'+g*+2'+&c., 

we  obtain  the  series 

sin  X  —  (sin  3a5  —  sin  x)  (q  -f-  q^)  -f-  (sin  5a; — sin  3a;  -f-  sin  x)  (j*  +  g*  +  g*) 
—  (sin  7a; — sin  5a; -h  sin  3a; — sin  a;)  (g* -f  g' + 3* + g*)  +  &c., 

which  is  equal  to 

{sin2aj— (g+g*)8in4aj-f-(g'+g*-f  g*)  sin6aj 

-(£'+...+2')sin8a;+<fcc.}  ; 
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and,  by  maltipljing  fche  series 

(cos  aj— cos  3a;)  g—  (cos x + cos  3*—  2  cos  &x)  g'4-  Ac. 
by  H-g+3'+g'+g*+g'+&c., 

we  obtain  the  series 
(cos a;— cos  3aj)(g  -hg*)— (2  cos  3aj— 2  cos  Sa5)(gf'+gf*+5*) 

+  (cos  aj— cos  3aj+3  cos  6aj— 3  cos  7a5)(g®+g'+g*+g*) 
—(2  cos  3aj— 2  cos  5aj+4co8  7aj-4  cos  9aj)(3^H ...  +3") 

+  &C. 

Thus,  by  mnltipljing  both  sides  of  the  above  equation  by 

H-g+g'+g'+Ac., 
we  obtain  tbe  equation 

(sin  2aj  -  (g+g*)  sin 4a5+  (g'+2*+g*)  sin  6aj—  Ac.)  5r(r(sin  2na;)  g" 
=  cosaj{(cosaj— cos3aj)(g+g')— (2cos3aj— 2cos6a?)(g*  +  g*+g*)— Ac.}, 

the  right-hand  member  of  which 

=  I  (1-cos  4a>)(g+g')  -i  (2  cos  2aj-2cos6a?)(g»+g*+g*) 

-hi(l+2cos4flj-3cos8a;)(3«+/+g'+3')-"&c. 
We  thus  find,  by  putting  ^x  for  a?, 

2{sinaj-(g+g')sin2aj+(g»+2*-fg*)sin3aj-(g«+...-f3*)sin4flj+4c.} 

X  2*0*  (sin  na;)  g" 

=  (1— cos2aj)(g4-g*)  — (2cosaj— 2cos3aj)(g'+g*+g*) 

-h  (1-f  2  cos  2aj-3  cos  4aj)(g«+ ... +g*) 
— &c., 

the  general  term  on  the  right-hand  side  being 

{1-f  2  cos  2aj4-2  cos  4aj+ ... -1-2  cos  (r— 2)  a?— (r— 1)  cos  raj) 

x(g*'t-^^+...+g*^^'-^»)-0, 
or    —  {2cosa;-|-2cos3aj  +  ... -l-2cos  (r— 2)  aj  —  (r— 1)  cos r»} 

according  as  r  is  even  or  uneyen. 
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46.  The  coefficient  of  g**  on  the  left-hand  side  of  this  equaticm  is 

Sn  {cos  (d—l)  aj— COB  (rf+1)  x] 

-(Sn-l  +  X-a)  {cos  (c2-2)  05-008  (d'^2)  x] 

+  (S«-3+V4+Sh-5)  {cob  ((i-3)»-cos(c2-|-8)«} 

— 4c. ; 

BO  that,  nsing  the  notation  of  §  29,  in  which  [a]  denotes  the  absolnie 
magnitude  of  a,  irrespective  of  sign,  we  find  that  the  nnmbers  g^ven 
by  the  f ormnla, 

d+l  \     ,^         ^     .  /       (?+2 


«-(_[n])-«'-^<'->(-["y 


d+S 


+  (Gn-a+Gn-4+0,^)  (^r^ls])-*©.. 


all  cancel  one  another  with  the  exception  of 

-0,  two  (-2)'s,  two  (-4)'8,  ...,  two  {-(p-2)}'s,  and  (jp-"l)p'a, 

if  p  be  even,  and 

two  I's,  two  3'b,  ...,  two  (j9— 2)'s  and  (p— 1)(— l>)'fl, 

if  p  be  nneven,  where  ipip-^-l)  is  the  triangular  number  next 
superior  to  n*  Zeros  are  to  be  retained  and  treated  in  the  same 
manner  as  other  nnmbers. 


*  It  maybe  convenient  to  distingaish  between  the  meaning^  of  the  letters  h  (§  15), 
k  (§  16),  /  (§  24),  and  p^  which  are  used  in  this  paper  in  connexion  with  the  tri- 
angular numbers  which  are  adjacent  to,  or  equal,  to  ».  The  number  ^h  (h  +  1)  is  the 
trianprular  number  next  inferior  to,  n  and  ^p(p  +  l)  is  the  triangular  number  next 
superior  to  w,  whether  »  is  a  triangular  number  or  not ;  JAr  (A:  +  l)  is  the  triang^ular 
number  next  inferior  to  n,  if  w  is  not  a  triangular  number,  and  is  equal  to  n  if  »  is 
a  triangular  number;  y  (/+  I)  is  the  triangular  number  next  superior  to  w,  if  «  is 
not  a  triangular  number,  and  is  equal  to  n  if  n  is  a  triangular  number.  Thus,  if 
11  is  not  a  triang^ar  number, 

h  =  k   and    I  =  p  =  A  +  1  =A:+1, 
and,  if  n  is  a  triangular  number,  J^  (^  +  1), 

A=^-l,     k^l=^g,    pz^g-i-l. 
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In  the  notation  of  §§  5  and  29,  the  above  formnla  may  be  written 

(       a+1,  j3  +  l,     .,. ) 

l-(a-l),-(/J-l),  ...) 

_(       a,-2,         /3i+2,   ...;        a,+2,         /3,+2,    ... ") 
U[a,_2],  -[A-2],  ...  ;   -[a,-2],  -|j8,-2],  ...  ) 

^(       a,+3,         /J,+3,    ...;        a,-|-3,         j3,+3,    ... ; 
I  -[a,-3],  -[j3,-3],  ... ;  -[a4-3],  -[/3,-3],  ...  ; 

-[a,-3], -[i3,-3],...) 

47.  As  an  example,  patting  91  =  6,  so  that  p  =  4,  the  theorem 
asserts  that 

C     2,     3,     4,      77      (     3,     7;      3,     4,     6) 
l-O,  -1,  -2,-5)       1-1,-3;  -1,  -0,  -2) 

C     4,      6;      4,      5;      4] 
1-2,  -0;  -2,  -1;  -2) 

all  cancel  each  other  excepting  onlj 

-0,  -2,  -2,  4,  4,  4. 

Again,  pntting  n  =  7,  so  that  j?  =  4  as  before,  the  theorem  asserts  that 

f     2,      8)       C     3,      4,       6,     8;      3,      7) 
C  -0,  -6)       I  -1,  -0,  -1,  -4;  -1,  -3i 

.   (     4,      5,      7;      4,      6;      4,     67       f     6| 
1-2,-1,  -1;  -2,  -0;  -2,-1  J       C-3) 

all  cancel  each  other  excepting  onlj 

-0,  -2,  -2,4,4,4. 

48.  The  theorem  may  be  most  conveniently  exhibited  in  a  form 
similar  to  that  by  which  the  theorem  of  §  29  was  expressed  in  §  30. 
We  first  write  down  in  the  central  line  all  the  divisors  of  the  numbers 
n,  n  —  1,  ...,  3,  2,  1.  We  then  add  1  to  each  of  the  divisors  of  the  first 
number  n,  writing  the  numbers  so  obtained  above  them ;  we  add  2 
to  the  divisors  of  the  next  two  numbers,  writing  the  numbers  below  ; 
we  add  3  to  the  next  three  sets  of  divisors,  writing  the  numbers 
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tihof,  »ad  »o  oo.    Tbiu,  intbecue  of  «=6,wefiratfonii  die 


2,  8, 4,  7 
CI.  2. 8,  6; 


(l,i),    (1,2,4) 
8,  7,        8,  4,  6 


4, 6,        4, 5,        4, 
(1,3),     (1,2),     (1). 


To  vjmplttD  (be  ■jttem  of  nninben,  we  «abtract  1  from  each  of  the 
div'uorn  <A  n,  writing  the  aiunben  below ;  we  sabtract  2  from  the 
next  two  H«t«,  writing  the  nnmbera  abore;  3  from  the  next  three  seta, 
writing  the  nnmbeni  below ;  and  so  on :  in  all  canes  attending  only  to 
the  alMolato  valueii  of  the  nambers  (t.e.,  ignoring  negative  signs). 
Thus,  in  (ho  above  example,  we  obtain  the  completed  scheme 


2,  8,  4,  7 

(1,  2,  8,  6) 

0.  I.  2,  5 


1.  3,       1,  0,  2 

(1,6),    (1,2,4) 

3,  7,       3,  4,  6 


4, 6,        4, 5,        4, 

(1,3),    (1,2),     (1), 

2, 0,        2, 1,        2. 


Tho  ihoorom  aNMotiH  that,  in  general,  if  ipd'+l)  l>e  the  triangoJar 
number  next  noporior  to  n,  then,  after  cancelling  the  numbers  which 
ocour  both  in  tho  upper  and  lower  lines  (ignoring  the  middle  line 
whioh  nontnlnii  tho  divisorii  thomsolves),  there  will  be  left  remaining, 
If  }i  b«  ovon,  (/)  — 1)  ;/h  in  tho  upper  line,  and  one  0,  two  2's,  two  4'a, 
...,  aiid  two  (;i  -2)*n  in  tho  lower  lino,  and,  if  p  be  uneven,  two  I'a, 
twc»  JIX  ...,  two  (;)-2)*H  in  tho  upper  line,  and  (p  — l)j9's  in  the 
Inwnt'  lino. 

'DniN,   ill  tho   above    Hohomo,  for  whioh  p  =  4,  there  remain  nn* 
oiitioolhul  throo  4'n  in  tho  upper  line,  and  0,  2,  2  in  the  lower  line. 

40.  An  additional  oxamplos,  let  n  =  8  and  9,  the  value  of  jp  being 
tlii^roforo  4  in  oaoli  oaao.    Tho  sohomes  are 


'.',  8,  \  t) 

(i.a,i.H) 
0,  I,  a,  7 

I,  A.      1.0.1,4 

(1.  7).  (I,  a,  3,  0) 

3,  \\     3,  4,  R,  8 

4,  8,      4,  5,  7,     4,  6 

(1,  5),  (1,  2,  4),  (1,  3) 

2,  2,     2, 1, 1,      2,  0 

3,2, 

(1,  2), 
5,6, 

3 

(1) 
5 

5!.  4.  10 

0.».    l>) 

0,3,    8 

1.0,2.    «.      l..'. 

0.51,4.    8).  (1,7) 

3,  4,  0, 10,      3,  9 

4.  5,  6.  9,     4,  8.      4,  6,  7 

(1,  2,  3. 6),  (1.  5),  (1,  2,  4) 

2.1,0,3,      2.2,     2,1,1 

8,1, 
(1.  8).  ( 
4,7. 

8,2,      8 

1.  2),  (1) 
4,6,      4. 
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In  each  of  these  schemes,  after  the  oancelling,  three  4*8  are  left  in 
the  upper  line,  and  0,  2,  2  in  the  lower. 

For  n  —  10,  the  scheme  is 


2,  3,  6,  11 

(1,  2,  5,  10) 

0,1,4,    9 


1,1,    7,      1,0,2,    6 

(1,  3.    9),  (1,  2,  4,    8) 

3,  5,  11,      3,  4,  6, 11 


4, 10,     4,  6,  6,  9,     4,  8 

(1,    7),  (1,  2,  8.  6),  (1,  5) 

2,    4,     2,1,0,3,     2.2 


3,2,0,      3,1,     3,2,     3 
(1,  2,  4),  (1,  3),  (1,  2),  (1) 
6,  6,  8,      5,  7,      5,  6,      5  ; 

and,  after  the  cancelling,  1,  1,  3,  3  are  left  in  the  npper  line,  and 
f onr  5's  in  the  lower  line,  as  shonld  be  the  case  since  jp  =  5. 

50.  In  forming  the  schemes  we  divide  the  numbers  beginning  with 
n  and  proceeding  downwards  into  sets  of  one,  two,  three,  Ac.  The 
last  set  may  be  incomplete,  as  in  the.  cases  of  n  =  8  and  9  (when  it 
consists  of  2  and  3  numbers  respectively),  or  complete,  as  in  the  case 
of  n  =  10  (when  ifc  consists  of  the  full  number  4).  In  the  former 
case  (i.e.,  when  the  set  is  incomplete)  p  is  equal  te  the  full  number 
of  numbers  which  would  belong  to  the  set ;  but  when  the  set  is  com- 
plete, p  is  equal  to  the  number  of  terms  belonging  te  the  set,  increased 
by  unity.     Thus,  for  n  =  8  or  9,  j?  =  4 ;  but  for  n  =  10,  j?  =  5. 

The  preceding  theorem  (§§  46-48)  seems  to  me  to  be  the  most 
interesting  of  the  results  contained  in  this  paper>  as  it  connects 
together  in  so  simple  a  manner  all  the  actual  divisors  of  the  numbers 
from  1  to  n. 


Numerical  Theorems  relating  to  the  Sums  of  Poioers  of  the  Divisors  of 

the  First  n  Numbers.     §§  51-56. 

51.  By  proceeding  as  in  §  31,  we  see  that,  if  \p  be  any  even  function, 
Sn  {>P(^+l)-i/'(c?-l)}-(5n-i-h5„.2)  {tA(<^-i-2)-iK<2-2)} 
+  (V3+V4+V.)  {iA(<i+3)-tKc2-3)}-&o. 
is  equal  to 

-  ^(0)-2>P(2)-2>P(4)-...-2^(l)-2)  +  (2?-l)^(p), 

or         2>P(l)+2iK3)+2iK5)  +  ...+2iK2>-2)-(i>-l)^(l)), 
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aocording  bs  p  is  even  or  nneyen,  ip(p+^)  being  tlie  triangalar 
number  next  superior  to  n. 

We  maj  also  define  p  as  the  number  of  terms  in  the  complete  set 
or  group  of  terms  to  which  So  would  belong,  if  the  series  were  con- 
tinued one  term  farther  (so  as  to  include  So).  It  is  evident  tliat  2« 
will  belong  to  the  same  set  as  Si  except  wben  Si  is  the  last  term  of 
its  set.  As  the  series  is  supposed  to  be  continued  to  So  merely  to 
determine  p,  the  value  zero  is,  of  course,  to  be  assigned  to  this  term. 

52.  As  a  particular  case,  putting 

we  obtBin  the  theorem 

S.4d-(S..,+2.-.)  8i+(V.+2._.+ VO  24«l-4o. 
=  -2{2'+4»+6'+...  +  (l)-2)'}+(i»-l)y', 
or  2{l'+3«+5»+,..+(i)-2)»}-(i>-l)i>', 

aocording  asp  is  eren  or  oneTen. 

The  right-hand  member  of  this  equation  may  be  -written 

-  2  (2* + 4* + 6' + . . . +!»*) +!»'' +!>*, 
or  2  (l'+3'+5'  + ...  +^  -p*-p\ 

according  as  p  is  even  or  nneven. 

Now,  p  being  even, 

2« + 4» + 6*  + . . .  +  J)*  =  ij/ + ijj' + ij), 

and,  p  being  nneven, 

so  that,  whether  p  be  even  or  uneven,  we  find 

2„ci-2(S„.i  +  S„.0^+3(S„-3+S,.4-h2„.5)t2-&c.=(-l)'i(p»-p), 

which  is  the  same  as  the  formula  quoted  in  §  44. 

53.  In  general,  putting 

^((i+i)  =  ((i+ir, 


1891.]  Divisors  of  the  Mrst  n  Numbers.  897 

m  being  any  uneven  number,  the  left-hand  member  of  the  equation 
becomes 

2  (m+l)(')  [».(«)-2  {«r«(n-l)+»«  (n-2)} 

+3  {<r,  («-3)+«r«  («-4)+<r,(n-5)} 
— 4{next  fotir}+5  {...}— Ac.] 

+3*  {next  three} -4*  { ... } +4c.] 
+2i^^^±P^[^«.«(»)-2'K.«(»-l)+<r.^(«-2)}+3»{...}-4c.] 

••■       •••       ••■       •••       •••       •••       •••       •••      •••      •••      ••• 

+  2  (m  +  iy^^[(r(n)-2-{<r(n-l)  +  ir(»-2)}-|- 3- {...}-&€.], 
where,  as  before,  m^''^  denotes  the  factorial  m  (m— l)...(m— r-f-l). 
The  right-hand  member  of  the  equation  is 

-2  {2'»*'+4—»+6^+* +  ...+!>"'•'*} +i)"'"^+l>'"'*'\ 

according  as  p  is  even  or  uneven. 

Now  it  can  be  shown*  that  the  expression 

»  ^  +ip-'  +  (m+ir5,l>--  2'  i!^'  f  p- 

represents  the  value  of  the  series 

if  j3  be  even,  and  the  value  of  the  series 
if  p  be  uneven. 


*  The  proof  of  this  theorem  forms  the  subject  of  a  paper,  '*  Note  on  the  Sums  of 
Even  Powers  of  Eveh  and  Uneven  Numbers"  (MMsenger,  Vol.  xx.,  pp.  172-176), 
which  contains  the  investigations  to  which  I  was  led  in  obtaining  tne  values  of 
the  series  which  form  the  right-hand  member  of  the  above  equation. 
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We  findi  tiidrefore,  that,  both  for  even  and  nneven  valnes  of  p^  the 
rigbt-hand  member  of  the  equation  is  equal  to 

(-i)'{=||p--2(»+i)"'i>,r-+2''=±P^fi.-- 

54.  By  dividing  tbrongbont    by   2  (m-f  1),   we  thus   obtain  the 
theorem 

(r«(n)-2{(r^(n-l)+(r^(n-2)} 

+3  {(r«  (n-3)+o-«  (n-4)+o:«  (n-6)}— 4c- 

(3) 


«'♦> 


+  ^[<^m.,(n)-^{<r^.,{n-l)+<r^.,in-2)}+a^{...}-&o.2 


•••  •••  •••  •■• 


+  ^[cr,(n)-2-»{cr,(n-lH(r,(n-2)}+3~-"{...}^<kc.] 

+o-(n)-2'"{o-(n-l)  +  o-(n-2)} 

+3- (o- (n-3)-|-(r  (n-4)  +  (r  (n-5)}  — Ac. 

^    ^  l2(m+2)        '^  ^      3!     2  ^  5!    3 

i(mH-l)     ) 


?1  «"»->— 2*  5!l^  :^*,"»-*j-,,^ 


55.  As  in  §  41,  we  may  represent  all  the  terms  on  the  right-hand 
side  of  the  equation,  with  the  exception  of  the  first,  by  assignin^^  to 
o'(O),  0^8(0),  ...  ,  cr^  (0)  nnmerical  values  which  are  independent  of 
both  n  and  m.     These  values  are 

a(0)=-B.,    a.(0)  =  2':|t,    <r.(0)=-2«^',..., 

<r^-.(0)  =  (-1)'2*-'  ^', ..,,  o-„(0)  =  (-l)»(-')2"-'  ,f""*''  . 
Assigning  these  values  to  «  (0),  0*1  (0), ... ,  o-.  (0),  we  may  write 
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the  theorem  in  the  form : 

o-«(»»)-2[<r«(n-l)+<r«(»-2)} +3  {...}-... 


"•■  3! 


...-TV.— i;-    p  i.-.-rfr^yvft 

(2) 

-  [<^«-.  (»)-2»  {<r»-,  (n-1) +<r«..  (n-2)} 

+3«(...]-...  +  (-l)'-V{...+<^-.  (0)}] 

•  ••  •■•  «■•  ••■  •!•  »•»  •••  •••  ••• 

(2) 

+  |t  [«^.  (n)-2"-'  {<r  (n-l)+<r  (n-2)} 

+3-'{...}-...  +  (-l)^V'{-+<'.(0)}] 
+o-(n)-2'"{o-(n-l)  +  <r(«-2)} +3"' {...}-... 

...  +  (-l)'-V{-..+<r(0)} 


=  (-1)' 


2(m+2)' 

56.  As  examples  of  this  general  theorem,  putting  m  =  3  and  5,  we 
have 

<^.(»)-2  {<r,(«-l)  +  <r,(»-2)}+3  {...]-... 

...  +  i-iy-^p  {...+«r.(0)} 

+<r  (n)-2'{o-(«-l)+<r  (n-2)} +3' {...}-... 

...  +  (-l)'-V{...+<r(0)} 

where  ir  (0)  =  — i,     ffj  (0)  =  ^, 

•     •    • 

and 

<r,(n)-2  {<r,(n-l)+<r.(n-2)}+3  {...}-... 

,..  +  (-1)'-'^  {,..+, 

+¥  [«r.  (»)-2' {«'.(»-l)+<^.(»-2)} +3M-..}-- 

...  +  (-l)'-V{...+<r(0)}] 

+0-  (n)-2'{<r(n-l)+<i-(n-2)}+3»  j,.,j-... 

•••+(-i)'"V{-+o-(0)} 

where  a  (0)  = -i,    ff,(0)=T>f,     <r,  (0)  =  -  A. 


(0)} 


*  We  may  evidently  dispense  with  this  term  by  patting 

^  '      2(m  +  2)    *' 

<^'i  (0)»  0*5  (0), ... ,  retaining  their  constant  values  as  above^    We  may  regard  p  as 
defined  by  the  fact  ihAtp*^  is  the  coefficient  of  <r  (0). 
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Second  Theorem  connecting  the  actual  Divisors  of  the  First  n  Numhert. 

§§  57-60. 

57.  The  series 

sin  X  —  (sin  3x — sin  x)  (q + g*) 

+  (sin  6x — sin  Sx  -f  sin  a?)  (g^ + 5*  -f-  5*)  —  4o., 

which  was  obtained  (§45)  by  malti  plying  sina;— gsinSas+S^sin^  —  Ac. 
by  1  -f-  g + 5*  -f  g*+ Ac.,  may  be  expressed  in  the  form 

sinaj  {1— 2  cos  2aj  (g+5')  +  (l+2cos4aj)(5'+(|F*-hg*) 

-(2  cos2aj-f2  co8  6a;)(gf«+ ...  -f  g*)  +*c.}, 
and  tiie  series 

(cos»— cosSajXg  +  g^)— (2  cosSaj— 2cos  5«)(g*+g*-|-g*) +  &C., 
which  was  obtained  (§  45)  by  multiplying 

(cos  aj— cos  Sx)  g—  (cosa;+cos  3aj— 2  cos  5aj)  g*+ Ac. 
by  l+g+g'+2*+Ac., 

may  be  expressed  in  the  form 
2  sin  X  {sin  2aj  {q+^)  -2  sin  4a;  (g'+g^+g*) 

+  (sin  2a;-|-3  sin6«)(g«+ ...  +g»)— Ac.}. 
Putting  ^x  for  a;,  we  thus  obtain  the  equation 
{1-2  cosa;  (g-f-g«)+(H-2co8  2aj)(g»+g*-f  g*) 
-(2cosaj  +  2cos3aj)(g«-f-...-f-g»)-f(l  +  2co82aj+2cos4a;)(g*«-f...+g") 

—  (2  cosaj  +  2  cos  Saj-h 2  cos  5aj)(g"+ ... -f  g**) 

+  (l  +  2cos2aj+2cos4a;+2cos6aj)(g"+...+g'^l-Ac.}Sr<y(sinfWj)g- 
=  sin»(g  +  g')-2sin2aj(g»  +  g*+g')  +  (8inaj+3sin3a5)(g«+,..H.5*) 

-  (2  sin  2«+4  sin  4flj)(g^H ...  +g") 

+  (sinaj-f3sin3a?  +  5  8in6aj)(g"+...  +  g")-Ac. 

58.  The  coefficient  of  g"  on  the  left-hand  side  is 

2„  sin  c^— (2„-i4- 2„_2)  (sin  (d  ±  1)  x] 
H-(2,_5  +  2„_4  +  S„_5)  (sincZaj-fsin  (ci±2)  a;} 
-(2„.e+...+2,_,){sin((i±l)ir  +  8in(rf±3)»} 

+  (2^-10+ ...  +2^-14)  (sin  da; -f  sin  {d  ±  2)  aj H-sin  (d ±  4)  x] 
—Ac., 
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and  we  see,  therefore,  that  the  nmnbers  given  by  the  formnla 

all  cancel  each  other,  with  the  exception  of 

one  1,  three  3*8,  five  6's, ... ,  (jp— 1)(2?— 1)'8,  if  jp  be  even, 
and 

two  (-2)'s,  four  (-4)'b,  six  (-6)'b,...,  (p^l)[-^(p-^l)]% 

if  p  be  uneven, 

where  ip  (p-i-l)  is  the  triangular  number  next  superior  to  n.    Zeros 
are  not  to  be  taken  account  of. 

59.  As  an  example,  putting  n  =  9,  the  theorem  asserts  that  the 
numbers 


2,  d,  5,  «7,      2,  o 

{1,3.  9}-{(l,2,4,8),(1.7) 

0, 1,  3,  7,     0,  6  J 


3,  4,  5,  8,     3,  7,     8,  4,  6 

+\     1,2,3,6,     1,5,      1,2,4 
-1,  0, 1,  4,  -1,  3.  -1,  0,  2 

4,  6,       4,  5,       4 

2,4,        2,  3,       2 

(1,3),    (1,  2),    (1) 

0,2,       0,  1,       0 

-2,0,    -2,  -1,  -2 


all  cancel  each  other,  excepting  only  1, 3, 3,  3.  The  divisors  in  round 
brackets  are  shown  for  convenience,  but  are  not  to  be  included  among 
the  numbers.     Thus  the  numbers  given  by  the  formula  are 

—4,  —6,  —4,  —6,  —4 
3,  4,  6,  8,      3,  7,      3,  4,  6, 
-2,  -3,  -6,  -9,  -2,  -8,  -2,  -4,  -2,  -3,  -2 

1,3,9,  1,2,3.6,      1.5,      1,2,4, 

0,  -1,  -3,  -7,      0,  -6,  0,  -2,      0,  -1,      0 

-1,  0,  1,  4,  -1,  3,  -1,  0,  2, 

2,      0,     2.      1,     2 

VOL.    XXII. — NO.  424.  2  D 


{1,2,5,10}- 


[    3,  9,     3,  4,  5, 8,      3,  7\ 
1,7,     1,2.3,6,      1,5 
L-1,  5,  -1,  0, 1,  4,  -1,  3J 


V  • 


402      Dr.  J.  W.  L.  Glaisher  on  Relations  between  the      [May  14, 
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and  it  is  easilj  seen  that,  after  cancelling,  1,  3,  3,  3  ara  alone  lefk 
Patting  n  =  10,  we  form  the  scheme 

[  2,  4, 10,    2,  3,  5,  9  ■ 

(1,3.9),   (1,2,4,8)   +^ 

^  0,  2,  8,      0, 1,  3,  7  . 

4,  5,  7,       4,  6,      4,  5,        4 

2,  3,  5,        2,  4,      2,  3,       2 

(1.  2,  4),    (1,  3),  (1.  2),    (1) 

0,  1,  3,       0,  2,      0,  1,       0 

-2,  -1,  1.    -2,  0,  -2,  -1.    -2 

the  namben  giyen  bj  the  formula  are  therefore 

-4,-5,-7,-4,-6.— 4,— 5,-4 
3,9,     3,4,5.8,    3,7, 
-2,-4.-10,-2,-3,-5,-9,         -2,-3,-5,-2,-4.  -2. -.8,-2 
1,2,5,10,  1,7,     1,2,3,6.    1,5, 

0.-2.  -8,    0,-1.-3,-7,  0,-1,-3.    0,-2.     0,-1.    0 

-1.5,-1,0.1.4,-1,3, 

2,     1,-1,     2,    0.     2.      1,     2 

— •>    _*>    _4    —4    —4    _4 

•*♦  ••♦  *•  «•  ^»  Tt, 

as  shonKi  lie  the  cmse»  since />  =  o. 


which  red  ace  to 


Xmmencal  Tfttvrtws  rfUtitt^  to  tke  mm*  of  Powers  nf  ike  F^rai 

m  Smn4b^rs.     §§iV-62. 

tH.>.   Frx^Qi  the  thev^rem  reUtin^  to  the  ftctoal  diTiaors  it  foUowa 
inimeiiiatelT  thsit^  if  f  be  any  aneren  fanctioa, 


is  c^:ua1  to 


r^;s>^ow:'^v^^  •  -^^5    ^^♦vi'  -iv^O  be 


^ven. 
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and  to 

-2^  (2)-4^  (4)-6^  (6)-...-(jp-l)  ^  (^-1),  if  ^  be  uneven, 

where,  as  before,  ipCp  +  l)  is  the  trlangalar  number  next  superior 
to  n. 

61.  By  putting  tp  (d)  =  (2  we  obtain  the  original  formula  quoted  in 
§  44,  which  was  also  obtained  in  §52  by  putting  xp^d-^l)  =  ((i+1)'. 

If  we  put  ^  (d)  =  (2"*,  m  being  uneven,   we  obtain  the  general 
theorem 

cr^  (n)-2  {cr^  (n-1) +cr^  (n-2)} 

-1-3  [cr^  (»— 3)  +  (r^(n— 4)-f  (r^(n— 5)}— 4  {next  four}+&c. 

=      2  ^^  [cr^.,  (n-l)  + (T..,  (n-2)-2«  (next. three} 

-|-(l«-f3')  {next  four} -(2«-f4«){next  five)  +  Ac.] 

+  2^  [<r,.4  (»-l)  +  <r..4(»-2)-2«{next  throe} 

+  (l*+3*)  (next  four)  -Ac] 


•  •• 


+  2w  [<r  (n-l)-f-(r  (n— 2)-2'"-*  {next  three} 

-f  (1"**-|- 3—0  {next  four} -Ac.] 
(  l'"^»+3'"^'-f5"+*  +  ...  +  (p-l)'"*\if2)beeven, 

"r 


i 


.or      -2-+>-4'"*^-6-**— ...-(i)-l)"*\  if 2?  be  uneven, 
p  being  defined  as  in  the  preceding  section. 

62.  The  coej£cients  in  the  series  on  the  right-hand  side  are  of  the 
forms  l"'  +  3'^+5*^+...     and    2*^4- 4"- +6^+.., 

alternately,  according  as  the  number  of  terms  in  the  group  is  even  or 
uneven.  This  apparent  alternation  of  form  disappears  if  we  express 
each  coefficient  as  a  function  of  the  number  of  terms  in  the  group. 
For  (by  §  63)  the  function 

...±2''-'(2r)">^'a: 


18  eqaal  to 


2*'+4''  +  6*-+...+«"    or    l*-+3»'-+5''+ ...+«>, 

2  d2 
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accord iDf^  as  r  is  even  or  nneven,  so  that  the  coefficient  of  the  «^  grbup 
of  terms  in  the  r^  right-hand  series,  i,e.,  the  coefficient  of 

where  ^  denotes  |«  fs+l),  is  equal  to 

(-l)-'[*£^  +4»"+(2r)<'>B.,''-'-2'  ^  |i^-»H-Ao.}, 
and  the  last  term  is  equal  to 

C    m-fSi  3!         2  J 

The  letter  «  may  be  regarded  as  denoting  either  the  number  of  the 
group,  or  the  number  of  terms  in  the  group  diminished  by  unity ;  and 
Z  =  j9— 1,  so  that  iZ  (Z-f-1)  is  the  triangular  number  next  inferior  to  n 
or  equal  to  n,  according  as  n  is  not,  or  is,  a  triangular  number. 

Other  FormuUe  relating  to  the  actual  Divisors.     §§  6^-67. 

63.  The  algebraical  formulae  from  which  the  four  theorems  relating 
to  the  actual  divisors  (§§3,  29,  46,  58)  have  been  deduced  are 

•••  •••  ••  •  •■  •  «•  ••• 

{1  — (l  +  2c<>sx)  3+(l+2co8a!  +  2co8  2«)3'— ifeo.}Sro-(8m«a!)  g- 
=8in.T.i;  — (8ina!  +  2sin2a!)3'+(8ina;+28in2ar+38in3a!)g*— &c.(§  27.) 

(ii.) 
2  [Hln^r— gfsin  3a;-|-5*8in5aj— 5*sin  7a;  +  Ac.]  2*  <r  (sin 2na;)  5" 

=  (cos  ir— cos  Sot)  g— (cos  a; -f  cos  3a;— 2  cos  5a;)  5' 

+  (cos  X -f  cos  3a; -h  cos  5a;— 3  cos  7x)  j'— Ac.     (§  28.) 

(Hi.) 
2  [sina;-(g.4:g')  sin  2a;  +  (9* -h g*  +  (/*)  sin3a;-«|rc.}  Sf  <r  (sin  nx)  ^• 

^(l-cos2a-)(^  +  9*)-(2co8a;-2cos3a;)(g»+g*+g*) 

+  (1  +  2  cos  2.r-3  cos  4ai)(q^-h ...  H-g") 

-(2co8.r-»-2coR3a'-4cos5a?)(9r^*+...-|-9^*)-|-&c.     (§45.) 

(iv.) 
.    {I-2co8a-(7-f9*)-f(l  +  2cos2a;)(5»+j*-l-9») 

—  (2co8a*-|-2cos3a;)(9*+...-f9') 

+  (l-|-2co8  2a*-l-2cos4r)(9»«-f...  +  g")-Ac.}5ro-(sinnaj)g'' 
==  sin  a;  (9  +  9O -2 sin  2aKaN-^+«*)  +  (^^ 

-  (2  sin  2a;^44Mi''^|fc^.,*^^ 
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The  second  of  these  formnlsD  is  derivable  from  the  first  by  multiplying 
by  sin  ^  and  replacing  x  by  2Xf  and  the  third  from  the  fourth  by 
multiplying  by  sin  a;. 

64.  We  may  obtain  other  formulsB  relating  to  the  actual  divisors  by 
multiplying  these  equations  by  sin  x  or  cos  Xy  or  other  trigonometrical 
expressions,  and  equating  coefficients. 

Thus,  for  example,  multiplying  (ii.)  by  sin  x  and  replacing  x  by  f «, 
we  find  that 

2(1  — cos  oj—  (cos  aj— cos  2x)  q  +  (cos  2«— cos  3x)  q* 

—  (cos  3«~co8  4a;)  5*-|-  <fcc. }  Sf  <r  (sin  nx)  g* 
=  (2sinaj— sin2aj)g— (3sin2aj— 2sin3a;)2*-f  (48in3aj— 3sin4a;)g'— Ac, 

the  general  term  on  the  right-hand  side  being 

(-1)'"'  {(g-\'l)Bmgx-g8m  (g+l)x]  q^^^'K 

65.  Equating  the  coefficients  of  g",  we  see  that  the  numbers  given 
by  the  formula 

04d,d,^{d±l)}--0,.t{d±l,  -(ci=t2)}+G,.,  {d±2,  -(d±3)} 

-Gn-6  {^±3,  -((idb4)}  +&C. 

all  cancel  each  other,  unless  n  is  a  triangular  namber  ig  (^  +  1),  in 
which  case 

(g-^^X-gY^    and    ^(sr  +  l)*s, 
or  (flr-fl)s''8    and    ^  {-(^  +  l)}'s, 

remain  uncancelled,  according  as  g  is  even  or  uneven.     Zeix)s  are  not 
to  be  taken  account  of. 

As  an  example,  putting  n  =  6,  so  that  ^  =  3,  the  formula  gives  the 
numbers 


f    1,      2,      3,      6\      f    0,      4^ 
I     1,      2,      3,      el     2,      6 


r-1,    n 


+ 


3, 


d 


-2,  -3,  -4,  -7  -3,  -7 

0, -1, -2, -sj      [     1,-3 

which  cancel  each  other,  excepting  only 

3,  3,  3,  3,  —4,  —4,  —4. 


]  -4,  -6 
I     2,      oJ 
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Again,  putting  n : 

1,     2,     5, 

1,     2.     5, 

-2,  -3,  -6. 

0,  -1,  -4, 


=  4,  the  formnla  giviss 


+  ■{ 


3, 

-4, 
2, 


n 


which  cancel  each  other,  excepting  only 

—4,  —4,  —4,  —4,  —4,  5,  6,  5,  6. 

This  theorem  is  noticeable  on  account  of  the  carious  form  of  the 
group  of  numbers  which  is  left  uncancelled,  (^+1)  occurring^  g  times, 
and  g  occurring  (^+1)  times,  with  opposite  signs. 

66.  By  multiplying  (ii.)  by  cos  Xy  and  replacing  x  by  ^x^  we  find 
that 

2  [sinaf— (8inaj+«in2j;)gf  +  (8in  2dr+8in3.B)  gr* 

—  (sin  8a;+siD  4a;)  q^ -j- &c,]  lS,i  <t  (biu  nx)  ^ 

=  (1— cos2jj)g— (l  +  2cos«~cos2a5— 2co8  3ic)9* 

+  (l  +  2co8a;+2co8  2aj— 2cos3aj— 3cos4a;)  g*  +  ifcc., 

the  coefficient  of  (— l)'-*^*''^**^  in  the  series  on  the  right-hand  side 
being 

l  +  2cos«+2cos2a;+...+2co8(gr— 1)«— (gr— l)cosgr«— gfcos  (^-f  1)». 
It  follows,  therefore,  that  the  nambers  given  by  the  formula 

all  cancel  each  other,  unless  n  is  a  triangular  number  iflr  (^r-f-l),    i 
which  case  the  numbers  left  uncancelled  are 


m 


0,  two  I's,  two  2's,  ...,  two  (g 


(-9)%g{ 
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if  g  is  eyen,  and  tbese  numberB  with  tbeir  si^ns  reversed  if  g  is 
uneven.  Zeros  are  to  be  treated  in  the  same  manner  as  other 
numbers. 


Thus,  putting  n  =  6,  so  that  ^  =  3,  the  formula  gives 


f    2,     3.     4,     71 
\-0,  -1,-2,  -5/ 


r  ^• 
I  2, 

-0. 
-1, 


7^ 
6 
4 
3; 


?•  + 


4, 
3, 
1, 
2. 


^.— i5.   — 


6a 
5 


in  which  the  uncancelled  numbers  are 


-0,  -1,  -1,  -2,  -2.  3,  3,  4,  4,  4. 
Again,  putting  n=  10,  so  that  ^  =  4,  the  formula  gives 


r    2,     3,     6.     in_ 
1-0,  -1,  -4,  -  9/ 


!  2, 
-0, 
-1, 

5, 

4, 
-2, 
-3, 


5, 
4, 
2, 
1. 

6, 
5. 

1. 

2, 


llA 
10 
8 
•  7J 

I] 

1 

0 


r  +  i 


4, 
3, 

1. 
2, 


10^ 
9 
5 

4; 


^ 


in  which  the  uncancelled  numbers  are 


0,  1, 1,  2,  2,  3,  3,  -4,  -4,  -4,  -5,  -5,  -5,  -5. 

67.  As  another  example,  multipljiDg  (iii.)  by  cos  x,  we  find  that 

2  {sin2a!— (8ina!  +  8in8a;)(g4-5')H-(sin2a;  +  8in4a')(g'+5*+g*) 

—  (sin  3ir+sin  5j*)(g*+ ...  +g*) 

+  (sin  4a; -f  sin  6.r) ((/*"+ ...  +g")— <fec.}  2^  o-  (sin  tior) 

=    (cosaj-cos3.0(g+9')  — (2-2co8  4a;)(7»+9*+9*) 
+  (4 cos  «— cos  3jr— 3  cos  5aj)(9*4- ...  -f  (?") 

—  (2-f  4  cos  2a;— 2  cos  4aj— 4cos  6a?)(g^^-f ...  +g")  +  Ac., 


the  coefficient  of    the    group  of    tenns,   on   the    right-hand   side. 
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—  Ja-Hicn»2»-h4cn»4»-h.--h4oo»fr— 2)  « 

— (r— f>  o»  n^ream  (r^Tj  m)  , 

or  ^isamx-^aarndtB-r-^.  -*^ca»  Cr— 2)  *— Tr— 2)  oasrs — ream  fr-^S]M^ 

WBtasdxng  wb  r  is  ew  or  vne  wx. 

Xb  fhilows^  timsfiors.  tJwrt'  tiis  mmiiKEs  ^liol  bj*  fiiis 


-!-(<?. 


swo  O'a,  four  -Ji^  ...,  arar  rft-2)%  r4«2)r-4/g^  i^  {  — <fr-K2)]  '» 

fenr^-I/ai,?b«rr-3r«,  ...four  f-Zfe-i)  Ta.  ('.%— 2)tfit.  Wi-K2)'» 
-vaen  «  :»  ^mevfan,   ^A*    ^  ^  1     bttim^  die  artangniar  nnmfaar  wiuidk  m 


IlnHH  pftftuwr  » :3  tK  d»  that  .«  s  :!»  oha  shaoiBMi 


X  ^      -hk  5«      7 . 

,      %      \      >•      >^  _          i  %      4  3,      5  . 

'j  -1,  -a.  -u  -v"      ^  --.>,  -4,  ^v.\  ^L  ^j  •' 

>•  i^,       '\  'x      5 " 

i.  :\     <.  \     3 

-»  -«.,     —I,  ^v\    ^-I    . 

\^.    Jkoc^t  a*cii  ^>*ii«?r.  \%ttu    iw  ^Aiv^4i»va  «k 

»                              »                              *                              '                   \  1^             V              \ 
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If  n  =  lOy  80  that  A;  s:  4,  the  nnmbeni  are 

1^     4,      6,    12,      4,      5,      7.    11^ 
r     3,      4,      7,    12\       I      2,      4,    10,      2,      3,      5,      9 
\-l,  -0,  -3,  -8/       j  -0,  -2,  -8,  -0,  -1,  -3,  -7 

1-2,-0,-6,-2,-1,-1,-5^ 

/     6,    11,      5,      6,      7,    10,     5,      9> 
I      3,     9.     3,     4,     5,     8,     3,     7  I 
"^  1  -1,  -5,  -1,  -0,  -1,  -4,  -1,  -3  r 
1-3,  -3,  -3,  -2,  -1,  -2,  -8,  -ij 

6,      7,     9,      6,     8,      6,      7,      6 

4,      5,      7,     4,      6,     4,     5,     4 

-2,  -1,  -1,  -2,  -0,  -2,  -1,  -2 

-4,  -3,  -1,  -4,  -2,  -4,  -3,  -4 

which  cancel  each  other,  with  the  exception  of 

0,  0,  2,  2,  2,  2,  -4,  -4,  -6,  -6,  -6,  -6. 

jTA^eoTdm^  derived  from  the  other  Zeta  Functions,     §  68. 

68.  In  this  paper  I  have  limited  myself  to  results  which  may  be 
regarded  as  generalizations  of  the  f  ormala 

<r  (n)-3a- (»—l) -f5<r  (n-3) +7<r  (n-6) -9<r  (n- 10)  +  Ac.  =  0, 

and  of  the  corresponding  formula  (§  44)  which  connects  togetiier  the 
cr's  of  the  first  n  nnmbers. 

In  a  second  paper,  I  propose  to  give  the  similar  theorems  which 
stand  in  a  corresponding  relation  to  the  recurring  formulas 

^W-f4'(n-l)+f(n-3)+f(n-6)+f(n-10)+4c  =  0,* 

A'  (n)  -2A'  (n-1)  +2A'  (n-4)  -2A'  (n-9)  +2A'  (n-16)- Ac.  =  O.f 

•  Froe,  Zand.  Math.  8oe.^  Vol.  xv.,  p.  110,  or  Froe.  Camb,  Fhih  Soc.,  Vol.  ▼., 
p.  1 16.    The  value  of  ((0)  is  supposed  to  be  —ft. 

Oo  pp.  118  and  119  of  the  former  paper,  and  pp.  117  and  119  of  the  latter,  the 
^-theorem  corresponding  to  the  cr-theorem  in  {  44  is  g^Ten. 

t  The  value  of  A'  (0)  is  supposed  to  be  \n.  The  oorresponding  theorem 
involving  all  the  numbers  from  1  to  ii  as  arguments  is 

A'(»)-A'(»-l)-A'(«-2)-A'(#i-3)f  A'(»-.4)+A'(il-6)  +  A'(il-6)+A'(»-7) 

+  A'(#i-8)-A'(»-9)-...-.A'(»-16)  +  A'(ii-16)  +  ...±A'(0)«0, 

vhere  A'  (0)  is  to  have  the  value  |r  (r  + 1),  2r  -»- 1  bdng  the  number  of  terms  in  the 
completed  group  in  which  A'  (0)  fulls. 
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in  wbioh  (  (n)  denotes  tbe  excess  of  tbe  Bam  of  the  uaereii  diTiBOfni 
of  n  above  tbe  soin  of  tbe  even  divisors ;  and  A'  (n)  denotes  the  snm 
of  tbose  divisors  of  n  whose  conjugates  are  uneven. 

Tbe  general  theorems  relating  to  tbe  actual  divisors  are  deriTed 
from  the  other  Zeta  functions  by  a  method  similar  to  that  employed 
ia  §§  25-27. 


On  a  certain  Miemann's  Surface*    By  W.  Burnside. 

XlUad  Mm^  14a,  1891.] 

Tbe  present  note  was  suggested  hj  the  paper  of  Mr.  B.  A.  Roberts, 
pp.  28-34  of  tbe  current  volume  oi  tbe  Society's  Proceedings^  dealing 
with  a  particular  case  of  Abel's  theorem.  The  special  interest  of  the 
case  that  Mr.  Roberts  treats  lies  in  the  degradation  of  the  apparently 
Abelian  integrals  to  ordinary  elliptic  integrals  ;  and  though,  as  Mr. 
Ghreenbill  has  pointed  out  to  me,  this  property,  for  tbe  form  of 
integral  in  question,  is  suflSciently  well  known,  being  originally  due 
to  Legendre,  still  its  consideration  from  quite  another  point  of 
view,  namely,  that  of  Riemann's  theory,  is  perhaps  not  altogether 
superfluous. 

The  eqnation  «»  =  (^~«)(^-/^) 

defines  a  three-sheeted  Riemann's  surface.  The  only  branch  points 
are  a,  /3,  y,  ^,  and  at  each  of  these  th^  three  sheets  are  connected 
together.  The  points  at  infinity  on  each  sheet  are  ordinary  pointa. 
The  "  Verzweigungs-schnitte,*'  or  lines  of  passage,  will  consist  of  a 
line  from  a  to  y,  connecting  sheets  I.  and  II.,  a  second  from  a  to  y, 
connecting  II.  and  III.,  and  two  similar  ones  from  /3  to  8.  Tbe  lines 
may  be  taken  straight,  so  that  on  crossing  ay  or  ft^  from  the  left  to 
the  right  a  point  will  pass  from  I.  to  II.,  or  from  II.  to  III.,  or  from 
III.  to  I. ;  the  separate  sheets  being  denoted  by  I.,  II.,  and  III.  The 
number  of  sheets  being  three,  while  there  are  four  lines  of  passage, 
Riemann's  number  "p**  for  the  surface  will  be  2,  and  there  are, 
therefore,  according  to  Riemann^s  theory,  two  independent  integ^ls 
of  the  first  kind  upon  it. 
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•  Tlie  normal  series  of  seetions,  by  which  the  surface  is  reduced  to  a 
simply  connected  one,  will  consist  of  two  a-cnrves,  two  Carves,  and 
a  line  joining  any  point  of  the  system  Oi^i  to  any  point  of  a^h^  A 
figure  will  indicate  the  system  of  curves  chosen  more  readily  than  a 
verbal  description,  and  in  the  figure  the  line  joining  Oih^  to  Ofb^,  being 
of  no  importance  for  the  integrals,  is  omitted. 

Lines  drawn  in  the  first  sheet  are  full,  in  the  second  brokeUt  and 
in  the  third  dotted. 


The  arrowheads  on  the  a  and  h  curves  indicate  the  directions 
round  them  in  which  the  integrals  giving  the  periods  will  be  taken. 

The  two  simplest  integrals  of  the  first  species  on  the  surface  are 

f  dz  .   r  dz 


or 


and 


f d^ 

J  {(xp-«)(xp-/3)(z-r)«(«-a)«}»* 

f ^ 

J  {(^-a)«(^-/3)«(*-r)(z-a)}»' 


and  they  will  be  denoted  by 

I  dw    and    |  dw'. 
The  periods  of  w  and  w\  that  is,  the  values  of 


1 


dw    and 


^dw'. 
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iftken  tonnA  the  seefcions,  may  he  expressed  in  terms  of  reotSineer 
integrals  in  the  following  forms :— • 

J  clw=:(l-r)  t'dw,  f  (lti;=(l-T)  ['  dw, 

{  dw'^(l-T')['dw\  {  dw=z(l^T'){'dw\ 

J  fJw'  =  -  !r(l-T«)  r  die',       [  (iu;'=  T*  (l-T*)  T  iIiif% 

where  T  is  one  of  the  imaginary  cnbe  roots  of  nnity,  I  denotes  in- 
tegration in  sheet  I.  along  the  right-hand  side  of  ay,  and  I  denotes 
integration  in  sheet  I.  ^^ 

Henoe  the  constant  differences  of  w  and  w\  when  the  Tariable  is 
restricted  to  the  simply  connected  surface  given  by  the  sections,  at 
corresponding  points  on  opposite  sides  of  the  sections,  are  gi^ea  bj 
the  table  :^ 


<h 

B 

o« 

h 

IP 

A 
A' 

-PA 

TB 

• 

BT 

—TA' 

•TBT 

or,  in  other  words,  the  table  gives  tbe  relatious  between  the  periods 
of  the  simple  integrals. 

The  fundamental  relation,  coDnectinjar  the  periods  of  any  two  inde- 
pendent integrals  of  the  first  kind,  gives,  when  applied  to  tbe  aboTe 


or 


TABr^A*B=^0. 


I;  Tlia  MiwJ  iatcfpimla 


bose 
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differanoea  a6  tbe  o-cnrres  are  («t,  0)  and  (0,  «t)  reapeetiTely,  are 
given  by  ^  _    .    (Tw      TH.'X 

^'^'Js\':A'"A^r 


and 


V'S  U       A')' 


and,  on  substituting,  it  will  be  found  that  tbe  periods  of  tbese  normal 
integrals  are  given  by  tbe  following  table  :— 


<h 

ti 

(h 

^ 

w 

ir» 

2ir   B^ 
^/3  A 

0 

w 

0 

T     B^ 

y/3  A 

wt 

2»  By 

the  simplification  arising  from  tbe  previoosly  proved  relation 

TAB-hA'B  =  0. 

An  inspection  of  this  table  shows  at  once  that  W  and  W  are  elliptic 
integrals,  for  tbe  most  general  value  of  W  is 

and  2n|— n,  being  an  integer,  tbe  integral  has  therefore  only  two 
periods. 

The  ratio  A/A\  involved  in  the  passage  from  ti?  and  u;'  to  TT  and  TF*, 
may  be  shown  to  be  algebraical.  For  this  purpose  let  &[  be  a  closed 
curve  on  J,  enclosing  p^  hnd  not  cutting  &| ;  then,  in  tbe  space  outside 
6,  and  b[j  tbe  integrand  of  to  is  everywhere  finite,  and  hence 


Now  the  linear  substitution,  given  by 

z — g  .z—B  z — g  .z' — ^ 

z—fi.z-y       z—p,z-y^ 


^^ 


Mr.  W. 


ng  s 


i  -r.i 


«.•».  J*  «. 


for  X  Jt  J»  ^wn  rBcnjHVSU- 


:s— r 


i; 


i« 


t  — 'i;* 


s-J     ^:-^ 


'-7 


'V  ^ 


'     •        ^ 


\        1 


y    — 


r— *,,-     ^— Jj-.i 


»  z  — c 


A. no 


thtanjiyn 


and 


ir  — 


— c  —a — 7 


/I  —  J    '  t, — -r     •  <?  —  J«     0  —  T  ' 


•> 


a — r »  -  - 

i 


I    iir  ^  — 


a — •> 


.  i 


wlMrn  rhe  decerminarioa  ut  the  cube  r\vc  will  -iecead  en  waicli  side 
of  <i7  the  circular  are  Iiiis«  mtio  wliich  ;^  i»  oQAnged  hj  the   sulwti- 


4nri 


^  =  (l-n   I'ati-  ^  v^'      J>   j' 


Uit' 
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therefore  il'  =  —  ('"Z^)  '^' 

with  a  proper  determination  of  the  root. 

[Addition.     October  30th,  1 891. 

The  equation  #«  =  (z-a)(^^/3) 

defining  the  Riemann's  surface  conHidered  in  this  note,  can,  hj  a 
rational  and  reversible  transformation,  be  changed  into  the  form 

«*  =  «(l~»)(l-ic;j)(l-Ajr)(l-«:A«)  (B), 

where  k,  \  are  determinate  in  terms  of  a,  fi,  y,  B,  Bat  without  per- 
forming this  transformation  the  equations  (A)  and  (B)  have  clearly 
this  property  in  common  :  that  each  can  be  changed  into  itself  by  a 
transformation,  of  period  two,  which  at  the  same  time  transforms 
into  themselves  two  independent  integrals  of  the  first  species. 
Thus,  for  (A),  if 

then  ^_(/-a)(/-/9) 

linen  »    —  —,       :-y—,     ^-  , 

and  the    two  normal   integrals  considered  in  this  paper  are  each 
unchanged;  while  for  (B),  if 

1  A  9 

then  *'»  =  z  (l-z)(l^iczXl-\z'X^-K\z), 

J   1  -f  y/ic\  ,z  J     1  —  Vk\  .  z  ,  1.  J  A  J     • 

and  dZf  dz  are  unchanged  except  as  regards  sign. 

If  in  either  case  the  point  («,  z)  describes  a  period -path  on  the 
Riemann's  surface,  the  point  {if,  z)  must  do  the  same,  and  a  very 
little  consideration  shows  that  the  corresponding  paths  are  not 
reconcilable.  Hence,  at  once,  each  integral  can  only  have  two  inde- 
pendent periods.     This  reasoning  may  be  applied  to  any  equation 

*'=/.W (C). 
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I  \ivKm^/«  («)  ia  a  aextio  funotion,]  which  is  aaoh  that  it  cut  be 
t\vriu^  iuto  ita«)f  bj  a  aubstihition,  of  period  two,  of  the  form 


att4  lh^^r#^>r>^  tW  two  integrmls  of  the  first  species   beloog^iiij^ 
<K^ttaik>A  v.0>  vHjuii  b0  expressed  bj  mesm  of  eilipde  intiigi  elsj  if  i 

"H^^^"^  r;  (i)  =  0 

c«tm  W  invM^wseMd  islo  itself  br  s«ck  m  IbwAr 
>.v^  v/l  iW  ;»i»ttc  «r«  ia  ikiis  ces*  ia  iaToivtiQaL 
«>Hi»£v9we  i»  nbAS  tJW  $k»w  iavartaBLtt  sbixtld 
Maiii^  «^h|(iiiaZN  pcvv^  ;^iiL  a  iiJfwma  mmaaiK)  br  Pbo^ 


'i:«'«cNta.«k«\   ^' . «.     \  V.      >S>«    •4<i<>^«t:C       ^^-^    ^Lftit     -mT  a    paper'  hf 
H-.  n  n»Tjii,-^*    i»    is?  ^\i»,v«s5>   '.'*«**•«♦*  ^Isc^**?»  .^*^*?^ 

ft.  w  \>         Wte  v^    '^  >.««■>*.  Wfc  ■ 

i^     *»     v^.^  .^c^      \  •»  iv      ■•  vi       1      *•*.*      ■>».  ■  I-"*  !4      Tyik« 
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by  removing  the  second  term,  and  mnltipljing  bj  y^  we  obtain  a 
quartie,  one  root  of  whicli  is  zero,  and  the  other  three  are  the  roots 
of  the  transformed  cnbic.     Let  this  qnartic  be 

y^+gy'+ry  =  0; 

and  let  its  roots  represent  the  ordinates  of  the  points  of  intersection 
""^  («-A)'+(y-^)'-c»=:0, 

and  y*  =s  to. 

Then  y^^g^^ry  =  0 

is  identical  with 

whence  A  =  (?  -  g)/2Z,    A?  =  -  r/2P, 

the  last  of  these  equations  not  being  at  present  made  use  of. 

If  a  circle  be  drawn,  having  as  centre  [A,  A;],  and  passing  through 
the  vertex  of  the  parabola,  it  is  neceasarj  merely  to  measure  the 
lengths  of  the  ordinates  to  obtain  at  least  one  positive  root  of  the 
original  cnbic  before  transformation. 

Hence,  according  to  the  above  plan,  a  qnartic  with  the  second  term 
removed,  .        *  .        .         rx 

is  first  treated  algebraically  by  Descartes*  solution,  and  the  derived 
cubic  solved  geometrically  by  Hoppe's  method. 

We  might  also  consider  the  four  roots  of  this  qnartic  as  being 
identical  with  the  values  of  the  ordinates  of  the  intersections  with  a 
fixed  parabola  of  two  straight  lines  making  eqaal  angles  with  the 
axis  of  X,  It  is,  however,  evident  that  fonr  points  may  be  joined, 
two  and  two,  in  three  ways,  and  therefore  the  determination  of  any 
one  of  the  three  pairs  of  lines  involves  the  solution  of  a  cubic  equa- 
tion. In  tbe  paper  by  Hofmann  this  cubic  is  formed,  and  is  supposed 
to  be  solved  algebraically.  A  pair  of  straight  lines  is  then  drawn, 
and  the  roots  of  the  qnartic  obtained  by  measurement. 

It  is  proposed  in  the  present  paper  to  attempt  to  show  how  a 
purely  geometrical  method  may  be  employed  which  renders  it  un- 
necessary to  solve  a  cubic  as  Hofmann  does,  or  to  use  Descartes' 
algebraical   treatment  as    Hoppe  does,  and  that  by  this  method, 
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Descartes'  derived  cubic  may  be  arrived  at  by  a  geometrical  road, 
its  interpretation  exhibited,  and  the  fonr  roots,  whether  real  or 
imaginary,  shown  on  one  diagram,  from  which  they  may  be 
measured.  At  the  same  time  the  whole  process  of  Hoppe's  solution 
of  a  cubic  will  be  required  as  one  step  in  the  treatment  of  the 
quartic. 

In  order  to  do  this,  an  extension  of  the  primary  maohinery  is 
necessary.  Hitherto  the  parabola  has  been  considered  to  have  a 
latus  rectum  of  arbitrary  length,  that  is  to  say  that  the  ratio 
between  its  length  and  the  unit  of  measurement  of  the  coefficients  of 
the  quartic  has  been  arbitrary.  Let  this  ratio  be  no  longer  con- 
sidered arbitrary,  but  one  to  be  determined  in  terms  of  the  coefficientB 
of  the  quartic.     Then,  making 

identical  with 

wo  get,  by  eliminating  h,  k, 


^  A/I         ~  AH 


8_ 

4Z»       '  4Z*       P 


80  that  c*  may  have  a  variety  of  values  according  to  the  value 
assigned  to  I,     Suppose  _^ 

the  circle  becomes  a  point  with  an  imaginary  portion  consisting  of 

two  straight  lines  inclined  at  45°  to  the  axis  of  x,  and  in  a  plane 

perpendicular    to   that  of  the  paper.      Also  since  the  equation  to 

determine  Pis  in    c>  i^  ,  r  *     i  ^  r*      « 

P-25Z*-|-(9*-45)  P4-r»  =  0, 

this  gives  at  least  one  negative  value  of  V,  thus  determining  an 
imaginary  parabola,  which  may  be  interpreted  as  an  equal  parabola 
in  a  plane  perpendicular  to  that  of  the  paper. 

Passing  to  this  new  plane,  and  considering  it  as  a  plane  of  reference, 
with  coordinates  x  and  y,  it  follows  that  two  straight  lines  inclined 
at  45**  to  the  axis  of  x  may  be  found,  provided  a  suitable  value  is 
given  to  Z,  such  that  the  ordinates  of  the  intersections  of  these  lines 
with  the  parabola  are  the  roots  of 
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The  intersection  of 

(aj-A)«-(y~A;)*  =  0     witli    y"  =  Zaj, 
gives  y*-(2AZ+P)y*H-2Pifcy+P(V-*«)  =0; 

therefdre  q  =  -  2AZ— P,     r  =  2PA;,    «  =  ?  (A*— **), 

and  fche  elimination  of  h  and  k  gives 

P+2gZ*H-(5'-4»)  P-r»  =  0, 

which  is  Descartes'  oabio,  and  gives  one  or  three  real  valnes  of  Z,  such 
that  two  straight  lines  at  45^  to  the  axis  of  x  may  be  fonnd  fulfilling 
the  conditions  we  reqnire. 

The  ordinates  of  the  fonr  points  of  intersection  of  the  pair  of  lines 
and  the  parabola  are 

I    .      /~P 


^       2       V       4       2       2Z' 


^  2      V       4        2       2Z' 

and  fonr  or  two  or  none  of  these  may  be  imaginary.  The  imaginary 
roots,  if  there  are  any,  may  be  geometrically  represented  in  the 
following  manner.  Let  P  be  the  point  [^,  k].  Let  T  be  the  point  of 
intersection  of  tangents  at  the  extremities  of  the  latns  rectum,  or 

—  -7-,  0   .     Join  PT  and  produce  it  to  Q,  so  that 

TQ  =  PT. 

Then,  if  through  P,  Q  pairs  of  lines  be  drawn  making  angles  of  45° 
with  the  axis  of  x^  and  if  the  line  through  P  cuts  the  parabola  in  a 
point  where  7 

y  =  ±  "2  +«. 

the  parallel  line  through  Q  cuts  it  in  a  point  where 

80  that  if  the  intersection  of  the  first  is  real,  that  of  the  second  is 
imaginary,  and  vice  versd. 

Hence,  considering  space  as  divided  into  four  compartments  by  the 
two  tangents,  if  P  is  in  the  same  compartment  with  the  parabola, 
all  the  roots  are  real ;  if  in  the  opposite  one,  all  are  imaginary ;  if  in 

2  B  2 
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either  of  the  others,  two  are  real  and  two  are  imaginarj.  Two  will 
be  equal  if  P  is  upon  a  tangent. 

Before  proceeding  to  state  in  order  the  steps  to  be  taken  in  treating 
a  qnartic  equation  in  the  manner  here  proposed,  it  may  be  as  well  to 
notice  a  slight  modification  of  Hoppe's  method,  which  may  be  found 
to  simplify  the  preliminary  transformation.     The  cubic  to  be  solTod 

instead  of  removing  the  second  term  and  multiplying  by  y,  it  maj 
perhaps  be  simpler  to  multiply  the  original  equation  by  y  —  a,  giving 

The  centre  of  the  circle  is  then 

A  =  (P  +  a«-/J)/2^     fe  =  (a^-y)/2.P, 

and  the  circle  must  pass  through  a  point  in  the  parabola  whose 
ordinate  is  a. 

In  the  practical  application  of  this  method,  it  would  of  coarse  be 
very  troublesome  to  draw  to  scale  a  fresh  parabola  for  every  eqaation 
requiring  solution.  It  is  quite  possible  to  determine  all  the  roots  to 
a  fair  degree  of  approximation,  without  actually  drawing  a  line,  by 
means  of  a  single  parabola  drawn  on  a  surface  divided  into  small 
squares,  where  distances  between  points  may  be  measured  by  strips 
of  paper,  and  ordinates  may  be  read  off  by  means  of  the  small  squares. 
In  the  solution  of  the  derived  cabic,  we  are  at  liberty  to  choose  any 
convenient  unit  of  measurement,  and  thus  the  value  of  Z,  which  will 
be  required  to  be  found  before  the  diagram  of  the  roots  of  the  qaartio 
can  be  drawn,  can  be  easily  determined.  It  is  not  quite  the  same 
thing  wheu  the  fixed  parabola  is  used  for  the  diagram  with  the  two 
straight  lines.  It  might  happen,  for  example,  that  the  length  h  or 
the  length  k  might  come  out  a  thousand  times  that  of  the  latus 
rectum.  Here  it  would  be  necessary  to  transform  the  qnartic  equa- 
tion to  one  having  roots  less  than  those  of  the  original  equation,  in 
some  convenient  ratio.  Practically,  however,  a  parabola  with  a 
latus  rectum  of  two  inches,  drawn  on  a  surface  divided  into  small 
squares  with  sides  of  a  tenth  of  an  inch  in  length,  will  be  found 
generally  suitable. 

Supposing  such  an  arrangement,  the  following  is  an  example  of 
Hoppe's  solution  of  a  cubic. 

Let  the  cubic  be        /-7y«+80y-311  =  0. 
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Here  A  =  (P+a«-i3)/2^  =  iZ-31/2Z, 

ik  =  (aj3  -  y)/2P  =  -  249/2P. 

Suppose  the  unit  of  measurement  is  fonr-teiit.hs  of  an  inch,  so  that 

1  =  6; 

then  ^  =  —-6  nnits  or  -2-4  tenths,  ik  =  -4-98  units  or  —19-92 
tenths.  One  point  of  intersection  has  an  ordinate  —7  units  or  —28 
tenths.  The  measurement  of  the  ordinate  of  the  one  other  real  point 
approximates  to  the  true  value,  which  is  18*08  tenths,  and  the  root 
of  the  cubic  is  4*52. 

Examvple  of  the  Diagram  for  a  Quartic. 
Let  the  quartic  be     y*-  142/»-23y  +  68  =  0. 
The  cubic  for  P  is     i*  -  281*- 76?- 629  =  0. 
This  will  be  found  by  Hoppers  method  to  have  a  root 

P  =  31; 

therefore  I  =  6*67. 

20 
The  unit  of  measurement  is  therefore  — ;—  tenths. 

5-67 

The  point  P  is  a,  =  -  ^  +  -^4t  ^nits, 

2         11*14 

or  -lO-f  ^  or  -5-48  tenths ; 

ox 

t/  =  —  t;^  units,    or  —  ,^^  ^^,  or  — 1*33  tenths. 
^  62  172*67 

The  point  being  neither  in  the  parabola  compartment  nor  in  the  one 
opposite,  shows  that  two  roots  are  real  and  two  are  imaginary. 

The  point  Tbeing  [-5,  0]  ;  the  point  Q  is  [-4*52,  1*33].  Apply- 
ing a  straight  edge  at  an  angle  of  45°  through  P  gives  the  distance 
of  the  point  of  iutersection  from  the  diameter  through  the  upper 
extremity  of  the  latas  rectum  as  4*12  tenths,  and  applying  it  at  an 
angle  of  135°  through  Q  gives  the  distance  from  the  diameter  through 
the  lower  extremity  as  6*02. 

412 X 5-57 ^ 20  =  1*15,    602 x 557 4- 20  =  168, 
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80  that  the  roots  are 

2-786±115    and     -2785±l-68y^. 

In  conclnsion,  it  maj  be  interesting  to  prove  that  the  criteria  ci 
the  nature  of  the  roots  of  the  qnartic  equation,  which  depend  npon 
the  compartment  in  which  P  is  situated,  correspond  exactly  to  tboae 
obtained  by  algebraical  analysis. 

From  the  compartment  test  we  see  that  two  roots  will  be  equal  if 


and  all  real  or  all  imaginaij  if 

The  nature  of  the  roots  therefore  depends  upon  whether 

is  equal  to,  greater  than,  or  less  than  0 ;  or,  since 

r  +  25r+(g«-4r)P-r»  =  0, 
upon  whether  16$^4qP  SI*  is  zero,  positive,  or  negative.      Let 

Then  the  elimination  of  P  from 

3r=0    and    r+2gZ*+(g«-4r)P-r»=:0, 

gives  256«»-1289'«'+l6g*f+14V*-.4gV-27r*  =  0, 

or  A  =  0, 

where  A  is  the  discriminant  of  the  quartic  y^+gy'+ry-f*. 

Substitute,  in  A,     i*  +  ^Iql*  -h  {q^  -  4? )  i*    lor    i^, 

so  that  A  is  expressed  as  a  function  of  q,  *,  and  L  Then,  since  M  and 
A  vanish  together.  If  is  a  factor  of  A ;  and  by  division  the  othet 
factor  is  found  to  be 
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Hence  M  and  A  have  the  same  sign.    Therefore, 

if  A  is  positive  the  roots  are  all  real  or  all  imaginary ; 
if  A  is  negative  the  roots  are  two  real  and  two  imaginary. 

Supposing  the  first  alternative  to  be  true,  the  point  P  will  be  in  the 
parabola  compartment,  or  the  opposite  one,  according  as  ~  +  ^  is 
less  or  greater  than  — ,  or  as  P  +  2gr  is  negative  or  positive.     Hence, 

if  q  is  positive,  there  is  no  doubt  that  all  the  roots  must  be  imaginary. 
If  q  is  negative  further  investigation  is  necessary. 

Now  4«-3«  =  P  (?  +  2g)-r»/Z« ; 

therefore,  if  P+2g[  is  negative,  4*— 5*  is  negative. 

Again,  ^  is  less  than  (1  +  ^)' , 

since  if  is  by  hypothesis  positive ;  therefore 

-j-  is  less  than  {  -q"  +  Sf )  > 

therefore        4«— g'  is  greater  than  P  (P+2g)  — (^P-hg)'. 

16«- V  is  greater  than  (3P-2g)(P+2g)  ; 
so  that  if  P+2q  is  positive,  4«— j"  is  positive. 

Consequently,  if  A  is  positive,  the  roots  are  all  imaginary,  unless  q 
is  negative,  and  at  the  same  time  4i8—q^  is  negative.  These  results 
exactly  agree  with  those  given  in  the  treatise  on  the  **  Theory  of 
Equations,"  by  Bumside  and  Panton. 


June  11th,  1891. 

Prof.  GREENHILL,  P.R.S.,  President,  in  the  Chair. 

Prof.  H.  Lamb  was  admitted  into  the  Society. 
The  following  communications  were  made : — 

Systems  of  Spherical  Harmonics :  Mr.  E.  W.  Hobson. 

On  the  Motion  of  a  Liquid  Ellipsoid  under  its  own  Attraction : 
Dr.  M.  J.  M.  Hill. 
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Orthogonal  Matrices :  Dr.  H.  Taber  (commnnicated  by  Mr. 
Hammond). 

An  Application  of  the  Method  of  Images  to  the  Conduction  of 
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A  Property  of  the  Circnm-circle :  Mr.  R.  Tncker. 
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« Time  Reckoning  for  the  Twentieth  Centory,"  hy  Sandlord  Fleming,  8to 
pamphlet;  Washington,  1889. 

"  Observations  made  daring  the  year  1885  at  the  United  States  Naval  ObtervA- 
tory,"  4to;  Washington,  1891. 

<<  Bulletin  des  Sciences  Math^matiqnes,"  April,  1891. 

"  Journal  fiir  die  reine  und  angewandte  Mathematik,"  Band  ovm..  Heft  2. 

'*  Atti  della  Reale  Accademia  dei  Lincei — Bendiconti,"  Vol.  vn.,  Faao.  vni. 

*'  Bollettino  delle  Pubblicasioni  Italiane,  ricevute  per  Diritto  di  Stampa,"  Nos. 
129,  130,  and  two  Nos.  of  Index. 

"  Yierteljahrschrift  der  Naturforschenden  Gesellschaft  in  Ziirich,"  Jahrgang 
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**  Lemons  sur  la  Th^rie  G^n^rale  des  Surfaces,"  Part  in. ;  par  Gkston  Darboox. 

«  Beiblatter  su  den  Annalen  der  Physik  and  Chemie,"  Band  xv..  Stuck  6. 


An  Application  of  the  Method  of  Images  to  the  Conduction  of  Heat. 

By  G.  H.  Bbtan. 

[Bh^  June  IIM,   1891.] 

I.  In  his  intereeting  and  snggestive  commanication  on  "  Syntbetical 
Solutions  in  the  Conduction  of  Heat"  (Proceedings^  Vol.  xix.,  pp. 
285-294),  Mr.  Hobeon  has^mitigated  the  mo^|g|||^^eat  in  an 
infinite  solid  bounded  lV^^^|Mpon  wbidh  ri^^^^Hkes  place, 
and  initially  heated  in  »  ^kper.    He  fi^^^^^Bp  e£fect 
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of  the  bounding  plane  may  be  represented  by  a  system  of  in^ages, 
the  initial  distribution  at  any  point  being  replace J'Tiy  a  line  of 
sources  extending  from  that  point  to  its  geometrical  image  together 
with  a  line  of  sinks  extending  from  that  image  to  infinity. 

It  can  be  shown  that  when  the  distributions  corresponding  to  all  the 
elements  are  taken  collectively,  Mr.  Hobson's  expression,  on  inte- 
gration, leads  to  the  given  initial  distribution  of  temperature,  provided 
that  the  latter  is  everywhere  finite  and  continuous.  But  a  difficulty 
arises  if  the  initial  distribution  of  temperature  contains  any  singular 
points,  such  as  sources  or  doublets,  or  is  discontinuous  in  any  part  of 
the  body. 

For  example,  the  expression  appears  to  fail  when  the  temperature 
is  due  to  a  simple  source  of  heat  at  any  point.  A  solution  applicable 
to  such  a  case  mnst  be  obtained  by  integrating  Mr.  Hobson's^ 
expression  by  parts.  The  problem,  however,  appeared  to  me  to  be  of 
sufficient  interest  to  merit  an  independent  solution.  Accordingly,  in 
the  present  paper  I  have  investigated  expressions  for  the  images  of  a 
single  instantaneous  source  of  heat  generated  at  any  point  within  the 
body,  and  have  thus  obtained  a  form  of  solution  which  holds  for 
any  given  initial  distribution  whatever. 

2.  As  the  mode  of  solution  is  almost  identical  whether  we  consider 
the  problem  as  one,  two,  or  three-dimensional,  I  shall  consider  the 
general  case,  where  the  motion  takes  place  in  n  dimensions.  It  will 
then  only  be  necessary  to  put  n  =  1,  2,  or  8,  to  obtain  the  solution  for 
a  bar,  plate,  or  solid. 

Suppose  the  body  extending  from  x  =  0  toa;=-|-QO,  and  let  h  be  the 
coefficient  of  surface-radiation  at  the  boundary  sb  =  0.  Let  us  suppose 
a  quantity  Q  of  heat  instantaneously  generated  at  the  point  a;  =  a  on 
the  axis  of  x  at  the  time  ^  =  0.  If  the  body  were  unlimited  in  every 
direction  the  temperature  at  any  other  position  and  time  would  be 
given  by 

Owing,  however,  to  the  boundary,  the  temperature  will  be  different. 
Let  it  be  Vi-l-i^s,  where  t^i  is  the  expression  just  written  down,  and  i;, 
is  the  temperature  due  to  a  system  of  images  which  represent  the 
efEect  of  the  plane. 

The  bonndazy  condition,  at  a;  =  0,  gives 

ii^-A(».+»,)=0 (2); 
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M».«^m..       ^-H--(S-*«.) 


WhiM^^M^  il  i«  ^vM^nt  that  wo  nay  take 


(£*')J,-i&.-»-«'±^^'' 


i^    *  ^  "  -^^^ 


4 


1h   «^    Wn    a**^«*^  *^  *^ >.      '•TSwifc 
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the  element  di  at  the  point  x  =  — (a+£)  is 

2hQe''^di. 

If  the  boundary  ;i$=  0  is  adialhermanoua^  then  ^=0,  and  the  images 
reduce  to  a  single  source  Q  at  a;  =  ~a,  as  thej  should  do. 

3.  The  complete  value  of  the  temperature  due  to  a  source  Q  at  the 
point  (a,  6,  &c.),  is  therefore 

«=  t7j  +  t?, 

Jo  (4irirf)»"^^  4c<  «;...w 

From  this  expression,  the  temperature  corresponding^  to  any  given 
initial  distribution  may  be  immediately  written  down.  It  will  be 
only  necessary  here  to  mention  the  principal  cases  of  interest. 

(i.)  If  the  initial  temperature  of  the  point  (a,  5,  Sue.)  is  ^(a,  6,  Ac.), 
we  have  only  to  write  ^(a,  5,  &c.)  da,  db  ..,  for  Q,  and  integrate  over 
the  volume  of  the  body. 

(ii.)  For  an  instantaneous  doublet  at  (a,  6,  &c.),  we  have  to 
differentiate  with  respect  to  a  if  the  doublet  is  parallel  to  the  axis  of 
Xy  and  with  respect  to  6  if  parallel  to  the  axis  of  y. 

(iii.)  For  a  continuous  source  at  (a,  5,  ...),  existing  from  the  time 
^  =  0,  we  must  write  Qd\  for  Q,  and  ^— A  for  t,  and  integrate  from 
A  =  0  to  A  =  ^.  We  may  suppose  Q  either  constant  or  a  function 
of  A. 

(iv.)  Suppose  the  body  is  bounded  by  the  two  rectangular  planes 
X  =  0  and  y  =  0,  across  which  it  is  radiating  into  temperature  zero, 
and  let  the  coefficients  of  surface  radiation  at  a;  =  0  and  y  :=0  heh 
and  V  respectively.  Then  it  is  easy  to  see  that  a  source  Q  of  heat 
instantaneously  generated  at  the  point  (a,  b\  gives  rise  to  the  same 
distribution  of  temperature  as  would  be  produced  in  a  body  infinite  in 
all  directions  by  the  following  sources  and  images  : — 

(1)  Four  equal  sources  +  Q  at  the  points  (d=  a,  d=  6). 

(2)  Two  lines  of  sinks  extending  from  »  =  — o  to»  =  — oo 
along  the  lines  y  =  :hbj  such  that  the  intensity  of  the  sink  in  the 
element  dx  of  either  line  is 
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(8)  Two  lincB  of  sinks  eztendlDg  from  y  =  —  5  to  y  =  — oo 
along  the  lines  a;  =  ±  a,  such  that  the  intensity  of  the  sink  in 
the  element  dy  of  either  line  is 

(4)  A  sheet  of  sonrces  extending  from  a  =  — a  to  »  =  — a>  >  and 
from  y  =:^b  toy  =  — oo,  snch  that  the  intensity  of  the  sonroe  in 
the  element  dxdy  is 

(v.)  The  three-dimensional  problem,  in  which  the  body  is  bounded 
by  the  planes  0  =  0,  y  =  0,  0  =  0,  may  be  treated  in  the  same  way. 
The  effect  of  a  single  source  at  the  point  (a,  b,  c)  will  be  represented 
by  a  distribution  cousisting  of 

Q.)  Eight  equal  sources,  one  in  each  quadrant.. 
(2)  Twelve  lines  of  sinks,  four  parallel  to  each  axis. 
(8)  Six  sheets  of  sources,  two  parallel  to  each  coordinate  plane. 
(4)  A  solid  of  sinks — i.e.,  an  initial  distribution  of  negative 
temperatures  extending  over  the  octant  bounded  by  the  planes 
w  =— a,  y  =  —6  and  •  =  —0. 

4.  By  Taylor's  theorem  the  expression  for  v  in  (5)  may  be  thrown 
into  the  form 

liememboring  that     P#~**iK  =  j^p  this  gives 


r.l 


1h  Mw  f»x/)»f»*«\m  Mf>  /mic  0/  images  %s  replaced  by  an  infinite  series  of 
multiple  SK^HfWUf  or  tingnlar  points  fcewrriiiy  at  the  point  (  —  a,  6,  ^-c), 
t\e,,  oi  Md  geometrical  imaje  i}f  the  source  of  heat.  The  intensity  of  the 
multiple  sourte  of  order  r  it  —  2(^>'. 

This  mode  of  representation  is  very  convenient  when  the  radiation 
takes  place  very  freely,  so  that  h  is  very  great ;  in  such  cases,  a  few 
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terms  of  tbe  series  will  be  sufficient  for  approximate  calcalations.  If 
^  =  00 ,  the  series  vanishes,  and  the  images  reduce  to  a  source  ~  Q  at 
the  geometrical  image  of  the  source  Q,  as  is  otherwise  evident,  for  the 
boundary  a;  :=  0  is  then  at  temperature  zero. 

5.  There  exists  an  infinite  number  of  initial  distributions  in  which 

the   number  of  images   becomes  finite.     For  operating  on  v  with 

1     ff 
1  — r-  —  in  (6),  we  obtain  the  solution 
h  da 

■•=('-ii){(i^>"--'-°''y*°} 

Hence  an  initial  distribution, 'consisting  of  a  source  Q  and  a  doublet 
—  Q/h  at  the  point  (a,  b,  &c.),  will  have  for  its  image  a  source  ~  Q, 
and  a  doublet  +Q/A  at  the  point  (—a,  6,  &o.). 

It  is  evident  in  like  manner  that  a  source  Q  and  a  multiple  point, 
of  order  m  and  iutensity  r-  Q/h'*,  will  have  for  their  images  a  finite 
number  of  multiple  sources,  of  order  not  exceeding  m.  More  generally 
two  multiple  sources  of  orders  m,  7n\  and  intensities  inversely  pro- 
portional to  A"*  and  —A'"',  will  give  nWto  an  image  consisting  of 
m'— m+1  multiple  points,  of  orders  ranging  from  m  to  m'. 

6.  Another  interesting  distribution  is  that  due  to  a  source  and  a 
sink  situated  on  the  axis  of  x  at  the  points  a;  =  a  and  x  =  a\  whose 
intensities  are  in  the  ratio  e"**:e"*"',  i.e.,  e*^*'*'^:l.  Let  us  call  the 
intensities  ge~*"  and  ge"**'  respectively.  Then  it  is  evident  from  §  2, 
that  the  images  will  consist  of  a  source  ge~**  at  (—a,  0),  a  sink 
ge***'  at  (  —  a,  0),  and  a^nt^eline  of  sinks,  of  intensity  2Age*',  extend- 
ing from  aj  =  —  a  to  a;  =  —  a'.  Thus  the  images  will  be  limited  to  the 
portion  of  the  axis  of  x  intercepted  between  the  geometrical  images  of 
the  given  source  and  sink. 

Numerous  other  cases  might  be  found  in  which  the  distribution  of 
images  is  finite  or  limited,  but  it  would  hardly  be  interesting  to 
pursue  the  subject  further  in  this  direction. 

^Addition,  November  llth,  1891. 

7.  As  an  example,  let  us  apply  the  image  method  to  determine  the 
temperature  at  any  time  at  the  surface  of  an  infinite  solid  bounded 
by  a  radiating  plane,  and  initially  heated  throughout  to  a  uniform 
temperature  v^. 
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This  is  the  problem  solved  by  Riemann  in  his  Fartielle  Differential' 
gleichungen,  §  69,  by  considering  the  solid  as  the  limit  of  a  sphere 
whose  radius  is  infinitely  large. 

The  flow  of  heat  is  evidently  one-dimensional.  Writing  v^^da  for  Q 
in  the  formula  (6)  of  §  4,  and  integrating  between  the  limits  0  and 
00 ,  we  have  for  the  temperature  the  expression 

«>=      ,";       r?exp- (''-«)• -exp-(^+'^>' Ida 


rmtc 


2v/(irrf)  l^  h'  \dal  ^  4c«     J..< 


raflO 


To  find  the  temperature  at  the  surface,  we  must  put  a;  :=  0  in  the 
above  expression.  Hence  the  term  involving  the  integral  vanislieB. 
Also,  if 

/(«)  =  exp--, 

we  have,  by  Maclaurin's  theorem, 

whence  if  r  be  odd,  f'^  (0)  =  0, 

and  if  r  be  even,  and  =  2m, 

Therefore,  on  substitution,  we  have 


ma* 


maO 


___Vj^__r, 1      .     1.3         1.3.5  \ 

h  y/{irKt)  \     2h\t  "^  (2WKty    (2hhty  "^  •  •  /  • 

When  t  is  very  great  this  gives  approximately 


v  =  —^ 


h  ^{nKt) ' 
This  result  agrees  with  that  found  by  Biemann.J 
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Systems  of  Spherical  Harmonics.     By  E.  W.  Hobson. 

[Sead  June  nth,  1891.] 

The  following  communication  has  been  suggested  by  a  stodj  of 
the  theories  of  spherical  harmonics  given  by  Thomson  and  Tait,  and 
by  Maxwell.  I  have,  first  of  all,  considered  the  most  general  solution 
of  Laplace's  equation,  which  is  of  degree  zero,  and  have  then  shown 
how,  from  this,  or  the  corresponding  harmonics  of  degree  —1, 
harmonics  of  any  integral  degree  may  be  derived  by  differentiation 
with  respect  to  a  number  of  axes.  I  have  f orther  shown  that  all 
harmonics  may  be  derived  from  harmonics  of  degree  ^1  by 
successive  differentiation  with  respect  to  one  axis  only;  new 
expressions  for  the  ordinary  tesseral  harmonicB  have  been  obtained 
from  this  theorem. 

A  theory  of  poles  for  the  zonal  and  tesseral  harmonics  of  the  second 
kind  is  given,  analogous  to  Maxwell's  theory  for  those  of  the  first 
kind.  I  have  considered  classes  of  harmonics  which  jnvolve  the 
circular  measure  of  the  azimuthal  angle  ^,  and  which  I  have  ventured 
to  call  "  circulatory  harmonics."  In  the  last  section,  I  have  obtained 
definite  integral  expressions  for  the  most  general  harmonics  of  given 
order,  irrespective  of  degree,  and  have  also  given  series  involving  an 
arbitrary  function,  which  express  the  most  general  harmonics  of  the 
first  kind,  of  given  order. 

The  most  general  harmonics  of  given  positive  or  negative  degree, 
1.  If  in  Laplace's  equation 

dif       hy'      ds?         ' 

which  becomes,  when  the  polar  coordinates  r,  0,  ^  are  taken  as 
independent  variables, 

dr  V     37/      sin  0  dd  \  dO  '      Bin'  0  3^.  "  "' 

we  put  dj^  =:  cosec  6  dQ^ 

— z 


X  =  log  tan  ia  =  logy^ 


or 
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the  eqaation  becomes 


if  now  V  ^  V^ 

a  fanction  of  f  and  x  only,  F,  satisfies  the  equation 

The  solution  of  this  equation  is 

F.=/(x+«f)+^(x— ♦) (1), 

which  may  also  be  written 

F,  =  F(r*tanie)+iKe-*tanje) (2); 

either  of  these  expressions  giyes  the  most  general  spherical  harmonic 
of  degree  lero.  This  solution  was,  I  find,  first  given  by  Donkin  ;*  the 
resalt  may  be  expressed  by  saying  that  all  spherical  harmonics  of 
d^pnee  xero  are  obtained  by  taking  conjugate  functions  of  the  two 

quantities  . 

t«.-'Xandlog^;-=f. 

From  the  form  (2),  Donkin  proceeds  to  find  the  expression  for  the 
most  general  surface  harmonic  of  degree  n  or  — it— 1,  in  the  form 

(sin  a)-  /sin a ^  sin  $y[F{&*  tan  !«)  +  4' («':! tan  J«)]; 

this  form  is,  however,  not  adapted  for  the  discussion  of  various  types 
of  harmonics,  and  it  is  better,  for  this  purpose,  to  use  the  method 
adopted  by  Thomson  and  Tait,  and  by  Maxwell,  which  consists  in 
differentiating  harmonics  of  degree  ~1  with  respect  to  the  quanti- 
ties or,  y,  r. 

If  we  replace,  in  Donkin's  expression  for  V^  the  quantities  6,  f  by 
their  values  in  terms  of  x,  y,  r,  we  obtain  the  form 


■•• = ^(73?) -n  v^') 


•  S«  PhiL  Trwm.,  1S57. 
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thus  values  of  V^  are  obtained  bj  taking  conjugate  functions  of  the 

two  quantities 

X  y 


-r—  • 


r  +  jj       r-^z 
The  most  general  harmonic  of  degree  —1  is 


^  or 


r      \  r-f-0  / 


differentiating  this  last  expression  with  respect  to  n  axes  ^,  ^  ...  ^, 
we  find  the  expression 

dk,,dh,...dhAr  -^Kr-^zJj ^  ^' 

where —r- denotes  Z^  ~ +wir-7" +»*r^t   as  a  harmonic    of    degree 
ahr  ax  ay         dz 

—  (n+l) ;  the  corresponding  harmonic  of  degree  n  is 


y«»+i 


c2/ii,  dh^  ...  dhf 


\Tf(:-m- 


Instead  of  difEerentiating  harmonics  of  degree  —1,  we  might  have 
difEerentiated  harmonics  of  degree  zero,  and  thus  have  obtained  the 


expression  ^^ 


dhi<i  dh^ ...  dhft^i 


KiS)]- 


These  two  expressions  for  harmonics    of  degree    n   are  reallj  the 
same. 

I  shall  now  show  that  if,  in  the  expression  (3),  all  the  axes  be 
taken  to  coincide  with  the  axis  of  z,  there  is  no  loss  of  generality,  and 
thus  the  most  general  harmonic  of  degree  —  n— 1  is 

If  y„  is  a  harmonic  of  positive  or  negative  degree  n,  it  is  possible  to 
choose  Un^\  as  a  function  of  x  and  y  of  the  n  +  1^  degree,  so  that 


f; 


V^dz  +  u^^i 
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is  a  spherical  barmonic.     We  have 

If  £  =  a;4-iy»  >7  =  «— '<V,   we  have  to  choose  Mh+u  so  that 

The  right-hand  side  of  this  equation  is  a  function  of  £,   i|  of  degree 
w— 1,  hence  the  value  required  of  u^^i  is 

If  anj  value  of  this  expression  be  taken  for  u^^i^  we  have 


i: 


V^dz^u^^u 


a  harmonic  F„+i  of  degree  n  +  1,  such  that 

"~  a.  • 

It  follows  that,  corresponding  to  any  harmonic  F-(«+i)  of  degree 
—  (n  +  1),  there  are  three  Fl^,  71„,  Fl„  of  degree  —  n,  such  that 

Ox  Oy  OZ 

By  integrating  any  harmonic  of  degree  —  (n+l),  w  times  with 
respect  to  e,  we  shall  obtain  a  harmonic  of  degree  —  1 ;  theref oi'e  the 
most  general  harmonic  of  degree  — (^  +  1)  w 


31  n     /«±«/\-i 

82"  L  r  •'  \  r+z  I J 
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[We  see  at  once  that 

l/(£f2^)=-l/'(-I^); 

dz      ^  ^"H^j  /  r       \  r-^z  / 

thus  the  two  expressions  are  really  the  same]. 

It  lias  thus  been  shown  that  any  harmonic  of  degree  — (w  +  l)  may 
be  obtained  by  differentiating  some  harmonic  of  degree  —  1,  n  times 
with  respect  to  z  only. 


Table  of  Harmmncs  of  degree  zero. 

2.  In  the  following  table,  a  nnmber  of  the  most  important  har- 
monics of  degree  zero  is  given,  with  the  conjugate  functions  of  ^  and 
X  from  which  they  are  derived. 


Haamonics. 

1 


^^^*\/^~r^'     tan-'^ 


X  (r—z)  _     X         y  (r— jg)  _     y 


r^z 

r-\'Z 


x(r-}-z) 


r^z'      y^  +  2/* 


X 


r—z 


r-^z 
r — z 


(^■fg)"*     cos  (r-g)"    cos 

(x«-f  y')**"  sin  "^^     (aj'-f-y*)**"  sin  "^ 


22Ltan-^JL^^L_log!±f] 
ar  +  y*  ar       or-^-y*       r—z 


2zx 


-—tan-^J^-h-jS^log^^ 


fKi? 


^tan-'i^-    .      , 
«  +1/  a       ar  +  y 


i% 


2ra; 


•--f +???•<« 


r—z 

r-\-z 
r—z 

r-\'Z 


aj'-f-y*     "r  —  z^ 
2f  2 


Valubop/(x±i^). 

1 
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Harhonico. 


•,,,   V-7-  [2  tan-'  -^cos  mA— sin  nub  log^^^l ' 
(fff^  [2  *»»■' t  «"'»*  + C"*""^  log  ^]  ^ 

(iCj^)!-  [2  ten-'  ^  8in  m^  -cos  m^  log  ^-±£] 


[Jane  11, 

Valub  op/(x±»^). 


(X=t*^)  c-»**±**> 


The    corresponding    harmonics   of    degpree   —1  are    obtained  Irf 
multiplying  the  above  by    - . 

Besides  the   ordinary  harmonics  obtained  by  differentiating  — , 

after  Maxwell's  fashion,  with  regard  to  a  number  of  axes,  I  shall 
consider  the  systems  obtained  by  differentiating  the  harmonies 

llogjEf.     Itan-'i^,     itan-i^logJ^*. 
r  V  r — z        r  x         r  x         y  r — z 


The  System  of  Point-Harmonics, 


1   . 


3.  If  —  is  differentiated  with  respect  to  n  axes  coinciding  with  the 


axis  of  Zy  the  zonal  bai^ionic 


P^  (cos  6)  _  (-ir  31  i_ 


(5), 


is  obtained.  If  only  n—m,  axes  coincide  with  the  axis  of  z^  and  the 
remaining  m  axes  are  distributed  symmetrically  in  the  equatorial 
plane,  the  corresponding  harmonic  is  ^ 


I  — in 


(2m)!    (f»j.,«)  9"—       1 


8«— ~  r*-*'' 


0"~"'        1 

The  differential  - —      ,,  —  may  be  calculated  by    means   of   the 
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well-known  formala 


putting  F(^)  =  ^.^_p_L__,    ^  =  n-m, 

we  have 
9"-"'       1     -/■2,\»-/'     n..-»/'2m+lW2m+3\       /2n-l\      1 

-f  (2i5)"-"-*  (^— ^^)(^^  -m-  l)(w  -m~2)(n— m-3) 

+  ...  ;  '^       -'  \     2     y-V     2     jf^"-' 

the  harmoaic  is  therefore 
tJ^:^  T.^:k  (2m+l)(2m+3) ...  (2n-l) 


n\  m\  sin 


V  v«»  y  «»— —  (n-m)(n--m~l)    „.„..2  .        7 

""^  r         2(2n-i) — '^     "^-r 


2(2n-l) 

where  ^u  =  cos  6,  v  =  sin  0  ;  this  is  equal  to  ^, 

(n— 7W-)  !  cos      .     1     »,«/   X 
n!  2"*  *    sin     ^  r"*' 

according  to  the  notation  in  Ferrers'  Spherical  Harmonics  (p.  77). 
Maxwell  considers  these  harmonics  as  the  potentials  dae  to  certain 
siDgular  points  placed  at  the  origin  ;  from  this  point  of  view,  these 

« 

harmonics  may  be  designated  as  point-harmonics. 

The  System  of  lAne-Hartnonics, 
4.  Next  consider  the  harmonics  derived  in  a  similar  manner  from 


'  log  /-± 
r  V  r— 


z 

z 
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If  matter  of  line- density  ^  be  distributed  along  the  positive  part  of 
the  axis  of  z,  from  ;?  =  0  to  z  =  oo ,  and  matter  of  line-density  —  ^  be 
distributed  along  the  negative  part  of  that  axis,  the  potential  at  any 

point  due  to  this  system  is  |   —  dz,  which  is  equal  to  log  W . 

Inverting  this  system  with  regard  to  the  origin,  we  see  that 


T'^^/7^ 


Z 
Z 


is  the  potential  of  a  distribution  of  matter  along  the  axis  of  z,  of  line 
density  ^  ,  positive  matter  on  the  positive  side,  and  negative  matter 

on  the  negative  side  of  the  origin.  I  propose  to  call  such  a  line  dis- 
tribution a  singular  line  of  zei*o  degree  and  unit  strength.  ThiB  line 
corresponds  to  Maxwell's  singular  point  of  zero  degree. 

A  singular  line  of  the  first  degree  consists  of  two  parallel  lines  of 
lero  degree  of  infinite  strength,  the  line  joining  corresponding  points 
being  in  any  given  direction  h^y  and  the  product  of  the  strength  into 
the  distance  between  corresponding  points  being  finite  and  measuring 
the  strength  of  the  singular  line  of  the  first  d^ree ;  the  direction  ot 
the  line  joining  corresponding  points  is  the  axis  of  the  corresponding 
harmonic.  In  a  similar  manner  a  singular  line  of  the  second  d^^^e 
is  fomieil  frv>m  two  parallel  singular  lines  of  the  first  degree  ;  pro- 
ceedinsT  thus,  we  have  the  conception  of  a  singular  line  of  any  degiee 
i»,  with  n  axes  in  arbitrary  directions.  We  thus  derive  a  harmonic 
with  auy  »4  driven  poles  A^,  4*  ...  k^.  The  potential  due  to  this  singular 
line  is 


this  may  Iv  oalUxl  the  line  harmouk*  with  axes  A.,  A,  ...  4, 
When  ail  the  j^K>les  cviuoide  with  the  axis  of  r.  we  have 


_.•»  »  I 


t^^  v^ov>:><^)  douvHitiiT  'ho  /jonal  suriaoe  OArmoiiic.  or  Legend re*s 
oo^^riSvient  or  the  sevvml  kiiui  ;  wo  i»A\o  thus,  for  rh:s  zonal  harmonic, 
the  expr«is*oa 


V^--t    ••^'       Oil.  ---       ^ 

^      o- .•        -^.  ;       ^V     -,  -,;   (6), 
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whicli  is  analogous  to  the  well-known   formula  (5)  for  the  zonal 

harmonic  of  the  first  kind. 

1  1  y*.  1 -. 

Since  —  and  — log\/ are  the  only  harmonics  of  degree  —  1 

r  r  Y  r — z 

which  are  functions  of  r  and  0  only,  P„  and  Q^  are  the  only  zonal 

surface  harmonics  of  degree  n. 

Carrying  out  the  differentiation  in  (6),  [by  means  of  Leibnitz's 

theorem,  and  remembering  that 

3  ,         Ir-hz        1 
oz        V  r—z       r 

we  obtain  the  formula 


On 


=  Pnlog^J^-H-P«-l-Po  +  *^«-2-Pl  +  Kn-3P,+  ...). 


This  expression  for  Legendre's  coefficient  of  the  second  kind  is,  I 
believe,  new;  the  ordinary  formula  obtained  for  it  from  the 
differential  equation  is 


e..  =  PniogJ|J^-(^p...+|^p...+|^p«..+...)- 

V  1~"A*      ^  1'^  2.n— 1  o.«— 2  / 

We  thus  obtain  the  curious  identity 

\  1  .n  2.n  — 1  / 

which  could  be  verified  independently. 

From  the  formula  (6)  it  appears  that  Q^  (cos  6)  may  be  defined  as 
the  coefficient  of  A"  in  the  expansion,  in  powers  of  \  of 

-v/1  -  2  V  +  ^'  -/l-^i* 

The  line  harmonic  with  n—w,  poles  coincident  with  the  axis  of  z^ 
and  the  remaining  m  poles  arranged  symmetrically  in  the  equatorial 
plane,  is 

'-'^"'■""(fe-l^)[^-vs]■ 


«!     Si"-"  \34 


or 
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which  is  equal  to 


(-1) 

2~ 


'n!      sin        d:^"^\rdr/     \_r  yr — ej 

where  -r-  denotes  differentiation  with  respect  to  r,  z  bein^  kept  con- 
stant ;  this  expression,  multiplied  by  r"^\  g^ves  the  tesseral  harmonioB 

of  the  second  kind,  ^  ^?^  mf  ;  thus 

sin 

0  denoting  a  numerical  factor. 

The  formula  (7)  may  be  written 

(-ir2-'"'*'(n-tn)!  ^  cos  d^       Q,-^  (z) 

n!  sin  ^  (rdr)"^     ,^— -m    • 

Formulmfor  the  Tesseral  Harmonics  of  the  first  and  $econd  kind, 

5.  The  tesseral  harmonies  of  the  first  and  second  kind  can,  as  we 
have  shown  in  section  1,  be  derived  by  differentiating  certain  harmonics 
of  degree  — 1,  with  respect  to  z  only.     The  harmonics  of  degree  —  1 

which  contain    .    m^  as  factors,  and  no  other  factor  involving  ^,  are 

1      (r-\-z)'^    cos     ^ 
^    (^H-y*)*'"8in     ^' 

,  1      (r  — r)"*    cos 

and  -  ,  ■ ,-;— J w^    .    "^9  ; 

from  those  we  obtain  the  hai*moiiics 

<^«,n0. 1^ "^^  i^-'^    and    ^!^r«^. ^ ^  (lllf): 

sin     ^    (^*-f/)*"t%**        '•  8in     ^    (^  +  r)*'"a::-        r       ' 

which  may  bo  written 


siu 


i«  ♦"*•(.'+/)'- ?:-.^^*--^ (8). 

When  »  is  loss  than  w,  those  ai'o  the  two  distinct  harmonics  of  type 


siu 
cos 


vi^.H^is,  y/x^^y^]. 
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bat  if  n>mj  and  m  is  integral,  these  harmonics  are  not  distinct, 
because  the  terms  in  (r^kz)^  which  contain  even  powers  of  r,  vanish 
when  differentiated  n  + 1  times  with  respect  to  z» 

When  n>m,  either  of  the  expressions 

sin    "^    (aj'+y')**3i5"       r 

gives  the  tesseral  harmonics  of  the  first  kind.  Those  of  the  second 
kind  are 

which  maj  also  be  written 


cos  *  ^ 

m 

sin 


*  •  (^-  a^  [{i.^rr-(.-rr}  .og  /^]. 


These  are  obtained  by  differentiating,  with  respect  to  z,   the  two 
harmonics  

log\/— ^   co8m0  i  ^ —    / ^      \  ^ — ^  [ 
and  log  J^sin m«  )  (^-+-);±(--/).-  } 


+ 


tan  '  '^  cos  w^  I  ^ — -  ;-■ — >,-r —     \  , 


for  when  w>w,  (wi  integral),  the  coefficients  of 

cos  m^  ,  tan"^  -^,     sin  7n0  .  tan"*  ^, 

a;  a; 

vanish  on  differentiation  n  times  with  respect  to  z.  If  n<m,  the 
harmonics  obtained  from  these,  contain  0  as  a  factor,  and  in  that  case, 
both  harmonics  of  the  type 

sin^-^'*  ^^'  ^«'+y']> 
are  given  by  (8). 
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The  formala  (8)  may  be  written 

sm  oz"  I  J*  (fiz)    ) 

thas,  when  n>m^  the  tesseral  snrface  harmonic  is 

.    m0  .  8in"*6.  P*(oo8  0), 
sin   ^  •  V         -" 

where  p;(co8  6)  =  ^r-*-*»^ -— -1— -  (10), 

d«»  r  (rdb^)"* 

^  denoting  a  constant  factor.  This  formula  (10)  is  analogous  to  the 
formala  (5)  which  gives  P,  (cos  0)  ;  the  factor  A  depends  upon  the 
exact  definition  of  the  associated  function  P^  (cos  0). 

In  Jacobi*8  formula 

rf-"»(l-f«)— »       ,     ,>.^_,,1.3.5...(2m-l)   .         , 
at     *  m 

mm 

where  t  =  oos  \p^  putting  t  =  — ,  we  have 

3*-V"'-»  1.3.5...  (2m-l)  r     .^,^     ,     .       1^.^^ 

1  (I'-V-'-'^LS..    r2w~l)    (z-hr)'"-h(g-r)"' 


hence  when  n>m,  the  expressions  (8)  are  equal  (disregarding*  a  con- 
stant factor)  to 

cos     ^  1  c""^"*    ,__,  ,--. 

sm        (x*-hy')*    Oz"-^* 

The  expression  (11)  is  therefore  another  expression  for  the  tesseral 
harmonics  of  the  Rrst  kind  ;  it  should  be  observed  that  it  is  obtained 
by  changing  m  into  —  m  in  the  expression 

cos  ,  ,  .    ..!«  8—"      I 

sin      '     ^     ^''  '      ^^-m  r^'-^v 


♦I  +  HI  •♦•  1       ^  ■■• 


in  section  (3).     We  have 

when   B  is   a   constant  factor,  as  an  expression  for  the  associated 
function  I^  (cos  6). 
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We  have 


3" 

g^(«'+y'+«')"-»  =  (2^)"*-  (m-i)(m-f)  ...  (-n+ J)  r"*"-' 
+  (»>+^K'»+"^-l)  (iz)'*"-'  (m-i)  ...  (-«+f)  r""** 
_|.  (n-fm)Oi-hm~l)(n-i-m— 2)(n-fm— 3) /2^)n*m-4 


+ 


x(m-i)...  (-n+|)r-^+» 


(n-hm)(n^m-l)(n+m-2)(n-fm-3)     1      .+«-4_      I 
1.2(n-l)(n-f)  -2*^  -J' 

and  this  must  he  equal  to  A  .  —77(1— A**)"  ^r,  where  J.  is  a  numerical 
quantity,  or*  to 

--   n     u'^  *^n(2n-l)  ...  (n~m -fl)  f^n-m_      ). 

hence  ^  =         2»-- (m~|)  ...  (-n-hj) 

.      ..^2n(2n-l)...  (n-m-f  1) 
^        ^  2»n! 

The  expression  (11)  gives,  therefore,  for  T^  (/i),  the  formula 

T"*  rGosB"^  =  T— n** (^^Ij 

"  ^         ^       ^       ^    (n-7n)  !  n!  (m-^)  ...  (-n  +  4)  2'"*'" 

X  ,  .      .  ,     ^ r»»-'  (12). 

It  is  stated  by  Thomson  and  Tait  (Natural  Phiheophy,  p.  174),  that 

cos      . 

9n+«.  (^M-l)     Bin  »t» 

are,  except  when  m  =  0,  the  two  distinct  harmonics  of  the  type 

sin 


ff„{^,  y^'+y'jcos^^: 


♦  Seo  Ferrers*  Spherical  Marmonietf  p.  76. 
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this  is,  however,  not  correct,  for  the  second  expression  is  really  always 
identical  (except  for  a  numerical  factor)  with  the  iirst.     It  is,  iu  fact, 

easily   seen   that,  in  the    second   expression,   the  quantity    log 

disappears  on  differentiation,  which  we  know  should  not  be  the  case. 
It  is  easy  to  verify  in  simple  cases  (m  ==  1,  2,  3)  that 

|['"*ti)"(7'°».^:)]c^»'>'-s»» 

1  A                                 n        ^""^       COS     ^ 
IS  equal  to  C  .  —^ r-r—    •    rn6. 

so  that  the  two  harmonics  of  degree  zero,  given  by  Thomson  and  Tait 
(p.  173),  are  identical. 

The  second  harmonic  should  be 

Bin         9^5*-"*  Vrdr/     Lr      ^^V^— J' 
or  the  equivalent  form 


cos 
sin 


"^-o^TrB  Iv  ^(^+^)"+(-^)"i  ''>^y/v~'] 


this  does  not  become  identical  with  the  first  harmonic  when  m  =  0 
but  becomes  

the  zonal  harmonic  of  the  second  kind,  of  degree  —  n— 1. 

Circulatory  Harmonics. 
6.  If  a  sheet  of  magnetic  matter  of  constant  strength  is  distributed 
on  the  half  of  the  plane  xz,  for  which  x  is  negative,  its  potential  is 

tan"^  ^ ;  inverting  this  system  with  respect  to  the  origin,  we  obtain 

X 

the  expression  — tan'*  —  for  the  potential  of  a  sheet  of  magnetic 

r  X 

matter  of  strength  inversely  proportional  to  the  distance  from  the 
origin  ;  we  may  call  such  a  sheet  a  singular  sheet  of  zero  degree.  A 
singularsheetof  any  degree  n  will  then  be  obtained,  as  in  the  case  of 
singular  points  and  lines,  by  displacing  the  sheet  in  the  directions 
of  any  n  axes  arbitrarily  chosen  ;  the  potential  of  such  a  singular 
sheet  is  then 

dh^dh^  ...  dh^  \  r 


^  tan-'  ^  I  . 
X  ) 
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These  harmonics  I  propose  to  call  "  circulatory  harmonics,"  on  acconnt 
of  the  presence  in  them  of  the  quantity  tan"*  -^.     They  might  also 


»>  iC 


be  called  *'  sheet  harmonics.' 

If  all  the  axes  coincide  vfith  the  axis  of  z,  we  obtain  the  harmonic 

Pn  (cos  0) 


i.«+i 


^, 


which  may  be  called  the  zonal  circulatory  harmonic. 
A  system  of  tesseral  harmonics  of  the  form 

where  T^  has  its  usual  meaning,  is  obtained  by  making  n—m  axes 
coincide  with  the  axis  of  z,  the  other  m  axes  being  arranged  sym- 
metrically in  the  equatorial  plane;  this  expression  is  obtained  by 
carrying  out  the  differentiations  in  the  expression 

(I)""' {(ai)"-(r,)"}[v  "-*->-"]■ 

A  system  of  harmonics  which  may  be  called  circulatory  harmonics  of 
the  second  kind,  is  given  by  the  expression 


:^(ltan-^.log./?:±n. 


dhidh. 
The  zonal  harmonic  of  this  system  is  — — ^ — -  .  0. 

Cylindrical  Harmonics, 

7.  If,  in  the  equation  F*  F  =  0,  we  put  F  =  e*"  IT,  where  IT  is  a 
function  of  x  and  y  only,  we  have  a  system  of  harmonics  e^  U,  where 
U  is  given  by  the  differential  equation 

^^-0^"''=° <">• 

That  solution  of  this  equation  which  is  symmetrical  with  respect  to  the 


axis  is  AJ,  (k  v/a:«-hy»)  -{-BY,  (k  v/»»-f  i/'), 

where  J^  and  Yq  denote  the  two  Bessel's  functions  of  zero  order,  thus 


are  the  two  cylindrical  harmonics  which  are  symmetrical  with  respect 
to  the  z  axis.     Putting,  for  simplicity,  fc  =  1,  further  solutions  of  the 
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equation  (13)  idmj  be  fonsd  bj  diffei  qitiatii^  J^  Y^  ^vnli  reflect  to 
in  tbe  xy  plane ;  thus  we  hare  bjumonics  of  the  type 


If  the  axes  are  arranged  srinmerricaliT,  we  obtain  the  kaurmooics 
tbn£.  writing  ^  =  ^  we  obtain  tbe  barmonioa 

'^^'^>  iSr  '' ' "  *''  ^"  ^  "^  jfe  ^*  ''>  ■- 

writing  with  the  nsnal  notation 

cos 
we  hare  the  hamKmics  .    aif .  /.  <».     In  a  similar  maiuier  we  obtain 


sin 


cos 


ipanding  harmonics     -^  t^-T»(p)  of  the  second  kind,  wh 


We  are  thos  led  narcrallT  to  the  BesseFs  functions  of  order  m^  br  the 
process  of  differentiation  with  respect  to  m  axes  symmetzicaUj 
arranged  in  the  ry  plane. 

It  is  obrioofi,  if  we  write  the  equation  (13;  in  the  form 

that  <>./,(<*)  =  tan-' ^./^(^'ii^^K 

#.  1\'  P/  =  tan-  ^  .  r^  (  %  V-y^), 


also  satisfy  the  equation  :  we  obtain  thus  tbe  two  harmouics 


€'.tan-^:^(,^^^^), 

which  may  be  called  th0_ciicolatoiy  cjlindrical  harmonics  of 
Older. 
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The  corresponding  harmonics  of  order  m  are 

Carrying  out  the  differentiations,  we  find   for  the  harmonics  of 

the  first  kind 

<l» . cos mtp.Jn,  (p) H- sin m^ .  JJtm 

0  .  sin  nup  .  J^  (p)  —cos  m^  .  [7„, 
where  U"^  =  m  .  —  J«_i  0>)-h^^^""      .  -^  J«-2  (f>) 

For  the  harmonics  of  the  second  kind,  Ymust  be  written  for  /in  these 
expressions.  These  are  the  circulatory  cylindrical  harmonics  of  order 
m,  of  the  first  and  second  kinds  respectively. 

The  most  general  Spherical  Harmonics  of  given  order, 
8.  Writing  the  equation  F*  F  =  0  in  the  form 

we  see  that  the  most  general  solution  which  is  symmetrical  with 
respect  to  the  z  axis  is 

F= /,(v'?T?|)/w+r.(  ^/?+7£)  0  (.), 

where  /  (2)  and  0  {z)  are  arbitrary  functions  of  z^  being  constants 
with  respect  to  x  and  y.     Those  solutions  of  the  equation  which  con- 
tain   .    Tntb  as  factors  are 
sin 


^>./.(>/?T?|)/W.  -;».^.r.(y?T?|)^W. 


COS 

sin 


Now  we  know*  that  J^  (p),  Y^  (p)  are  expressed  as  definite  integrals 
thus  : — 


IT     Jo 

Ym  (p)  =  p*"  r  sinh^"*  u  .  e''~^"  du. 


*  See  Heine's  Kugie^unetianen,  Vol.  i.,  p.  234. 
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We  thns  obtain  as  an  expressioQ   for  the   most  general  spheric 
harmonic  which  is  independent  of  f ,  the  expression 

which  is  eqnal  to 

r/(«  +  *^^a?  +  y»coe^)d»^+Pf  (r-ftv/4r*  +  y"co8hfi)<ltt...(14 

Jo  -0 

where  /  and  9  are  arbitrary  f aoctions.     The  first  integprml   is  wd 
known. 

This  expression  is  the  most  general  spherical  harmonic  of  order  1 
irrespective  of  degree.  It  should  be  observed  that  the  imagintt 
part  of  the  second  integral  is  the  same  as  the  real  part  of  the  first. 

The  most  general  spherical  harmonics  of  order  m  are 


cos 
sin 


cos 
or 

sin 


?*  mf  (;t»+y")»-  r  sin*-+.e-«-^^''-'--*/(r)di^ 
^^  Jo 

-h^  m^  (aj^+y*)*"  r  sinh=-  u .  ^^'^^^^^^f  (,)  du, 
sm  Jo 

!^  mf  (aj*+y*)»-  {'  sin*-^./(z+iyiMVc»8^)  if^ 

^^  Jo 


,  cos 
sm 


♦  (aj'  +  t/*)*"*  I    sinh'^tt  .  ^  (r-hi  v^?HhV  cosh  «)  i^u 
J«  (15 

If  we  nse  the  expansions  of  J^  J^  in  powers  of  their  argnments,  ^ 
find  for  the  most  general  harmonic  of  the  first  kind,  of  zero  order, 

/(-')- ^r(*)+^^^>(»)- (16 

and  for  the  most  general  harmonic  of  the  first  kind,  of  order  m^ 


cos 


(17 

when/(z)  is  an  arbitrary  function  of  z. 

If  we  put  /  W  =  2"*"*, 

we  obtain  the  ordinary  harmonics  of  degree  n ;  writing 


r\ 
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the  fonnulaB  give 

r         n  (n-1)        ,  ,      n  (n~l)(n-2)(n~3)       ,4         1 
^L^  2*       '^  2>.4»  '^  "J' 

which  is  r^  .P„  (^),  and 

sm    ^ 

[-,      (n— w»)(n— m — 1)    -,.,  • 
^-^     2(2^+2)      ^f      *" 

(n— m)(n— m--l)(n--m--2)(n— m— 3)     «-4y4_     "l 
"^  2.4(2ni+2)(2mH-4)  '^  "*J* 

which  is*  r"*  ^®  m^ .  2C  (/*). 


On  certain  Properties  of  Symmetric,  Skew  Symmetric,  and 

Orthogonal  Matrices. 

By  Hbney  Tabbb,  Clark  University,  Mass.,  U.S.A. 

[Bead  Jutic  lUh,   1891.] 

§  1.  Introdwitory. 

In  the  Messenger  of  Mathematics  (2),  Vol.  xiv.,  the  late  A.  Bachheim 
has  employed  a  method  of  proof  of  the  reality  of  the  latent  roots  of  a 
symmetric  matrix  which  may  be  extended  to  prove  certain  important 
theorems  relating  to  symmetric,  skew  symmetric,  and  orthogonal 
matrices.  Bnchheim's  proof  is  virtnally  an  extension  of  the  process 
employed  by  Tait  in  his  **  Elements  of  Quaternions  '*  (Chap,  v.)  for 
the  proof  of  the  reality  of  the  latent  roots  of  a  symmetric  matrix  of 
the  third  order.  I  shall  give  by  this  method  a  proof  of  the  well- 
known  property  of  a  real  symmetric  matrix  tp,  that  0— gf,  for  a 
multiple  latent  root  g  of  ^,  has  a  nullity  equal  to  its  vacuity  (which 

*  See  Thomson  and  Tait,  p.  188. 

VOL.  xxn. — NO.  427.  2  a 
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is  equal  to  the  multiplicity  of  g)  ;*  and  I  shall  show  that  this  pro- 
perty is  characteristic  likewise  of  real  skew  symmetric  and  of  real 
orthogonal  matrices.  I  shall  also  show  by  this  means  that  the 
latent  roots  of  a  real  skew  symmetric  matrix  that  are  other  than 
zero  are  purely  imaginary. 

Consider  the  two  sets  of  variables  (a^,  aj,,  ...  «,)  and  (y^,  y,,  ...  yj, 
which  may  be  regarded  as  the  co-ordinates  of  points  in  M-way  space, 
and  let 

y,  =  a,iaJi-fa^aj,4-...4-aj.aj., 


y.  =  a.iaji  4-ajaj,4- ...  4-a^a?. ; 

these    ut    equations    may    be    written    in    Cayley's     **  abhreviated 
notation  ''as 

(Vv  Vv  ...  y.)  =  (  <hi     <ht  •••  «!-  ][«ii  i»si  —  «-),t 


•  ••  •••  •••  ••• 


<*«1        <*«3    ...     <2— 


*  The  matrix  ^—g  is  obtained  from  ^  by  sabtracting  g  from  all  the  constituents 
in  the  principal  diagonal  of  4>.  The  terms  vacuity  and  nullity  are  Sylveeter's 
{American  Jour,  of  Math.,  Vol.  vi.).     If  4>  is  the  matrix, 


«-i    ««J 


and,  if  all  the  minors  of  this  matrix  of  order  «- 1  +  1  vanish,  but  not  all  the  minors 
of  order  «- »,  its  nullity  is  of  order  t ;  if  »  =  1,  ^  is  said  to  have  simple  nnllity. 
The  t«rm  vacuity  has  reference  to  the  number  of  roots  equal  to  aero  of  the 
equation  in  g, 

«ii — g    flia        •••  <*!• 


a. 


21 


«-i 


a^—g  ...  '»2. 


«2. 


-9 


=  0. 


If  i  roots  of  this  equation  are  zero,  the  vacuity  of  ♦  is  ♦;  if  i  =  1,  ^  is  said  to  be 
simply  vacuous.  The  roots  of  this  equation  are  termed  by  Sylvester  latent  rooU 
of  0  If  the  vacuity  of  <p  is  i,  the  sum  of  all  the  prmcipal  r^  minors  of  ^  is  aero, 
for  r  =  0,  1 ,  2,  ... »- 1,  but  the  sum  of  the  principalJJMMOTi M  not  aero  ;  there- 
fore  the  nullity  of  <p  cannot  exceed  ito  vacuity. .^^^f^^^HL  ^  i  ^^^^9^^^ 
severally  equal  to  the  several  latent  roots  of  ^  let|(r  ^^tuple  latent  root 

of  4),  the  vacuity  of  ^p—g  is  m. 

t  «*  Memoir  on  the  Theory  of  Mafcricea,"  ^hil 


le  prmcipal  r*"  minoi 

icipal    *tb  mimw  la  « 
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or,  if  0  denote  the  above  square  array  or  matrix,  as 


If  we  put 


where  g  is  not  a  general  symbol  of  operation,  but  a  scalar  considered 
€ts  involving  the  matrix  unity — i.e.,  if 

for  r  =  1,  2,  ...  Ill — the  condition  necessary  and  sufficient  that  this 
system  of  o)  scalar  equations  shall  have  a  solution  other  than  all  the 
x*s  equal  to  zero  is 


<h\^g     <ht 


Ol. 


a 


n 


a.i 


a^-g  ...   Oj. 


•  •  •  •  •  • 


a^ 


..  o.^— gf 


=  0. 


Following  Sylvester,  the  roots   of   this  equation  will  be  termed 
latent  roots  of  0 ;  and  the  set  (a^,  aj,,  ...  a?,),  for  which 

(0][a^,  «,,  ...  a;.)  =  {g'^x^,  ir„  ...  ar.), 

will  be  termed  an  (txial  set  to  ^  corresponding  to  the  latent  root  g, 

% 

A  latent  root  of  ^  and  its  corresponding  axial  set  may  be  imaginary. 
Separating  the  real  and  imaginary  parts  of  each,  we  have 


(^i^+yi^- 1»  ajj|-fy,\/-l,  ...  aj.-fy.\/— 1) 

=  (gf-f  AvZ-lJajj-f y,-/-!,  a!,4-y,\/^,  ...  a;.+y.\/— 1), 


where  g  and  j^  and  the  a;*s  and  y's  are  real.  If  0  is  real,  equating 
separately  the  real  and  imaginary  parts  of  the  of  scalar  equations 
represented  above  in  Cayley's  matrical  notation,  there  result  2(i)  equa- 
tions which  are  represented  in  the  matrical  notation  by 

(0  Jan,  aj„  ...  «.)  =  (gxy-hy^y  gx^-hy^,  ...  gx.—hyj)  ) 

>    ...  (A); 

2  Q  2 
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wtence  follows 


1^  (xi—yiy/ —  h  a*,— y,y^,  ...  ^.-y,-/--!) 


=  (fl'a'i-%-/iaji  +  ^t/i\/-l,  gx^—hy^—hx^-\-gy^^/  —  I,  ... 


...  gx^—hy^—hx^-k-gy^^—l) 

=  (s^—Av^^JiBi— yiv^—l,  iCj--y,v^— 1,  ...  x^—y.y/^^). 

It  is  convenient  to  regard  two  sets  (fj,  ij,  ...  £J   and  (j|i,  j|,,  ...  ly.) 
as  susceptible  of  addition,  so  that 

(fi,  4,,  ...  OH-(*Ii>  »?»»  •••  1.)  =  (^+Vu  ^+Vit  ...  4.4-v.); 
the  matrix  ^  mnst  then  be  a  distribntive  operator,  thus 

The  conception  of  two  sets  aa  susceptible  of  addition  is  virtnallj 
involved  in  regarding  matrices  as  susceptible  of  addition.  The 
geometrical  interpretation  of  the  sum  of  two  sets  is  obTious. 
Adopting  this  convention,  equations  (A)  become 

(?][«i,  «•«....  a?.)  =  (g'S.^y  a*i,  ••.  «-)-(A][yi,  yi. ...  y.), 

and  so,  as  before, 


=  (0][«i»  ar„  ...  ».)-(v^~l$0][yi,  y„  ...  y.) 


=  (5^-Ay-15(a?i,  a-,,  ...  a?.)-(y^][yj,  y„  ...  yj] 

=  (gf~j^y-l][a?,-yjv/-l,  a^-y^^-l,  ...  aj.—y^v/^). 

Therefore,  if  any  imaginary  set  is  axial  to  a  real  matrix  0  and  corre- 
sponds to  the  latent  root  g-^-hv  —1,  its  conjugate  imaginary  set  is 
axial  to  0  and  corresponds  to  the  conjogate  imaginary  latent  root 

g-h./^. 

Two  sets  of  variables  (Xj,  Xj,  ...  X.)  and  (y^,  y,,  ...  y,)  may  be 
regarded  as  susceptible  of  multiplication  together.  What  may  be 
termed  the  inner  or  scalar  product  may  be  denoted  by  placing  the 
two  sets  in  juxtaponiUon,  and  is  defined  as  follows: 


(Xi,  X^:F^    ^■fci ...  y.)^[MK'-^iyj+ ...  -f  x.i 
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The  order  of  maltiplication  is,  of  course,  indifferent.     If 

(Zj,  X„  ...  X.)  =  (^][a!i,  a^j,  ...  x„), 

then  (Xi,  Xj,  ...  X.Jyi,  y„  ...  y.) 

=  (^Ja-i,  a-o,  ...  a-.Jyi,  y„  ...  y.) 

=  Xair^r .  yi 4-2ra:triPr  •  !/i  + ...  H-S^a.^a-y .  y.. 

If  0  denote  the  converge  or  transverse  of  ^ — i.e.,  the  matrix  obtained 
by  interchanging  the  rows  and  colamns  of  ^ — it  is  obvious  that 

§  2.  Latent  Boots  of.  a  Beal  Skew  Symmetric  Matrix. 

It  may  now,  by  means  of  the  last  equation,  be  very  simply  proved 
that  any  n  on -zero  latent  root  of  a  real  skew  symmetric  matrix  is 
purely  imaginary.     By  definition,  if  ^  is  a  skew  symmetric  matrix, 

0  =  —  ^, 

».e.,   if  {<f)rt  denote   the   constituent   of   0    in  the    r^  row    and  »*^ 
column,  since  by  definition 

therefore  (0)„  =  {if)„  =  —  (0)„. 


If  the  set  («i+yiv^— 1,  aj,4-y,\/— 1,  ...  «.4-y.v/— 1)  is  axial  to  0  and 
corresponds  to  the  latent  root  ^-|-^v/— 1,  then 

^t— ys^— 1»  •••  «-— y-v/— 1) 
=     (^  J«i— yjV^^,  aj,-y,v/^,  ...  a.-y.v/— l][ar,-f  y^v/-!, 


=  -(^Jai-yi^^'^,a?i-yjV^^,  ...  iP.-y.v/^][«i  +  yi^--l» 


=  -(gr-/iy:Zl)(2^4H.S^y»). 


«i+y»^— 1»  •••  «-H-y-^— 1) 


*  See  Cayley,   "Memoir  on   the   Automorphic    Linear  Transformation   of  a 
Bipartite  Qnadric  Function  "  (Collected  Faperif^o.  163). 

Ib  Gayley's  notation  for  the  bipartite  quadric  function  X-liartXtf/r' 


454    )Ir.  H.  Taber  oii\  ^rertain  Prrypertygi  of  Sfwvnatrie^   [June  11* 

le  cannot  h:»pfpeii  that  X-rt-i-Xyr  ^  *^' 

for  the  eqTiatioTM  for  the  fietermioatioB  of  aa  axuJ  set  hs^e  m  aofaitiom 
for  each  latent  root :  thenrfore  g  =  0.  and  ererj  latent  tooC  of  ^  is  of 
the  form  Av^— L* 

§3.  .466r-?rvx/«/i  SotatUm  tor  S^ti  of  Vctriablem^ 

What  precedes  maj  be  written  in  a  mnch  more  compact  iiotetioa 
hj  employing  a  single  snrmbol  as  an  abbreTiation  far  m  set  of  « 
Tariable».  Thus  for  the  two  sets  (z^,  z^  ...  jr.)  and  (^^^  y^  ...  y.},  we 
maj  write  ^  and  or,  respectiTelj :  and  for  the  set  (o^x^.  ^^  ...  '•)•  ^w 
maj  aie  the  more  compact  form  (f  $p)  or  ^.  If  the  z*s  and  the  y*t 
are  the  co-ordinates  of  two  points  in  *^waT  space,  ^  aad  o^  respee- 
tirely,  maj  be  regarded  as  representing  the  Tectors  from  tlie  origin 
to  the  points  whose  co-ordinates  are  severallj  the  x*8  and  y*8  ;  ^'h«' 
will  then  represent  the  geometric  snm  of  the  rectors  p  and  <r.      If 

the  co-ordinates  of  the  point  at  the  extremity  of  the  reetor  w  will,  of 
course,  be  Jfi  +  yj,  'j+y»»  Ac.  If  mp  and  ao-  are  scalar  multiples  of 
the  v'ectors  p  and  er,  we  hare 

i^,^  ^  is  a  linear  function,  distribntire  orer  a  snm  of  vectors. 

The  scalar  or  inner  prodact  of  two  sets  p  and  <r  maj  be  denoted  aa 
before  bj  (p^<T)^  bnt  the  notation  Spa-  has  among  other  mdTmntages 
that  of  suggesting  that  the  product  considered  is  a  scalar.     We  hmrm 

fiip<r  =  ar,y,-Ha',yj+...+ar.y.  =  Sap. 

In  considering  the  scalar  product  of  two  sets  or  rectors,  it  is  ccm- 
Tcnient  to  regard  the  co-ordinate  system  as  a  rectangular  unit  system^ 
when  the  condition  ^      _  ^ 

signifies  that  the  vectors  p  and  <r  are  normal. 

As  an  abbreviated  notation  for  the  bipartite  quadric 


thare  i» slwsyf  s tal*"         mirtiidi u a 
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we  have  (^Jp]!*'')   or   S  {<P<t)  p  =^  8oip<r  \ 

and,  as  before,  Sp^pa-  =  Sa-f^p. 

The  demonstration  of  the  theorem  that  the  latent  roots  of  a  real 

skew  symmetric  matrix  are  of  the  form  h  v—l  may  now  be  exhibited 
in  the  more  compact  notation.     But  first,  if  0  is  real,  and  if 

then  <Pp  =  gp—ho', 

<P<r  =  hp-\-ga'y 
and,  consequently, 

^  (/>— <rv^— 1)  =  ^—  v^^^o-  =  {g—hy/^^)(p-'<r\/-l). 

Whence,  if  ip  zrz  —  ^^ 

iherefore    (iy+A\/^)iS0)'+O 


=      iSO>--<ry--l)0(p  +  <rv/-l) 

I.e.,  ^S(p*+0  =  0. 

In  what  follows,  I  shall  employ  the  abbreviated  notation  for  sets  of 
quantities. 

The  abbreviated  notation  may,  however,  be  regarded  from  another 
point  of  view,  viz.,  the  symbols  p  and  <r  n>ay  be  regarded,  not  as 
mere  abbreviations  for  sets,  but  explicitly  as  multiple  quantities. 
Thus,  let  C},  c,,  ...  c.  be  (If  non-scalar  units  whose  multiplication  table 
is  given  by  the  laws 

for  T^8^    and    «,  =  —  1 ; 

such  a  system  of  multiple  quantities  has  been  considered  by  Clifford, 
who  terms  an  algebra  linear  in  these  units  and  their  products  a 
geometric  algebra  ;*  Clifford,  has  shown  that  the  units  c^,  i,,  &o.  may 
be  geometrically  interpreted  as  constituting  a  normal  system  of  unit 

*  **  Applications  of  Ghnasmann's  Extensive  Algebra,"  *'  On  the  Glaaaification  of 
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vectors  in  n^waj  fiat  space.     If,  then,  the  z*8  of  the  set  of 

(^Pj,  x^  ...  jr.)  are  regarded  as  the  oo-ordinatefl  of  a  point  referred  to  a 

rectangular  unit  system  in  *^waj  flat  spac8y  we  maj  inrrite 

4  =  (1,  0,  ...  0),     4  =  (0,  1,  ...  0),  ...  t.  =  (0,  O,  ...  1), 

and  then         p  =  (ar„  x^  ...  jr.)  =  arjCj-f  j:jI,+  ...  +ap.«.. 

The  sjmhol  8  must  now  be  regarded  as  a  selectire  symbol,  as  ia 
quaternions  selecting  the  scalar  part  of  the  product  of  two  or  mm 
vectors  (t.€.,  expressions  linear  in  the  c^,  4,  kc.) ;  and,  evidently  then, 

-p'  =  -  Sp»  =  Jrj+«J+. ..+«!, 

and  if  <r  =  yi«i+y,H+ ...  +  Jf-«. , 

—fi^o- =  iPiy,  +  ar,y,+  ... +a5.y.  =  —  Sop.* 

If  now  f  is  employed  to  denote  a  linear  yeetor  opeimtor,.  wliow 
matrical  array  as  an  operator  upon  the  c's  is 

(  Oil     o^   ...   Oi.  ), 


...    ... 


a.1     0.3  ...  a.. 


then  ♦P  =  ^  (*i«i+«i«j+  —  +«-0 

=  (^5«i,  «!,  ...  X.)  ; 

and  it  is  easy  to  see  that 

— 5p^  =  (^Jyi,  y„  ...  y.Jaq,  «i,  ...  O  =  —  Sufp. 

It  is,  however,  to  be  observed  that,  if  any  other  system  of  ^«,«,^„ 
independent  vectors,  not  constituting  a  unit  normal  syBtem,  had 
l>een  chosen,  instead  of  the  t's,  in  terms  of  which  other  vectors  wer« 


•  The  iqiiaret  of  the  imits  ly,  is>  *c.  may  equally  well  be  pot  equal  to    ^  1,  m 
which  CM  ^«+2r4.     ^«+2rr,yr, 

as  i«  the  cMe  when  p  and  •■  are  regarded  as  mere  abbreviations  for  sets. 


\ 
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to  be  represented,  and  if  the  above  array  defined  0  as  an  operator 
npon  this  set  of  vectors,  then  we  should  not  have 

This  is  equivalent  to  stating  that  the  transverse  of  the  matrical  array 
of  ^  does  not  represent  the  conjugate  linear  vector  operator  to  ^, 
unless  the  matrical  array  defining  ^  represents  its  effect  upon  a 
normal  unit  system. 

§  4.  Properties  of  a  Real  Symmetric  Matrix, 

Let  ^  be  an  m- tuple  latent  root  of  the  real  symmetric  matrix  0,  and 
suppose  that  the  nullity  of  ^^g  is  less  than  its  vacuity  (which  is 
equal  to  m  the  multiplicity  of  g\  thus  let  the  nullity  of  ^— gr  be 
m! <m.  There  will  then  be  just  m'  linearly  independent  vectors 
annulled  by  ^—g  (i.e.,  axial  to  9),  and  at  least  one  vector  annulled 
by  (^— ^)',  but  not  by  ^—g  ;*  let  the  former  be  denoted  by 
Pii  Psi  •••  9mfi  c^d  the  latter  by  a.     Then 

(9-^)pi  =  (9-^)ps  =•..=  {<^'-g)pm'  =  0, 

the  ^'s  not  being  all  zero.  Since  any  expression  linear  in  the  p's  is 
also  axial  to  9,  these  may  obviously  be  so  taken  that 

in  which  case 

Spl=  %  (♦-^)<r  =  Sir  (9-^)  Pit  =  So-  {<^-g)pr  =  0, 
and  consequently  p,  is  an  imaginary  vector.     If 

Pj  =  J-hi,v/^, 
where  {  and  11  are  real,  since  9  and  g  are  real. 


gives  9£  =  gl,    <^ri  =  ^17, 

therefore  (^  -  g)  (£— ly  \/^)  =  0 ; 


*  A.  Bndhheim,  Proc,  Land.  Math,  Soe,,  xvi.,  p.  75  ;  also  H.  Taber,  Amer,  Jour. 
4>fMaih,^  Vol.  XII.,  p.  363. 

t  The  transverse  of  the  sum  of  two  matrices  is  equal  to  the  sum  of  their  trans- 
verses  I  a  scalar  is,  of  course,  a  self-tiansverse  matrix ;  therefore 

(9~y)  =*  9-^. 


•ftOi^  Kr.  H.  Tmber  am  ariai^  Pro^'ewiU*  ^  Symmamit  it,   [Jnae  11, 


^  >^  ^-—j.\^ — »*  —1 

=  :sr  f— J'i— »v  — 1/ 

Tr"tii!ii  5*  :zip:«sEb!?-  «:=:•>?  ^iien  £  =  v-  f  =0.  and  cozL9eqm«Btlx  ft  =  '?. 
T*Kr«ff  .-7<f  n'  cacr.:^  be  les^  ccan  n.  ftzid  io  tae  latmitj"  of  f  ^; 
OL-TT-m  TX?c«d  h»  nnU.izT :  {.«^  if  ^jj,  Twswtr  =  ±.  chen  BvJlrrr  =  2: 

Iz  f(?u<7V9  frozzL  wkat  k&;»  fast  hs^n  proTed  YkftS.  if  tKe  ^irt"***^ 
jKsec;  r^HTCs  of  •  are  /^  an  n-osple  IftfimLis  moc«  ^  sa  »-tKple  bitait 
r.'cc.  ^c^  S::^T  j^  a  f-TxipIe  laeeuc  tcmtc.  iben.  there  mrm  wm  Imeftilj 
iaiepifodesc  recccfs  t.  «».  ...  »,.  vharh  mastf  the  equwkion 


*  ^Pr*:t  Cxrjsj  TCoucis  ^us  a  *-'  smpui  sucsnst  r<]£  ibm  Hhmarmml  m^  if  tiw  icd 
fmnDtfCRc  oittScLX 

'uki  rm]  jiSeaz  r.vc»  aich  *  -i.    ;iad  th.«?r^!^7n  a  ^vacmfij  »  2.  fton  it  lias  *i«ft  a 
^ixIliuT  »  i  'vhich  auj  !h>  mmv^  ^  5.*iLaw«".  tts^  ^hii*  com&ioDa  for  a  w^nitf 

^Shfii.  if  X  -  J.     -I  ^  5  ^  .*  -  a. 

4    -   t   «    •  -   V  .    .•  ^    f  ,   I, 
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and  may  be  taken  all  real ;  in  addition,  n  real  linearly  independent 
vectors  Ci,  <r„  ...  <r„,  which  are  annulled  by  ^— gr,,  Ac. ;  finally,  p  real 
linearly  independent  vectors  r^,  r,,  ...  r^  which  are  annulled  by  ^— ^<. 
Since  any  expression  S^rPr  linear  in  the  p*a  is  also  annulled  by  ^— ^i, 
it  is  obvious  that  the  p's  may  be  so  chosen  as  to  constitute  a  real 
normal  system  of  unit  vectors,  and  likewise  with  respect  to  the 
o-'s,  &c.  In  regard  to  any  two  vectors  axial  to  ^,  and  corresponding 
to  different  latent  roots,  it  is  easily  shown  that  they  are  normal ; 
thus 


••&.i 


SpiO-i  =  0. 


—  n« 


Therefore  the  system  of  vectors  comprising  the  p*s,  the  o-'s,  &c,  may 
be  regarded  as  constituting  a  real  normal  system  of  unit  vectors ; 
and,  as  this  system  consists  of 

w+n+...-fp  =  a»  vectors, 

any  vector  in  the  w-way  space  may  be  expressed  linearly  in  terms  of 
them. 

Let  the  a»  vectors 

i,  =  (1,  0,  ...  0),    c,  =  (0,  1, ...  0),  ...  I.  =  (0,  0,  ...  1) 

constitute  a  normal  system  of  unit  vectors ;  if  ^  is,  as  before,  the 
matrix 

(  Gil      Oj,    ...    tti.   ), 

a„     Oa  ...  aj. 


'  •       •  •  fl 


then  0ii  =  (flu,  a„,  ...  a.i)  =  a„«i4-a,i«,+  ...4-a.ii., 

•  ■  •  •  • 

0c,  =:  (a„.  On,  ...  a^)  =  ai,ii4-fl4,i,-|-...-|-a^i., 
^. 
Whence,  if 


*  Compare  Tait,  Elenuntt  of  Quaternions,  Chap,  v.,  Art.  363. 
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Let  3  =  v—p, 

and  sappose  that 

p,  =  «(„     p,  =  w<„   ...  p,  a  «<_, 
or,  expressed  in  a  more  compact  form, 

(Pu  Pi.  ■■■  P-)  =  (w5'i.  •).  —  '-)  ; 
Bappose  also  that 

(o-„  <r„  ...  <r.)  =  (wji„*i,  !■+!,  ...  i„tj, 
«c., 
(r„  T„  ...  T.)  =  (wj*,^,,  <,„,  ...  1,.,). 

Let  [r,  s]  denote  the  matrix  whose  oonetitnent  in  the  r*^  toi 
j*^  oolamn  ia  miitf,  and  of  which  all  the  other  constitaenb 
zero ;  and  let 

e  =  f  1?.  [r.  r]+ X  17.  [r,  r]  + ...  +'Xgi  [r,  r]. 

Moreover,  let  it  be  supposed  that 

CSPi.  Pi.  —  f-  <^i.  "'i.  ■■•  <^"'  —  »"■'  ""r  -•  »■,) 
=  (ffiPi.  HtPf  —  ffiP-.  ?)<^i.  ?i<^i.  -•  fft""  -•  ff'*"!'  ffi*"..  —  fftr, 
=  (*5Pi.  Pi.  —  Pm'  "i.  •'I.  —  <^-.  ■■■  n.  '■j.  -.  ',)  i 
it  is  then  easy  to  see  that 

(ejwj..,       4,       ...  ..)      =  (92p.,  p„  ...  p.) 
=  (*5Pi.  Pi.  -  P-) 

=  (*5"'2'i.    "1.    ■•■'-), 
=  (♦5-5w>. '-«. ... .-.,). 

Ac.  ^-> 

(85-j.,.„  .,.„  ...  O    =  <»1['„  ' ,) 

=  M-„^.  ...T,) 
=  M»£'..i.  ■..■■-■.  ■.), 
t.O  =^|^^<i 
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Therefore  flw  =  (pvr ; 

but,  since  the  p's,  cr's,  <fee.  are  linearly  independent,  the  determinant 
of  o  is  not  null ;  therefore 

Moreover,  if  p  =  2r«r«r  and   a  =  Sryr'n 

SpV  =  i8^  (SraJrOCSr^r'r) 

m  ft  m  n 

=  ^  (X«rPr+2r«w*rO-r+  •  •  •  )  (Sr^rPr  +  Sryw+rO^rH-  ...) 
11  11 

=   8  (2r«r«*r)(2ryrtSrv) 

=  Septra" 
=  Spirnrar 

for  all  valaes  of  p,  therefore    <r  =  wwo- 

for  all  values  of  <r,  i.e.,  vtr  =  1. 

Consequently,  for  any  symmetric  matrix  ^  it  is  always  possible  to 
find  a  real  orthogonal  matrix  tir,  such  that 

2,  <?J"  [r,  r]  + ...  +  X 

and  if  if/  =  vr  rj  tr, 

then  ^//  is  a  /***»  root  of  ^,  i.e.,  ^  =  ^. 

Therefore  a  symmetric  matrix  has  always  a  /ith  root  that  is  also 
a  symmetric  matrix.  When  two  or  more  latent  roots  of  ^  are  equal, 
there  exist  other  /xth  roots  of  <f>,  which  are  not  representable  as 
above ;  these  |i*^  roots  are  not,  in  general,  symmetric  matrices.  Of 
the  fi^^  roots  of  ^  representable  as  above,  certain  are  given  by 
Sylvester's  formula  (Johns  Hopkins  Univ.  Circs.,  Vol.  in.,  p.  34), 
viz.,  those  for  which  for  every  latent  root  the  same  value  of  its  fi^^ 
root  is  taken  throughout  in  the  summation.  With  respect  to  any 
function  of  <f)  representable  by  Sylvester's  formula,  it  is,  of  course, 
also  a  symmetric  matrix.  If  the  latent  roots  of  ^  are  all  distinct, 
the  only  fi^  roots  of  ^  are  those  given  by  Sylvester's  formula,  and 
therefore  they  are  all  symmetric  matrices. 


If  ,  =  S,?;"  [r,  r]  +  2,  </!"  [r,  r]  + ...  +  X gf  [r,  r], 
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§  6.  Froperti-es  of  a  Real  Skew  Symmetric  Matrix, 

Let  ^  be  a  real  skew  symmetric  matrix  of  which,  gy/ — 1  is  tn 
m- tuple  latent  root;  suppose  that  the  nullity  of  f — gr\/ — 1  is  less 
than  its  vacuity  m,  thus  let  the  nullity  of  ^— gr  V^  1  be  rn<  tn.  There 
will  then  be  just  m'  linearly  independent  vectors,  Pu  p»  •••  Pit^ 
aunulled  by  ^— gfv—l,  and  at  least  one  vector  <r  such  that  the  linear 
vector  function  ^o-  is  expressible  linearly  in  terms  of  the  p's  ;*  and 
these  may  be  so  chosen  that 


If  g  ^0,  since  0  and  g   are  real,  each  of  the  axial  Tectors   p    is 
imaginary  ;    if  ^  =  0,  then 

8p\  =  5pi0<r  =  8<Pppi  =  —  i8f<r^  =  0 ; 
consequently,  in  either  case  pi  is  imaginary. 


Let  Pj  =£-|-jy\/— 1, 


where  J  and  ri  are  real ;  if  gr  ^  0,  then  4--j|\/— 1  is  an  axial  vector  to 
0  corresponding  to  the  latent  root  —gf  \/— 1 ;  if  ^  =  0,  then,  nnoe 


therefore  ^£  =  0,     <pri  =  0  ; 


hence  it  follows  that  0(£— i;v^— 1)=  0. 


Therefore         8  {PW)  =  S  (4-,,x/-l)(i-f.,,y-l) 


=  5.(£-i;y-l)(^-^>/iri)<r 
=  iS.cr(;-^v/IT)(£-»/V^^) 

=  0, 

wliich  is  impossible,  since  then  £  =  0,  i?  =  0,  and  consequently  p.  =  0. 
Whence  it  follows  that  m=-7u^  and  therefore  for  any  latent  ix>ot 
g\^  —  \  of  ^,  the  nullity  of  0— f/V^— 1  is  equal  to  its  vacuity. 


*  See  footnote  *.  p.  457. 
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The  axial  vectors  of  a  real  skew  symmetric  matrix  that  correspond 
to  a  non-zero  latent  root  all  satisfy  the  equation 

and  so  may  be  termed  circular  rays,  or  rays  to  the  absolate,  i.e., 
vectors  from  the  origin  to  the  imaginary  (w— l)-way  spherical  spread 
at  infinity.     Thus,  for  the  axial  vector 


corresponding  to  the  non-zero  latent  root  g^/ — 1, 

-2g^/^8(i  +  vy/^y=-8(l'hfiy/^)(q>+gy/'^)(i  +  fl'y^) 

=       iS(£-h1y^/^)(^-(7^/:IT)a-|.„^/3l) 
=  0. 

Ifpi  is  axial  to  <p  and  corresponds  to  the  latent  root  ^^v^— 1,  and  if 
Ps  is  axial  to  ^  and  corresponds  to  g^^Z  —  l,  then 


Therefore  an  axial  vector  of  a  real  skew  symmetric  matrix  corre- 
sponding to  one  latent  root  is  normal  to  the  axial  vector  corresponding 
to  any  other  latent  root  not  the  conjugate  imaginary  of  the  first. 

By  what  has  been  shown  above,  it  follows  that,  if  the  distinct 
latent  roots  of  ^  are  ^jV  —  1,  an  m-tnple  latent  root,  gf,\/— 1  an 
n-taple  latent  root,  &c.,  then  there  are  m  linearly  independent  vectors 
Pi,  p„  ...  p„,  annulled  by  ^— ^iv/— 1,  n  linearly  independent  vectors 
(r„  o"„  ...  oTni  annulled  by  ^— ^,\/--l,  <fec.  It  cannot  happen  that  the 
p's,  the  cr's,  &c,  are  linearly  "related  ;  for  suppose 

(»iPiH-aj2Pj+...4-a5«p„)-t-(yi(rj  +  y,cr,+  ...H-y„<r»)-f  Ac.  =  0, 

operating  upon  the  left-hand  member  of  this  eqaation  by  the  product 

of  <p  less  each  of  its  latent  roots  except  g^v—l,  all  the  terms  in  this 
sum  of  vector  will  be  annulled  except  the  first  m,  and  these  will  all 

be  multiplied  by  the  product  of  gfiv/— 1  less  each  of  the  other  latent 
roots  of  0 ;  consequently, 

OiPi+iCjps-f ... -|-aj«p«  =  0, 
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therefore  Xi  =  jr,  =,.,=  a;^  =  0. 

In  the  same  way  it  may  be  shown  that  tbe  y's  are  all  zero,  i& 
Following  a  method  similar  to  that  of  §  4,  it  may  nonv  be  shown 
that,  if 

^  =  9i  ^^  X  [r,  r]  H-^,-/^   S,"  [r,  r]  4-  4o., 

a  matrix  tr  can  always  be  foand  such  that 

=  «-*  dvr. 


Whence,  as  before,  it  follows  that  a  real  skew  synunetrio  matrix  has 
always  a  fA^  root.     Thos,  if 

I,  =  X^gl'^Xlr,  r']  +  \,gyXlr,  r]  +  Ao., 

1  Ml-*-! 


where  XJ  =r  XJ  =...  =  V'—T, 

and  if  \/»  =  tB'~^i7tir, 

then  ^//*  =  ♦. 

Of  the  fjL^^  roots  of  ^  representable  as  above  certain  are  g^ven  by 

Sylvester's  formula. 

§  6.  Nullity  of  <^—g,  when  ^^  =  1,  and  g  is  a  muUipls  latent  root  nf  f. 

If  ^  is  a  real  orthogonal  matrix  of  which  —  1  is  not  a  latent  root, 

we  may  put 

0+1 

Therefore 


Y  =  .-^  (0-1)  =-T^ (0-^-1)=, 47(1-*)  =S 
9-1-1  0     +1  I-I-0  1+0' 

The  first  equation  gives 

^  =  (1-Y)-»(1+Y)* 

Suppose  that  7  is  an  7n-tuple  latent  root  of  0,  but  that  the  nullity  of 
9  is  7/z'<  VI.      There  will   then  be   m   linearly    independent  vectors 


Cayley,  Phil.  Tratm.,  18;)8. 
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Pi,  Pi,  ...  pm>  annnlled  by  ^ — ^,  and  at  least  one  vector  o-,  for  wbich,  if 
tbe  p's  are  properly  chosen, 

Whence  it  follows  that 

(1-Y)->(1+Y)p,=  0p,  =  (7p„ 

I.C.,  (1+Y)pi  =  (7(l-Y)pj, 

therefore  Yp,  =  ^^"^    p, ; 

fl^  +  1 

likewise  (1-Y)-'  (1+Y)  o-  =  ^o-  =  gfc+p,, 

therefore  Ycr  =  ^^^  0-+  ^       .,, Pj. 

The  vector  pi  is  axial  to  the  real  skew  symmetric  matrix  Y,  and  con- 
sequently is  imaginary,  unless 

which  is  contrary  to  supposition.     Let 


Pi  =  {+i,v/-l, 
(  and  17  being  real ;  corresponding  to  the  latent  root 

l+flT  g+l 

(the  conjugate   imaginary  to   ■^""    )   is  then  the  axial  vector  to  Y 
^  5^  +  1/ 

conjugate  to  pi,  viz.,  {— iiV^  — 1.     Whence 

i^^'^'^"'^  =^,s(«-,y3i)(H,v^-i) 

=  S(£_,y-i)(Y-2=i)<r 


=  5.(r-.J=l)(«-,y-i) 


=  0, 
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« 

which  is  impossible,  since  then  f  =  0,  i?  =  0,  and  so  p^  =  0,  and  there- 
fore m=^  m. 

If  the  distinct  latent  roots  of  ^  are  gi,  an  771-tnple  latent  root,  g^  an 
n-tuple  latent  root,  Ac,  and  if 


I 


m  Ml  -f  II 


^  =  9iX  [r,  r]  -f  ^,  5^  [r,  r]  +  &c., 

1  Wl-t-l 

it  follows,  from  the  theorem  just  proved,  that  a  matrix  tsr  can  always 
be  found  such  that 

Whence,  if  »?  =  (/]'-  \  [r,  r]  +  g'''^  X  [r,  r]  +  &c., 

1  »M+1 

and  if  i/^  =  tir"Sw. 

therefore  i/^  =  0. 

If  —  1  is  a  latent  root  of  0,  but  none  of  the  latent  roots  of  9  are 
equal  to  unity,  we  may  put 

and  proceed  as  before. 

It  is  very  readily  shown,  as  in  the  last  section,  that  all  axial  vectors 
except  those  corresponding  to  the  latent  roots  ±  1  are  circular  rays, 
and  that  an  axial  vector  corresponding  to  any  one  latent  root  is  normal 
to  the  axial  vector  corresponding  to  any  other  latent  root  not  the 
reciprocal  of  the  first.  Thus,  if  p^  and  p^  are  axial  vectors  to  ^, 
corresponding  respectively  to  gi  and  gfj,  then 

(</.-  ^)  Spl  =  Sp,  (^-  i-)  p,  =  S.p.  (^-  j-)  p. 

.  =s.Pir'{^-^)p,  =  o, 

and  ^gj j  Sp^,  =  Spi  U jpt=  S.pt  (^ j  p^ 

•7 1  if  I  .'1 

=  5.p,r'(l-^)p>  =  0 
^         9i 

^Postscript.     December  4:th,  1891. 

In  §  6,  it  was  shown  that,  if  9  is  a  real  orthogonal  matrix  which 
has  not  both  ±1  as  latent  roots,  then  for  a  multiple  latent  root  g  of 
0,  the  nullity  of  ^—gr  is  equal  to  its  vacuity.     This  theorem,  however, 
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is  trae  for  any  orthogonal  matrix.  A  demonsti^ation  will  be  given 
below.  This  depends  npon  the  lemma,  which  I  shall  first  prove,  that 
the  modnlns  of  every  latent  root  of  a  real  orthogonal  matrix  0  is 
equal  to  nnitj.     Thns,  if  ^  is  a  latent  root  of  ^,  then 

Det.  (0-sr)  =  0, 
and  consequently,  by  the  law  of  multiplication  of  matrices, 

Det.  [l-hsr(^-^)-sr']  =  Det.  [(0-(7)(^+^)] 

=  Det.  (ip—g).  Det.  (^-{-g) 

=  0, 


i,e,,  Det. 


(*-^)-^— 1=0; 

9    J 


but  «— ^  is  a  real  skew  symmetric  matrix,  therefore  its  latent  root 

9 
is  either  zero  or  a  pure  imaginary,  i.e.,  gr,  if  real,  =  ±  1.     We  have, 

moreover, 

Det.  [l-gr(^  +  ^)  +  (7*]  =  Det.  [(^_^)(^^-^)] 

=  Det.  (0—,^)  .  Det.  (Jf-g) 
=  0, 

i>e.,  Det.  [  (^  4-  ^)  -  ^-^1  =  0  ; 

but  0  +  ^  is  a  real  symmetric  matrix  ;  therefore  its  latent  root  ^      > 

a'  4- 1  ^ 

is  real.     Putting  g  =  a-\-b  yZ—l,  and  *^ =  c,  where  a,  6,  c  are 

9 

real,  we  obtain,  from  the  last  equation, 

2ah  =  he ; 

therefore,  if  6  :^  0   (i.e.,  if  g  is  not  real),  a*-f6*  =  1.     Or,  in  other 

words,  from  the  first  condition  ^ =  c  v  —  1,  where  c  is  real,  we 

derive  the  equations  ^ 

2a6  =  c'a, 

i.e.,  the  modulus  of  g  is   unity,  or  a  =  0;  but  from  the  condition 

2  H  2 
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o'  +  l 

"         =  c,  as  was  shown,  it  follows  that  the  modulus  of  a  is  unity  or 

9 
(  =  0  ;  it  canDot  happen  that  both  a  and  h  are  zero,  as  ^  is  ortbogonal, 

therefore  the  modnlns  of  f  is  unity.* 

Let  now  g  be  an  m-tuple  latent  root  of  the  real  orthogonal  matrix 
^,  and  suppose  that  the  nullity  of  0  —  ^  is  less  than  its  vacuity  ;  thus, 
let  the  nullity  of  ^  — gf  be  m'<  m.  There  will  then  be  just  w'  linearly 
independent  vectors  Pi,  p^,  ...  p„>,  annulled  by  ^— ^,  and  at  least  one 
vector  0-,  for  which,  if  the  p's  are  properly  chosen, 

(^-g)  cr  =  pi. 

If  g  is  not  equal  to  itl,  ^  is  imaginary,  and  then,  since  ^  is  real,  the 
axial  vectors  p  are  imaginary ;  if  ^  =  ±  1,  then 

Sp\  =  Sp,  (<p^l)  a- 
z=S(t(^^1)P^ 

=  ^cr(^-»:T=l)p, 
=  Sa  (dtzl^l)  p, 
=  0; 
consequently  in  either  case  pj  is  imaginary. 


*  The  following  demonstration  of  this  theorem  follows  more  closely  the  g^eneral 
method  employed  in  this  paper.    If  p  is  an  axial  vector  to  ^,  corresponding  to  the 

latent  root  ff,  then  (since  ^  is  orthogonal  and  is  the  transverse  of  ^) 

Sp^  ^  S. p^^p  -  S,  ipp<f>p  =  g^Sffi ; 

therefore  either  ^  =  ±  1  or  p  is  imaginary.  Let  p  *=  £  +  i?V^  —  If  I  and  ij  beinff  real ; 
if  ^  is  imaginary,  let  r  be  its  modulus  and  6  its  argument,  then,  corre8pon£ng  to 
re-'y  the  conjugate  imaginary  of  ^  is  the  axial  vector  |— ijv— T ;  if  g  is  real,  then, 
since <p  is  real,  <p^  —  ^^,  tpri  =  ffri;  consequently,  in  either  case,  |— i|\/~i  ia  axial 
to  <p  and  corresponds  to  the  conjugate  imaginary  to  ff.    Whence  it  follows  that 

but  S  (4^  +  7;^  cannot  be  zero  unless  ^  =  0,  r;  =  0,  and  consequently  p  =  0,  which  is 
impossible ;  therefore  r'  =  1 . 
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Let  PjSs  {+j|v/— 1, 

where  {  and  17  are  real.  If  g  is  imaginary  and  equal  to  e^  ~\  then 
corresponding  to  its  conjugate  imaginaij  e'^*^^  is  the  axial  vector 
conjugate  to  Pj,  viz.,  {— lyV^— 1 ;  and  evidently  we  have 

Whence  SCf+n')  =  S  (f-ijv/^)({+iv/^) 

=  S.o-(^-"-y)«-.»v^) 
=  0. 

Likewise,  if  9  =  ±  1,  then,  since  ^  is  real, 
consequently  0  (4— •/v'— 1)  =±(|— ijv/— 1), 

Whence  8(e+t*)  =  S(i-.j'/^)({+ij'/'^) 

=  S.({-.jV^)(*Tl)cr 

=  i8.<r(^->=Fl)(£-iiv'^) 
=  0. 

But  if  8(P+vl')  =  0,  then  £  =  0,  i;  =  0,  and  oonseqnently  pi—0, 
which  is  impossible.     Therefore  m'  =  m,  i.e.,  the  nnllitj  of  f—g  i 
eqnal  to  its  vaonity.! 


[Jtme  11, 


A  Property  of  the  Circumdrde.    By  B.  Tcccu,  M.A. 

IBmd  Jm^  lid,    18«I.] 

Using  tbe  noUtion  of  my  paper,  "The  Trtp/Msfo-BoMo   Circle" 
(Qwir.  Jmt.,  Vol.  SO.,  No.  76),  «ix., 

*  =  a*+6*+c*,    A' =  aV+i'(^+c'a«, 

we  h»Te  (1.6.,  p.  347) 

JD  =  cy/A.     BO  =  ac'.X     CO  =  fca'/X  ; 

la  the  Ggon,  I  take 

DoA  =  OfiB  =  Oyc  =  «, 
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Then,  using  trilinear  coordinates,  we  have 

point  (a)      «6,     able,     0  \  aX', 

»»     (/3)       0>      <^f»     ^c^  I   niod.  6X', 
(y)     caA;,      0,      «.  J  cX', 


»> 


5> 


II 


)9 


where 


(a) 

«„      0,      caA; ' 

aX', 

(iSO 

ahh^    (i»„,      0 

-  mod.  6X', 

(y) 

0,       hck,     Wf, 

cX*, 

«.  =  6V-a*/ 

•«fc  =  cV— 6*,  - 

w,  =  a*6^     r* 

J 

Hence  P/3  =  ac'A:/X^     5a  =  cwJX' ; 

therefore      (a/3)»  =  c»  [  aVA;'  +  «J  -  Arc;,  ( A;  -  25^  ]  /  X*  =  c\ 

and  a/3  =  c. 

In  like  manner,  we  can  show 

a'/3'  =  c; 

hence  the  triangles  a/3y,  a'/l'y'  are  congruent  with  the  triangle  ABC. 
If  the  equation  to  the  circle  afiy  be 

ci/3y+. ..  +  ...  =  (aa+... +  ...)(2)a  4-9/5 +ry), 

we  have  abckui,  =  aX*  (pwfc+^a&A;),  &c., 

whence  p  =  khctita/X.*^ 

i.e.,  the  circle  is 

aj3y-f  ...4-...  =  (oa 4-.. .  +  ...)  k  [6cfcioa+... +  ...J/X*. 

It  is  readily  proved  that  a',  /3',  y',  are  on  this  circle ;    hence  the 
common  cirewmcircle  of  a/:^y,  a'/3'y'  is  equal  to  the  circumcircle  of  ABO. 

The  radical  axis  of  the  two  circles  is 

6c«aa+  ...  4- ...  =  0, 
t.e.,  the  line  through  the  Brocard  points. 

The  centre  of  the  circle  is  then  the  image  of  the  circumcentre  (0) 
of  ABG  in  Oir. 
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Since*  Cla  =  QA,  Qp  =  QB;  therefore  fclie  triangles  Oo^,  QAB  m 
congraent,  and  therefore 

hence  O  is  the  positive  Brocard  point  of  a/3y,  and 

Z  Aafi  =  2«  ; 
hence  /3'ay  =  ^— 2«  (=  QAQ'). 

If  now  O,  be  the  negative  Brocard  point  of  a/3y,  we  hav^e 

aQj  =  ^ly  =  fec'/X,     n^oA  =  3«— ^ ; 

hence  the  co-ordinates  of  Oj  are 

a*c  sin  (8w  -  B)/\,     Va  sin  (3«-  0)/X,     0*6  sin  (3«— ^)/X. 

Similarlj  1^,  O,  are  the  negative  and  positive  Brooard  points  of 
a'/3V' ;  hence  O^  is  given  by 

a^h  sin  (3w-  0)/A,     h'c  sin  (3«-^)/X,     c*a  sin  (Sut—B^/\. 

nn,,  O'O,  intersect  in  K,  and  OiOi  is  parallel  to  00\  and  other  resntti 
follow  from  the  symmetry  of  the  figure. 

We  have  afl  parallel  to  AB,  &o, ;  and  mid-point  of  afi  lies  on 
medinn  of  ABO  through  0,  &o. 

If  the  interaection  of  BQi,  CO,  be  joined  to  A,  then  this  and  the 
like  lines  from  B  and  0  meet  in 

a/sin  (3w-.4)  =  /3/sin  (3«-/?)  =  y/sin(3ai-(7)  ; 

and,  if  in  like  manner  we  join  A  (4o.)  to  the  intersection  of  BO,,  COi, 
(ilo.)t  these  lines  meet  in 

asin"  (3«-i4)/a»  =  /3  sin*  (3«-H)/6'  =  y  sin«  (3«-(7)/c». 
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D.  Bierens  de  Haan,'8T0  pamphlet;  Stockholm,  1891. 

**  Bulletins  de  l*Acad^mie  Royale  de  Belgique,**  5™^  S^rie,  Tomes  xviix.  (1S89), 
XIX.,  XX.  (1890),  and  xxi.  (1891). 

**  Annuaire  de  l'Acad6mie  Roy  ale  de  Belgique,*'  1890  and  1891. 

**  The  Journal  of  the  College  of  Science,  Imperial  University,  Japan/*  Vol.  nr., 
Part  1 ;  1891. 
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Many  of  the  figures  shown  by  Mr.  Perigal  (p.  172)  are  to  be  seen 
in  "  Graphic  Demonstrations  of  Geometric  Problems,"  seleoted  by 
Henry  Perigal,  F.R.A.S.,  issued  by  the  Association  for  the  Improve- 
ment of  Geometrical  Teaching  (1891).  See  also  article  by  the  same 
gentleman,  **  On  Geometric  Dissections  and  Transformations,"  in  the 
Messenger  of  Matheniatics,  No.  19,  1872. 

With  reference  to  Dr.  HilFs  paper  (p.  214)  attention  may  be  called 
to  a  paper  by  the  same  author,  communicated  to  the  Royal  Society, 
entitled  *'  On  the  Locus  of  Singular  Points  and  Lines  which  occnr  in 
connexion  with  the  Theory  of  the  Locus  of  Ultimate  Intersections  of 
a  System  of  Surfaces  **  (see  Abstract,  Vol.  L.,  of  Royal  Soctety^s 
Proceedings), 
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Professor  Cayley  has  sent  t|ie  following  Note  for  publication : — 

In  my  paper,  "  Note  on  the  Theory  of  the  Rational  Transformation 

between  Two  Planes,  and  on  Special  Systems  of  Points,"  Proc.  Lond. 

Math.  8oc.,  t.  III.  (1870),  pp.  196-198,  I  notice  a  difficulty  which 

presents  itself  in  the  theory.     The  transformation  is  given  by  the 

equations 

x':y:z=X:Y:Z, 

where  X,  Y,  Z  are  functions  (^Ja;,  y,  z)**,  such  that  X  =  0,  Y  =  0, 
Z  =  0  are  curves  in  the  first  plane  passing  through  a^  points  each 
once,  a,  points  each  twice  (that  is,  having  each  of  the  o^  points  for  a 
double  point),  a,  points  each  3  times,  and  so  on.  We  have  as  the 
condition  of  a  single  variable  point  of  intersection, 

aj-f  4a,-f  9ti,-f ...  =n*  — 1, 

and  as  the  condition  in  oi-der  that  each  of  the  curves  X  =  0,  7=0, 
Z=  0,  or  say  the  curve  aX-^-hY-k-cZ  =  0,  may  be  unicarsal, 

a,  +  3a8+...  =  i  (n-l)(n-2)  ; 

and  we  thence  deduce 

ai-|-3a,+6a,+  ...  =  ^n(n-f3)-2; 

viz.,  the  postulation  of  the  fixed  points  quoad  a  curve  of  the  order  n 
is  less  by  2  than  the  postulandum  (or,  as  I  prefer  to  call  it,  the 
capacity)  ^(n  +  3)  of  the  curve  of  the  order  n;  that  is,  there  are 
precisely  the  three  asy zygetic  curves  X  =  0,  Y  =  0,  Z  =  0.  This  is 
as  it  should  be,  assuming  that  the  (a„  o^,  a,  ...)  points  are  an  ordi- 
nary system  of  points :  but  what  if  they  form  a  special  system 
Jiaying  a  postulation  less  than  a|  +  3a,  +  6a, -{-,..?  If,  for  instance,  the 
postulation  is=ai-f  3a,H-6a,-h...— l,thenthi8wouldbe=^n(n  +  3)— 3, 
and  there  would  be  four  asy  zygetic  curves  X=0,  Y=0,  Z=0,  1^=0. 
I  believe  this  to  be  impossible,  but  the  only  proof  which  I  can  offer 
rests  upon  a  remark  in  regard  to  the  form  of  the  tables,  pp.  148-14f9, 
of  my  paper  "  On  the  Rational  Transformation  between  Two  Spaces," 
Proc.  Lond.  Math.  Soc.y  t.  ill.  (1870),  pp.  127-180.  I  recall  that  the 
Jacobian  curve  /(X,  Y,  Z)  =  0  consists  of  a(  lines,  a^  conies, 
as  cubics,  ...  <&c.,  each  passing  a  certain  number  of  times  through  the 
(oj,  a„  a, ...)  points,  and  that  the  number  of  times  of  passage  is 
shown  by  these  tables ;     thus,  p.  148,   n  =  5,  a,  =  8,  04  as  1 :    the 
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Jaoobi&D  ooDsUts  of  eight  lines  and  a  qoaiiic,  and  we  have  the  table 
(«i  =  8,  a;  =  l), 

«l  «1  «•         «4 


II 

II 

II 

II 

8       0 

0 

1 

a;=^s 

1 

1 

0^  =  0 

1 

i 

a;  =  o 

a;=i 

8 

'  V 

showing  that  the  qnartie  passes  through  the  eight  points  a,,  and 
through  the  point  04  three  times  (has  c^  for  a  triple  point).  Imagins 
a  new  function  W.  Then  in  like  manner  /(X,  Y,  W)  ^=  0  conaiBls  of 
eight  lines  and  a  qnartie,  and  this  qnartie  passes  through  the  eight 
points  a,  and  the  point  a^  three  times ;  that  is,  the  two  qnariics  inter- 
sect in  8+3 . 3,  =  17  points ;  and  thus  the  two  quartics  must  be  one 
and  the  same  carve  ;  this  implies  a  sjzjgy  between  X,  Y,  Z^  W^  vvi^ 
IT  is  a  mere  linear  function  of  X,  Y,  Z.  The  general  remark  la  that 
if  in  the  tables  m^  is  reckoned  as  inp',  then  in  the  table  for  the  several 
lines  (exclusive  of  those  for  which  the  outside  accented  letter  is  =  0, 
and  therefore  the  tabular  numbers  of  the  line  are  each  =  0),  t.e^  for 
the  lines  which  correspond  to  a  line,  a  conic,  a  cubic,  a  qnartie,  Ac, 
respectively,  the  sums  of  the  tabular  numbers  are  I'+l,  2' -4-1,  3*+l, 
4--f  1,  &c.^  respectively.  This  is,  in  fact,  the  case  for  each  of  the 
eleven  tables  of  pp.  148-149. 

Sir  Robert  Nicholas  Fowler,  Bart.,  M.P.,  Alderman  of  the  City  of 
London,  was  of  Quaker  parentage,  being  the  only  son  of  the  late  Mr. 
Thomas  Fowler,  of  Tottenham,  a  banker  in  the  City.  He  was  bom 
at  Tottenham  on  September  14th,  1828,  and  was  educated  at  Uni- 
versity College,  London,  where  he  had  a  distinguished  career.  He 
took  his  B.A.  degree  in  1848,  when  he  came  out  seventh  in  Classical 
Honours,  and  second  in  Mathematics  and  Natural  Philosophy  (the 
Prizeman  bein^  Mr.  R.  B.  Batty,  subsequently  of  Emmanuel  College, 
Cambridge,  second  Wrangler  and  second  Smithes  Prizeman  in  1853, 
and  the  third  man  being  his  cousin,  W.  Fowler,  formerly  M.P.  for 


the  Borough  of  ^^^s^drifeBL*    ^®  proceed|i|^^M.A.  in  1850,  and 


was  chosen    a    Fe)p         ^piTersity  <j|^^^^1864,   and  subse- 
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qnently  a  member  of  the  Senate  of  the  London  Universitj.  His 
death,  which  was  somewhat  sudden,  took  place  on  May  22nd,  1891. 
Sir  Robert  Fowler  was  elected  a  Member  of  the  Society  March  19th, 
1866.     See  the  "  Obitnary  "  of  the  Times  for  May  23rd,  1891. 

Dr.  John  Casey  was  bom  in  Kilbenny,  co.  Cork,  in  May,  1820,  and 
received  his  early  education  first  at  a  small  school  in  his  native  village, 
afterwards  at  a  larger  one  near  Mitchelstown,  and  from  the  beginning 
showed  a  decided  tendency  for  mathematics.  While  still  a  young 
man  he  became  a  teacher  under  the  Board  of  Natioual  Education,  and 
after  a  few  years  was  appointed  headmaster  of  the  Central  Model 
Schools,  Kilkenny,  where,  having  some  leisure  time  at  his  disposal, 
he  devoted  himself  to  the  study  of  his  favourite  science.  After 
several  years  in  Kilkenny,  a  friend  drew  his  attention  to  Poncelet's 
celebrated  theorem,  then  exciting  much  interest  in  the  mathematical 
world.  Knowing  little  more  than  the  most  rudimentary  principles  of 
modern  geometry,  he  yet  discovered  for  himself  the  whole  science 
thereof,  and  succeeded  in  giving  a  purely  geometrical  proof  of  the 
above  theorem,  the  Solution  of  which  was  the  means  of  introducing 
him  to  the  notice  of  Dr.  Salmon  and  Professor  Townsend,  both  of 
whom  began  a  correspondence  with  him,  and  at  their  suggestion  he 
entered  Trinity  College  in  1858.  In  College  he  obtained  a  sizarship 
in  1859,  a  science  scholarship  in  1861,  and  his  degree  in  1862,  and 
in  1869  had  the  honour  of  having  conferred  on  him,  by  the  University 
of  Dublin,  the  degree  of  LL.D.,  honoris  causa,  a  distinction  also  con- 
ferred by  the  Royal  University  in  1885.  In  September,  1883,  Dr. 
Casey  was  selected  for  the  Chair  of  Higher  Mathematics  in  the  Catholic 
University,  and  in  October  of  the  same  year  he  was  offered  a  Professor- 
ship of  Mathematics  in  Trinity  College.  Though  feeling  most  honoured 
at  the  distinction  thus  offered  him,  and  very  grateful  to  the  Fellows 
and  Professors  of  Trinity  for  their  uniform  kindness  towards  him,  he 
preferred  to  remain  in  the  Catholic  University,  the  Board  of  which, 
on  hearing  of  the  sacrifice  he  had  made,  immediately  raised  his 
salary  to  the  amount  offered  him  by  Trinity  College,  and,  in  the 
following  December,  appointed  him  also  Professor  of  Mathematical 
Physics.  In  1881,  on  the  foundation  of  the  Royal  University,  he  was 
appointed  to  one  of  the  Fellowships,  a  position  he  held  until  his 
death.  In  1866,  he  was  elected  a  Member  of  the  Royal  Irish  Academy, 
and  some  years  later  was  selected  a  Member  of  the  Council,  acting 
on  the  Committee  of  Science ;  he  was  also  a  Vice-President  for  a 
term  of  five  years,  and  was  awarded  by  the  Academy  a  Cunningham 
Gold  Medal,  1878,  in  which  year  he  was  also  chosen  as  one  of  the 
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Secretaries  to  the  Mathematical  Section  of  the  British  Association, 
then  meeting  in  Dublin.  In  1875  he  was  elected  a  Fellow  of  the 
Royal  Society,  in  1878  a  Member  of  the  Scientific  Society  of  Brassels, 
in  1884  a  Member  of  the  Societe  Mathematiqne  de  France,  and  in 
1887  a  Corresponding  Member  of  the  Royal  Society  of  Sciences, 
Liege. 

Professor  Casey's  contributions  to  mathematical  literature  hare 
gained  for  him  a  world-wide  repatation.  In  addition  to  the  memoirs 
some  of  which  are  named  below,  he  wrote  a  series  of  text-books, 
which  are  well  known,  not  only  in  the  United  Kingdom,  and  on 
the  Continent,  but  also  in  America  and  in  India.  They 
include  the  Sequel  to  Euclid  (now  in  its  fifth  edition),  the  JBlements 
of  Euclid,  Elementary  Trigonometry,  A  Treatise  on  Trtgonomeiry^  A 
Treatise  on  Spherical  Trigonometry,  and  A  Treatise  on  Analytical 
Geijmetry.  Of  the  second  edition  of  this  last  book  (in  manuscript) 
he  had  passed  400  pages  through  the  press  at  the  time  of  Ills  death ; 
this  work  will  be  completed  in  a  few  months,  and  will  extend  to  about 
540  pages.* 

Dr.  Casey  was  elected  a  member  of  the  Society  November  12th, 
1874.  He  did  not  contribute  any  papers  to  its  Proceedings,  but 
acted  as  an  occasional  referee  for  the  Council.  From  1862  to  1868 
he  was  a  co-editor  of  the  Oxford,  Oambrid'je,  and  Dublin  Messenger 
of  Mathemafii's,  and  contributed  a  few  short  Notes  to  its  pages.  He 
also  acted  for  several  yeara  as  Dublin  correspondent  for  the  Jahrbuch 
iiher  die  Fortschritte  der  Mathematik. 

Dr.  Casey  died  January  3rd,  1891,  in  Dublin. 

The  Royal  Society's  Catalogue  of  scientific  papers  gives  some 
eighteen  titles  of  papers  written  by  Dr.  Casey. 

The  more  important  papers  are  — 

(1)  **  Memoir  on  Bicircular  Quartics  "  (1869). 

(2)  "  Memoir  on  Cyclides  and  Sphero-Quartics  "  (1871). 

(3)  "  Memoir  on  a  new  Form  of  Tangential  Equation  *'  (1877). 

(4)  "Two  Memoirs  on  the  Equations  of  Circles"     (1866  and 

1878). 


*  The  above  account  was^awn  up  by  a  friend  of  Dr.  Casey  who  knew  him  well, 
and  was  communicated  jWMtftooety  by  Dr.  Beniamin  Williamson,  F.R.S.  It 
agrees  in  all  essential  j|^^^^B|fc«,"obituM^Bfc£'  (signed  *«  G.  F.  F.  G.'*), 
in  the  Proceedings  of  m  Tfc^ol-  ' 
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(5)  "  Cubic  Transformations  "  (**  Cnimingham  Memoirs,*'  1880). 

(6)  "  On  the  Harmonic  Hexagon  of  a  Triangle  "  (1886). 

These  and  shorter  papers  were  published  in  the  Traiisactions  and 
Proceedings  of  the  Royal  Irish  Academy^  the  Quarterly  Journal  of 
Mathematics^,  Hennathena,  Messenger  of  Mathematics ^  Annali  di  Mate- 
matica,  Philosophical  Transactions,  or  in  the  Proceedings  of  the 
Royal  Society. 

Mr.  Henry  Martyn  Jeffery  was  bom  January  5th,  1826,  at 
Lamorran,  near  Truro,  his  grandfather,  the  Rev.  W.  Curgenven, 
being  rector  of  the  parish.  His  father,  Mr.  John  Jeffery,  of 
Gwenants,  was  born  at  Gwennap,  10th  March,  1798,  and  died  at 
Falmouth,  18th  January,  1874 ;  his  mother  was  Laura  Curgenven 
(bom  at  Lamon'an,  16th  September,  1804,  died  at  Cheltenham,  June, 
1864).  Mr.  Jeffery  was  educated  at  the  Falmouth  Classical  School 
(1833-1840),  and  subsequently  under  Rev.  J.  H.  Evans,  at  Sedbergh 
Grammar  School  (1841-1845)  ;  he  entered  at  St,  John's  College,  Cam- 
bridge, on  May  12th,  1845,  and,  after  keeping  two  terms,  he  migrated, 
in  March,  1846,  to  St.  Catherine's  Hall.  He  graduated  B.A.in  1849, 
as  Sixth  Wrangler,  and  Second  Class  in  the  Classical  Tripos.  His 
private  tutor,  the  late  Bishop  of  Carlisle,  writes  :  "  While  he  (H.  M. 
Jeffery)  was  reading  with  me  I  was  nominated  Moderator,  and  was, 
of  course,  bound  to  give  up  all  pupils  who  wonld  be  examined  in  the 
Senate-house  while  I  held  the  office.  Jeffery  was  in  this  position, 
and  I  handed  him  over  to  Mr.  Griffin  (now  Canon  Griffin).  I  believe 
I  am  riglit  in  saying  that  Mr.  Griffin  thought  highly  of  his  powers." 
Dr.  Goodwill  goes  on  further  to  say  :  "  Concerning  his  mathematical 
powers,  I  never  had  any  doubt ;  he  was  one  of  the  hardest-headed 
mathematicians  with  whom  I  had  any  dealings  in  Cambridge." 

After  taking  his  degree  he  took  up  Hebrew,  and  was  bracketed 
first  Tyrwhitt  Scholar  in  1852,*  in  which  year  also  he  took  his  M.A. 

Previously  to  this,  he  had,  in  1850,  been  lecturer  in  the  College  of 
Civil  Engineers  at  Putney,  under  the  present  Dean  of  Exeter 
(Dr.  Cowie)  as  Principal.  In  February,  1852,  he  left  Salisbury 
House  School,  Edinburgh,  where  he  had  been  second  master  since 
October,  1851,  in  order  that  he  might  devote  the  whole  of  his 
time  to  prepare  for  the   Tyrwhitt  Scholarship  Examination.      Dr. 


*  **  Gkdned  mainly  by  his  skill  in  composition,  to  which  his  previous  classical 
training  (entirely  abandoned  after  first  year  of  residence)  had  adapted  him.'* 
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Humphreys,  the  headmaster  of  the  school,  was  so  favonrablj  impressed 
bj  bis  abilities  that  he  desired  that  Mr.  Jeffery  shoo  Id  be  associated 
with  him  as  second  master  in  the  Cheltenham  Grammar  School,  when 
he  himself  was  elected  to  the  head  mastership  in  that  year  (Jnne, 
1852).  When  the  headmastership  was  vacated  by  Dr.  Haymao 
(Jane,  1868),  Mr.  Jeffery  was  appointed  his  successor.  When  the 
British  Association  met  at  Cheltenham,  in  1856,  Mr.  Jeffery  was  one 
of  the  local  secretaries  :  '*  the  public  discussions  first  developed  his 
latent  energies,  and  inclinations  for  independent  inquiry."  It  was  at 
this  meeting  he  contributed  papers :  '^  On  a  Theorem  in  Comlniia- 
tious,"  and  on  '*  A  Particular  Class  of  Congruences."  In  1854, 
Dr.  Humphreys  published  (1)  Exercitationes  lamhtcse ;  (2)  Lym 
Hellenica,  or  Translations  into  Greek;  and  in  1855,  (3)  Manual  cf 
Greek  and  Latin  Prose  Composition.  To  (1)  Mr.  Jeffery  contributed 
sixty  short  introductory  exercises  (pp.  43-81)  ;  to  (2)  Appendix  IL 
(pp.  186-215) ;  and  to  (3)  Appendix  i.  (pp.  141-160).  Other  non- 
mathematical  writings  are — '*0n  the  best  Means  of  connectmg 
Primary  with  Intermediate  Education"  (Transactions,  Social  Scienee 
Congress  at  Cheltenham,  1879,  pp.  396-404)  ;  *•  Two  sets  of  Un- 
published Letters  of  the  Rev.  Henry  Martyn,  B.D.,  edited,  with 
prefatory  remarks,  by  his  grand-nephew,  H.  M.  J."  (1883)  ;  *'  Extracts 
from  the  Religious  Diary  of  Miss  L.  Grenfell  "  (1890). 

Mr.  Jeffery  was  elected  a  Member  of  the  Society  January  14th,  1875, 
and  a  Fellow  of  the  Royal  Society  in  1880.  In  this  year,  or  in  1881, 
he  left  Cheltenham  and  retired  to  Falmouth,  with  the  hope  strong 
upon  him  of  collecting  his  memoirs  into  two  set  treatises  on  **  Tan- 
gential Coordinates  "  and  "  Spherical  Analytical  Geometry." 

**  Many  of  his  pupils  have  attained  high  distinction  at  the  Univeraities  and  in  the 
various  competitive  examinations  for  admission  into  the  public  sendee ;  and  not  a 
few  have  imbibed  their  master's  passionate  love  for  true  and  sound  knowledge. 
Every  one,  in  bis  judgment,  should  carefully  note  and  follow,  at  the  opening,  the 
bent  of  his  genius.*' 

The  following  account  of  the  general  scope  of  his  mathematical 
work  is  taken  from  the  Biograph,  Vol.  vi.,  p.  515  (second  six  months 
of  1881,  and  so  written  in  Mr.  Jeffery's  lifetime)  : — 

**  Algebraic  curve  lines  are  classified  either  by  the  number  of  points  in  which 
they  arc  intersected  by  a  straight  line,  or  by  the  number  of  tangents  which  can  be 
drawn  to  them  from  an  exterior  point ;  these  are  severally  called  order-qoantics 
and  class -quantics.  Order-cubics  have  been  enumerated  by  Newton,  Pliicker,  and 
Cayley ;  order-quartics  partially  by  Waring,  and  recently  by  German  mathe- 
maticians. To  the  investigation  of  class-cubics,  both  plane  and  spherical,  Jeffery 
devoted  his  intervals  of  leisure  for  four   years  (1876-1880),    and  published  the 
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inBtalments,  as  they  were  completed,  in  the  Quarterly  Journal  of  Mathemaiie9.  It 
may  be  added  that  he  has  commenced  the  study  of  class-quartics  and  pnblished 
the  first  chapter  of  the  sabject  (1881)." 

The  list  of  his  papers  in  the  Royal  Society's  Catalogue  is  a  long  one, 
and  seems  to  have  heen  entirely  restricted  to  (1)  the  Qtuirierly  Jowmal 
and  to  (2)  the  Proceedings  of  this  Society  ;  in  (1)  commencing  with 
Vol.  IV.  (1861),  and  in  (2)  with  Vol.  xii.  (1880-81). 

In  a  letter,  dated  June  17th,  1891,  Mr.  Jeffery  writes: — "In 
my  memoir  *  On  the  Genesis  of  Binodal  Quartic  Curves  from 
Conies/  .  .  .-.  I  expressed  (in  §  1)  a  hope  to  explain  the  Classifi- 
cation of  Binodal  Quartics.  The  accompanying  memoir  (com- 
municated November  12th,  1891)  realizes  that  hope.''  This  and 
a  paper  "On  certain  Analogous  Properties  of  the  Circumscribed  and 
Inscribed  Quadrilateral  and  Pentahedron,"  in  the  recently  issued 
October  number  of  the  Qucirterly  Journal  (No.  100),  close  the  long  line 
of  Mr.  Jeffery's  papers. 

Mr.  Jeffery  died  on  the  3rd  November,  1891. 

Gf.  also  the  BibUotheca  Cornuhiensis  of  Messrs.  Boase  and  W.  P. 
Courtney  (p.  1245,  1874-1882),  and  the  Supplement  (p.  422,  1890). 

Mr.  William  Joseph  Curran  Sharp,  of  Trinity  College,  Dublin,  was 
elected  a  member  December  11th,  1879.  He  was  elected  a  Scholar  of 
Trinity  College  in  1874,  took  his  B.A.  degree  in  1875,  and  proceeded 
M.A.  in  1878.     He  gained  Bishop  Law's  Prize  in  1876. 

Mr.  Sharp  contributed  to  the  Proceedings  of  this  Society  "The 
Invariants  of  a  certain  Orthogonal  Transformation,  with  special 
reference  to  their  use  in  the  Theory  of  the  Strains  and  Stresses  of 
an  Elastic  Solid"  (Vol.  xiii.),  and  three  papers  on  "  Simplicissima  " 
(Vols.  XVIII.,  XIX.,  XXI.)  ;  he  contributed  also  to  the  Qua/rterly  Journal 
of  Mathematics, 


The  following  errata  have  been  detected : — 

VoLXXI. 

p.  429,  after  line  5,  for  x,  read  s, 

p.  430,  on  line  16,  for  a^  read  $. 

p.  431,  on  line  34,  for  8,  read  10. 

p.  432,  for  first  four  lines,  read — <<  then  for  a  uniform  train  of  wavee  this  effect 
depends  on  phase ;  while,  for  the  actual  case  of  changing  trains,  it  would  simply 
Himiniwh  the  sharpness  of  the  observations  by  an  equal  broadening  on  both  sides  of 
the  mean  of  the  order  e^,  without  affecting  the  mean  itself." 

p.  454,  last  line, /or  1887,  read  1867. 
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Vol.  xxn. 

p.  188,  line  15,  for  Qi,  read  fOi. 

p.  189;  line  17,/or  (i|»-xV),  read  {i|>-X'c^*. 

p.  189,  line  18, /or  (m  + 1 !)»»,  r«irf  m  + 1 1 

p.  190,  line  16, /or  ^*Pn,  read  /i*i>l. 

p.  207,  line  18,  /or  f>  =-  A  .  *!:,  rvorf  <,  --  A  .  ^. 

V     a/3  V     aa 

p.  211,  last  line,  far  -  —  -A,  read  l-A-.!. 

p.  216,  Title  «Aoi^  ^^  *<  On  Node  and  Gnsp-Loci,  which  are  alao  Ekivelopea.' 

p.  224,  lines  11,  12,  dele. 

p.  226,  lines  2-4,  dele,  and  read — 

"/a  =  -B  (^j-7i)(^-7j)(<?j-7j)  J 
therefore/)  is  of  the  third  order  of  small  quantities,  since 

7i  =  72  =*  78  =*  <^i  =»  «2 
at  points  on  the  node-locus.    The  most  important  term  in  ^^  is 

2E  [(<fi-7i)  +(<^i-7j)  +  {<?i-7j]- 
It  is,  therefore,  of  the  first  order  of  small  quantities  at  points  on  the  node-loeas. 

Hence,  at  points  on  the  node-locus,  /./^  and/s/(^)    both  yanish,  but 

p.  226,  lines  10-13,  for  fi  (alone)  in  numerator,  outside  the  [  ],  read  f^ 

p.  225,  line  14, /or  single /i,  read  f^  (three  times);  after  this  line  (14)  add — "  The 
last  term  has  been  shown  to  be  finite.'' 

BeU  p.  226  and  lines  1,  2  of  p.  227. 

p.  227,  line  15,  follow  with  <<  (This  point  is  specially  considered  in  Example  4 
below.)"  and  dele  (  )  below. 

p.  227,  line  16,  for  single  /i,  read  f 2. 
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